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rREFACE TO THE FIRST EDITION. 



We have endeavoured in the present work to combine some of 
the modern developments of Higher Algebra with the subjects 
usually included in works on the Theory of Equations. The 
first ten Chapters contain all the propositions ordinarily found 
in elementary treatises on the subject. In these Chapters we 
have not hesitated to employ the more modern notation wher- 
ever it appeared that greater simplicity or comprehensiveness 
could be thereby obtained. 

Regarding the algebraical and the numerical solution of 
equations as essentially distinct problems, we have purposely 
omitted in Chap. VI. numerical examples in illustration of the 
modes of solution there given of the cubic and biquadratic 
equations. Such examples do not render clearer the conception 
of an algebraical solution ; and, for practical purposes, the 
algebraical formula may be regarded as almost useless in the 
case of equations of a degree higher than the second. 

In the treatment of Elimination and Linear Transformation, 
as well as in the more advanced treatment of Symmetric Func- 
tions, a knowledge of Determinants is indispensable. We have 
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Preface to the First Edition, 



found it necessary, therefore, to give a Chapter on this subject. 
It has been our aim to make this Chapter as simple and intelli- 
gible as possible to the beginner ; and at the same time to omit 
no proposition which might be found useful in the application 
of this calculus. For many of the examples in this Chapter, as 
well as in other parts of the work, we are indebted to the kind- 
ness of Mr. Cathcart, Fellow of Trinity College. 

We have approached the consideration of Covariants and 
Invariants through the medium of the functions of the diffe- 
rences of the roots of equations — this appearing to us the sim- 
plest mode of presenting the subject to beginners. We have 
attempted at the same time to show how this mode of treatment 
may be brought into harmony with the more general problem of 
the linear transformation of algebraio forms. In the Chapters 
on this subject we have confined our attention to the quadratic, 
cubic, and quartic; regarding any complete discussion of the 
covariants" and invariants of higher binary forms as too diffi- 
cult for a work like the present. 

Of the works which have afforded us assistance in the more 
elementary part of the subject, we wish to mention particularly 
the Traite d' Algkbre of M. Bertrand, and the writings of the 
late Professor Young* of Belfast, whioh have contributed so 
much to extend and simplify the analysis and solution of 
numerical equations. 

In the more advanced portions of the subject we are in- 
debted mainly, among published works, to the Lessons Intro- 
ductory to the Modern Higher Algebra of Br. Salmon, and the 



• Theory and Solution of Algebraical Equations, London, 1835 ; Analysis and 
Solution of Cubic and Biquadratic Equations, London, 1842 ; and Theory and 
Solution of Algebraical Equations of the Higher Orders, London, 1843. 
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Theorie der binaren algebraischen Ibrmen of Olebsoh ; and 
in some degree to the Theorie des Formes binaires of the 
Chev. F. Faa De Bruno. We must record also our obligations 
in this department of the subject to Mr. Michael Roberts, from 
whose Papers in the Quarterly Journal and other periodicals, 
and from whose professorial lectures in the University of 
Dublin, very great assistance has been derived. Many of the 
examples also are taken from Papers set by him at the Uni- 
versity Examinations. 

In the Chapter on the Complex Variable we have followed 
closely the treatment of imaginary quantities given by M. 
Briot in his Legons d'Alg&bre. 

In connexion with various parts of the subject several 
other works have been consulted, among which may be 
mentioned the treatises on Algebra by Serret, Meyer Hirsch, 
and Rubini, and papers in the mathematical journals by Boole, 
Cayley, Sylvester, Hermite, and others. 

We have, in the last place, to express our thanks to Mr. 
Robert Graham, of Trinity College, Dublin, who "has read the 
proof sheets, and verified most of the examples. His thorough 
acquaintance with the subject has been invaluable to us, and 
many improvements throughout the work are owing to sug- 
gestions made by him. 

Tanrnr College, 

September, 1881. 
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PREFACE TO THE SECOND EDITION. 



♦ 



The chief alterations in the present edition will be found in 

- 

the Chapter on Determinants, which has been considerably en- 
larged ; and in Chap. XVI., on Transformations, to which two 
new sections have been added. The former of these contains a 
discussion of Hermite's theorem relating to the limits of the 
roots of an equation ; and in the latter, we have given an 
account of the method of transformation from a system of two 
to a system of three variables, by means of which the Theory 
of Covariant8 and Invariants of Binary Forms receives a 
simple geometrical illustration. 

Trinity College, 

December, 1885. 



Notb. — The first ten Chapters of this work may be regarded as forming an 
elementary course. In reading these Chapters for the first time, Student* are 
recommended to omit Art. 63 of Chap. V., and to confine their attention in 
Chap. VI. to Arts. 66, 66, 67, 61, 62, and 63. 
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THEORY OF EQUATIONS. 

♦ 

INTRODUCTION. 

1. Definitions. — Any mathematical expression involving a 
quantity is called a function of that quantity. 

We shall be employed mainly with such algebraical func- 
tions as are rational and integral. By a rational function of a 
quantity is meant one which contains that quantity in a rational 
form only ; that is, a form free from fractional indices or radical 
signs. By an integral function of a quantity is meant one in 
which the quantity enters in an integral form only ; that is, 
never in the denominator of a fraction. The following expres- 
sion, for example, in which n is a positive integer, is a rational 
and integral algebraical function of x : — 

ax" + + cx"* + + kx + /. 

It is to be observed that this definition has reference to the 
variable quantity x only, of which the expression is a function. 
The several coefficients a, b y c, &c, may be irrational or fractional, 
and the function still remain rational and integral in x. 

A function of x is represented for brevity by F(x),f(z), <f>(z)> 
or some such symbol. 

The name polynomial is given to the algebraical functiou 
to express the fact that it is constituted of a number of terms 
containing different powers of x connected by the signs plus or 
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minus. For certain values of the variable quantity x one poly- 
nomial may become equal to another differently constituted. 
The algebraical expression of such a relation is called an equa- 
tion ; and any value of x which satisfies this equation is called a 
root of the equation. The determination of all possible roots 
constitutes the complete solution of (he equation. 

It is obvious that, by bringing all the terms to one side, we 
may arrange any equation according to descending powers of x 
in the following manner : — 

+ <7:.c M - 1 + a«x n '* +....+ a n _ x x + a n m 0. 

The highest power of x in this equation being «, it is said to 
be an equation of the n th degree in x. For such an equation we 
shall, in general, employ the form here written. The suffix 
attached to the letter a indicates the power of x which each coef- 
ficient accompanies, the sum of the exponent of x and the suffix 
of a being equal to n for each term. An equation is not altered 
if all its terms be divided by any quantity. We may thus, if 
we please, dividing by a 0 , make the coefficient of x* in the above 
equation equal to unity. It will often be found convenient to 
make this supposition ; and in such cases the equation will be 
written in the form 

x" + pix*~ x + p t x"~ 2 +....+ p a ~ix + p„ = 0. 

An equation is said to be complete when it contains terms 
involving x in all its powers from n to 0, and incomplete when 
some of the terms are absent ; or, in other words, when some of 
the coefficients p l9 p 2y &c, are equal to zero. The term p„, 
which does not contain x, is called the absolute term. An equa- 
tion is numerical) or algebraical, according as its coefficients are 
numbers, or algebraical symbols. 

2. Numerical and Algebraical Equations. — In many 
researches in both mathematical and physical science the final 
mathematical problem presents itself in the form of an equation 
on whose solution that of the problem depends. It is natural, 
therefore, that the attention of mathematicians should have been 
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at an early stage in the history of the science directed towards 
inquiries of this nature. The science of the Theory of Equa- 
tions, as it now stands, has grown out of the successive attempts 
of mathematicians to discover general methods for the solution 
of equations of any degree. When the coefficients of an equation 
are given numbers, the problem is to determine a numerical 
value, or perhaps several different numerical values, which will 
satisfy the equation. In this branch of the science very great 
progress has been made ; and the best methods hitherto advanced 
for the discovery, either exactly or approximately, of the nume- 
rical values of the roots will be explained in their proper places 
in this work. 

Equal progress has not been made in the general solution of 
equations whose coefficients are algebraical symbols. The stu- 
dent is aware that the root of an equation of the second degree, 
whose coefficients are such symbols, may be expressed in terms 
of these coefficients in a general formula; and that the nume- 
rical roots of any particular numerical equation may be obtained 
by substituting in this formula the particular numbers for the 
symbols. It was natural to inquire whether it was possible to 
discover any such formula for the solution of equations of higher 
degrees. Such results have been attained in the case of equa- 
tions of the third and fourth degrees. It will be shown that 
in certain cases these formulas fail to supply the solution of 
a numerioal equation by substitution of the numerical coef- 
ficients for the general symbols, and are, therefore, in this 
respect inferior to the corresponding algebraical solution of 
the quadratic. 

Many attempts have been made to arrive at similar general 
formulas for equations of the fifth and higher degrees; but it 
may now be regarded as established by the researches of modern 
analysts that it is not possible by means of radical signs, and 
other signs of operation employed in common algebra, to ex- 
press the root of an equation of the fifth or any higher degree 
in terms of the coefficients. 

3. Polynomials. — From the preceding observations it is 

b2 
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plain that one important object of the science of the Theory of 
Equations is the discovery of those values of the variable quan- 
tity x which give to the polynomial f(x) the particular value 
zero. In attempting to discover such values of x we shall be led 
into many inquiries concerning the values assumed by the poly- 
nomial for other values of the variable. We shall, in fact, see 
in the next Chapter that, corresponding to a continuous series 
of values of x varying from an infinitely great negative quan- 
tity (- oo ) to an infinitely great positive quantity (+ oo ), f{x) 
will assume also values continuously varying. The study of 
such variations is a very important part of the theory of poly- 
nomials. The general solution of numerical equations is, in 
fact, a tentative process ; and by examining the values assumed 
by the polynomial for certain arbitrarily assumed values of the 
variable, we shall be led, if not to the root itself, at least to an 
indication of the neighbourhood in which it exists, and within 
which our further approximation must be carried on. 

A polynomial is sometimes called a quant ic. It is convenient 
to have distinct names for the quantics of various successive 
degrees. The terms quadratic (or quadric), cubic, biquadratic (or 
quartic), quintic, sextic, &c, are used to represent quantics of the 
2nd, 3rd, 4th, 5th, 6th, &c, degrees ; and the equations obtained 
by equating these quantics to zero are called quadratic, cubic, 
biquadratic, &c, equations, respectively. 
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GENERAL PROPERTIES OF POLYNOMIALS. 

4. In traoing the changes of value of a polynomial correspond- 
ing to changes in the variable, we shall first inquire what terms 
in the polynomial are most important when values very great 
or very small are assigned to x. This inquiry will form the 
subject of the present and succeeding Articles. 
Writing the polynomial in the form 

n { a x l (/, 1 1 a n 1) 

a 0 x H 1 + — + — 3 + . . . + — — + — — , 
( doX OqX 2 Oo x* 1 a 0 x n ) 

it is plain that its value tends to become equal to a^x" as x tends 
towards oo . The following theorem will determine a quantity 
such that the substitution of this, or of any greater quantity, 
for x will have the effect of making the term dox" exceed the 
sum of all the others. In what follows we suppose a 0 to be 
positive; and in general in the treatment of polynomials and 
equations the highest term is supposed to be written with the 
positive sign. 

Theorem. — If in the polynomial 

a n x n + a x x*- x + a t x*-* + . . . + a^x + a n 
the value — + 1, or any greater value, be substituted for x, where a* 

do 

is that one of the coefficients a x , a*, . . . a n whose numerical value is 
greatest, irrespective of sign, the term containing the highest power 
of x will exceed tlve sum of all the terms which follow. 
The inequality 

a 0 x n > a x x n ~* + (?3#"' 2 + . . . + On~\X + a n 
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k satisfied by any value of x which makes 

a v x" > a k + x"-* + . . . + x + 1), 

where a k is the greatest among the coefficients a u a*, . . . a„_„ a Ht 
without regard to sign. Summing the geometrio series within 
the brackets, we have 

«.*>«*- T or*"> a -^(*--l), 
which is satisfied if a 0 (x - 1) be > or = 

that is a?>or = - + l. 

The theorem here proved is useful in supplying, when the 
coefficients of the polynomial are given numbers, a number such 
that when x receives values nearer to + oo the polynomial will 
preserve constantly a positive sign. If we change the sign of x, 
the first term will retain its sign if n be even, and will become 
negative if n be odd ; so that the theorem also supplies a nega- 
tive value of x, suoh that for any value nearer to - oo the 
polynomial will retain constantly a 'positive sign if n be even, 
and a negative sign if n be odd. The constitution of the poly- 
nomial is, in general, such that limits much nearer to zero than 
those here arrived at can be found beyond which the function 
preserves the same sign ; for in the above proof we have taken 
the most unfavourable case, viz. that in which all the coefficients 
except the first are negative, and each equal to a* ; whereas in 
general the coefficients may be positive, negative, or zero. 
Several theorems, having for their object the discovery of such 
closer limits, will be given in a subsequent Chapter. 

5. "We now proceed to inquire what is the most important 
term in a polynomial when the value of # is indefinitely dimi- 
nished ; and to determine a quantity such that the substitution 
of this, or of any smaller quantity, for x will have the effect of 
giving such term the preponderance. 

Theorem. — If in the polynomial 

a 0 x H + aiX f '~ l + . . . + + a n 
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a n 

the value , or any smaller value, be substituted for x, where a k 

On + Ok 

is the greatest coefficient exclusive of a n , the term a H will be nume- 
rically greater than the sum of all the others. 

To prove this, let x = - ; then by the theorem of Art. 4, 

a k being now the greatest among the coefficients ff 0 » a x , . . . 

without regard to sign, the value — + 1, or any greater value of 

a n 

y> will make 

a n y n > a^y"- 1 + a n . 2 y n ~ l + . . . + a t y + a 0y 

.1 , • 11 1 

that is, a n > a n . x - + a^ - + . . . a 9 - ■ ; 

y y y 

hence the value — — — , or any less value of x, will make 

a tt +<ik 

On > O^X + On-iX* + . . . + a 0 X n . 

This proposition is often stated in a different manner, ns 
follows: — Values so small may be assigned to x as to make the 
polynomial 

a^x + a n ^x 2 -f . . . + a 0 x H 

less than any assigned quantity. 

This statement of the theorem follows at once from the above 
proof, since a n may be taken to be the assigned quantity. 

There is also another useful statement of the theorem, as 
follows : — When the variable x receives a very small value, the sign 
of the polynomial 

On-\X + O n .iX 2 + . . . + (loX* 

is the same as the sign of its first term a^x. 

This appears by writing the expression in the form 

xlan.x + a^x + . . . + aox"' 1 ) ; 

for when a value sufficiently small is given to x, the numerical 
value of the term a n _ x exceeds the sum of the other terms of the 
expression within the brackets, and the sign of that expression 
will consequently depend on the sign of On-i- 
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6. Change of Form of a Polynomial corresponding 
to an Increase or diminution of the Variable. Derived 

Functions. — We shall now examine the form assumed by the 
polynomial when x + h is substituted for x. If, in what follows, 
k be supposed essentially positive, the resulting form will corre- 
spond to an increase of the variable ; and the form corresponding 
to a diminution of x will be obtained from this by changing the 
sign of h in the result. 

When x is changed to x + h,f(x) becomes f(x + h), or 

a u {x + //)" + a x (x \ //)"-' + a-, (x + A)" -3 + ...+<?*_, (x + h) + a n . 

Let each term of this expression be expanded by the binomial 
theorem, and tho result arranged according to ascending powers 
of //. We then have 

a^x" + a x x"- x + a 2 x n ' % + . . . + a n .~x 2 + x + a n 

+ h \ n(h,u J " x + (n - 1) OiX"-' + (n - 2) a^' 3 + . . . + 2rt„_,x + } 
J? 

+ _ | n ( n - 1) + {n-l) (w - 2}^-' + . . . + 2a n . 1 ) 

+ 

t- i — — { a .ii - 1 . . . 2 . 1 j tf 0 . 

It will be observed that the part of this expression indepen- 
dent of h isf{x) (a result obvious d priori) , and that the succes- 
sive coefficients of the different powers of h are functions of x of 
degrees diminishing by unity. It will be further observed that 
the coefficient of h may be derived from/(.r) in the following 
manner: — Let each term in f{x) be multiplied by the exponent 
of x in that term, and let the exponent of x in the term be 
diminished by unity, the sign being retained ; the sum of all 
the terms of f(x) treated in this way will constitute a polynomial 
of dimensions one degree lower than those of f(x). This poly- 
nomial is called tho first derived function off(x). It is usual to 
represent this function by the notation ./"(*). The coefficient 
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of j — - may be derived from/'(*) by a process the same as that 

employed in deriving from/(*), or by the operation twice 
performed on f(x). This coefficient is represented by /"(#), and 
is called the second derived function of f(x). In like manner the 
succeeding coefficients may all be derived by successive opera- 
tions of this character; so that, employing the notation here 
indicated, we may write the result as follows : — 

f(r) f'"(x) 
/(x + h) =/(*) +/(*) h A- + /#'+...+ aoh*. 

It may be observed that, since the interchange of x and h 
does not alter f(x + h), the expansion may also be written in the 
form 

/(» + h) ./(h) +/•(*)* + + Q^* 1 + • • • + 

We shall in general employ the notation here explained; 
but on certain occasions when it is necessary to deal with derived 
functions beyond the first two or three, it will be found more 
convenient to use suffixes instead of the accents here employed. 
The expansion will then be written as follows : — 

/(*+ *) =/(*) +/» (*) * +/t W + * * ' ^ o.a...r + ' " 



Find the result of substituting x + A for * in the polynomial 4X 3 + 6x 3 - 7x + 4. 
Here 

/(*) = 4x» + 6x 3 -7x + 4, 
/'(x) = 12x*+12x-7, 
/"(r) = 24x+12, 
/'"{x) = 24; 

and the result is 

4r 3 + 6 J --7x + 4 + (12x2+12x-7)A + (24x+12) £, + 24 'f - . 
The student may verify this result by direct substitution. 

7. Continuity of a Rational Integral Function of x. — 

If in a rational and integral function f{x) the value of x be 
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made to vary, by indefinitely small increments, from one quan- 
tity a to a greater quantity b, we proceed to prove that f(x) at 
the same time varies also by indefinitely small increments ; in 
other words, that f(x) varies continuously with x. 

Let x be increased from a to a + h. The corresponding incre- 
ment of f(x) is 

/(« + h) -/(a) ; 
and this is equal, by Art. 6, to 

/(«) A +...+*.#, 

in which expression all the coefficients /'(«),/"("), &c, are finite 
quantities. Now, by the theorem of Art. 5, this latter expres- 
sion may, by taking /* small enough, be made to assume a value 
less than any assigned quantity ; so that the difference between 
/(a + h) and /(a) may be made as small as we please, and will 
ultimately vanish with /*. The same is true during all stages of 
the variation of x from a to b ; thus the continuity of the func- 
tion f(x) is established. 

It is to be observed that it is not here proved that/(;r) 
increases continuously from /(a) to f(b). It may either increase 
or diminish, or at one time increase, and at another diminish ; 
but the above proof shows that it cannot pass per saltum from 
one value to another ; and that, consequently, amongst the 
values assumed by f(x) while x increases continuously from a to 
b must be included all values between /(a) and f(b). The sign 
of /'(«) will determine whether /(.r) is increasing or diminishing; 
for it appears by Art. 5 that when // is small enough the sign of 
the total increment will depend on that of f'(a)h. We thus 
observe that when f'(a) is positive f(x) is increasing with x ; and 
when /'(«) is negative f(x) is diminishing as x increases. 

8. Form of the Quotient and Remainder when a 
Polynomial is divided by a Binomial.-— Let the quotient, 
when 

a^x* + OiX n ~ l + diX*-* . . . + (f tt .ix + a„ 
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is divided by x - h t be 

box*" 1 + hi*"'* + . . . + b H .zX + b n _ x . 

This we shall represent by Q, and the remainder by R. We 
have then the following equation : — 

f(x)-^(x-h)Q + R. 

The meaning of this equation is, that when Q is multiplied 
by x - h, and R added, the result must be identical, term for term, 
with/(ar). In order to distinguish equations of the kind here 
explained from equations which are not identities, it will often 
be found convenient to use the symbol here employed in place 
of the usual symbol of equality. The right-hand side of the 
identity is 

boX* + b x |^- l + i 3 \x»~ 7 + ... + b n _ x )x + R 
-hbo\ -hb] -hbj -hb n . x . 

Equating the coefficients of x on both sides, we get the fol- 
lowing series of equations to determine b 0i b lt b,, . . . b n . lt R : — 

bi = b Q h + fli, 
b 2 = b x h + a 2i 
b s - M + 

6„_, = bn_Ji + «„_„ 
R « b^h + a n . 

These equations supply a ready method of calculating in 
succession the coefficients b 0i b u &c. of the quotient, and the 
remainder R. For this purpose we write the series of operations 
in the following manner : — 

(To, fli, ffj, a 3l .... ff n _i, An, 

M, bjl y bjl, • • • • bn^hy £>„_,/<!, 

bit b 2j 6 3 , .... R. 
In the first line are written down the successive coefficients 
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of f(x). The first term in the second line is obtained by multi- 
plying flo (or whioh is equal to it) by h. The product M is 
placed under a it and then added to it in order to obtain the 
term b x in the third line. This term, when obtained, is multi- 
plied in its turn by h, and placed under a*. The product is 
added to a* to obtain the second figure bt in the third line. The 
repetition of this process furnishes in succession all the coef- 
ficients of the quotient, the last figure thus obtained being the 
remainder. A few examples will make this plain. 

Examples. 

1. Find the quotient and remainder when 3x* - fix 3 + 10x* + llx - 61 is divided 
by x-3. 

The calculation is arranged as follows :— 



- 5 


10 


11 


- 61. 


9 


12 


66 


231. 


4 


22 


77 


170. 



Thus the quotient is 3** + 4x 2 + 22x + 77, and the remainder 170. 

2. Find the quotient and remainder when x 3 + 6x 2 + 3x + 2 is divided by x - 1. 

Am. Q = x*+6x + 9, S=U. 

3. Find Q and R when x*-4x« + 7x> - 11* - 13 is divided by x- 6. 

N.B. — When any term in a polynomial is absent, rare must be taken to supply 
the place of its coefficient by zero in writing down the coefficients of /(x). In this 
example, therefore, the series in the first line will be 

;i -4 7 0 -11 - 13. 

Am. Q = x« + x 3 + 12* s + 60x + 289; J2= 1432. 

4. Find Q and S when x» + 3x 7 - 15X 2 + 2 is divided by *- 2. 

Ant. <2 = x8 + 2x' + 7x 6 + 14x 5 + 28x* + 56x 3 + 112x 2 + 209x + 418 ; 5 = 838. 

5. Find Q and It when x* + x 2 -10x +113 is divided by x + 4. 

Am. Q=x<-4x 3 +16x 3 -63x + 242 ; JJ = -855. 

9. Tabulation of Function*. — The operation explained 
in the preoeding Article affords a convenient practical method 
of calculating the numerical value of a polynomial whose coef- 
ficients are given numbers when any number is substituted for x. 
For, the equation 

since its two members are identically equal, must be satisfied 
when any quantity whatever is substituted for x. Let x = h> 
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then f(h) = R y x - h being - 0, and Q remaining finite. Hence 
the result of substituting h for x in f(x) is the remainder when 
f(x) is divided by x - h, and can be calculated rapidly by the 
process of the last Article. 

For example, the result of substituting 3 for x in the poly- 
nomial of Ex. 1, Art. 8, viz., 

3^-5^ + 10^ + 11^-61, 

is 170, this being the remainder after division by a; -3. The 
student can verify this by actual substitution. 
Again, the result of substituting - 4 for x in 

^ + ^-10^ + 113 

is - 855, as appears from Ex. 5, Art. 8. We saw in Art. 7 that 
as x receives a continuous series of values increasing from - oo to 
+ x , f(x) will pass through a corresponding continuous series. 
If we substitute in succession for a-, in a polynomial whose coef- 
ficients are given numbers, a series of numbers such as 

...-5,-4,-3,-2,-1, 0, 1, 2, 3, 4, 5,..., 

and calculate the corresponding values of /(*), the process may 
be called the tabulation of the function. 

Examples. 

1. Tabulate the trinomial 2s 2 + * - 6, f or the following values of x :— 





"4 


"3, - 


2,-1, 


0, 1 


, 2, 3, 4. 






Values of r, 


-4 


-3 


-2 


-1 


0 


1 


2 


3 


»» u /(*), 


22 


9 


0 


-0 


-6 


-3 


4 


15 


2. Tabulate th 


e polynomial lOx 3 - 17* a + x+ « for the sam< 


) values 


of X. 


Values of x, 


-4 


-3 


-2 


- 1 


0 


1 


2 


3 


» » /(*). 


-910 


-420 


- 144 


-22 


6 


0 


20 


126 



10. Graphic Representation of a Polynomial. — In 

investigating the changes of a function f(x) consequent on any 
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X' 



B' 



V 



O A 



BC 



series of changes in the variable which it contains, it is plain 
that great advantage will be derived from any mode of repre- 
sentation which renders possible a rapid comparison with one 
another of the different values which the function may assume. 
Id the case where the function in question is a polynomial with 
numerical coefficients, to any assumed value of x will correspond 
one definite value of f(x). We proceed to explain a mode of 
graphic representation by which it is possible to exhibit to the 
eye the several values of f(x) corresponding to the different 
values of x. 

Let two right lines OX, OY 
(fig. 1) cut one another at right 
angles, and be produced indefinitely 
in both directions. These lines are 
called the axis of x and axis of y, 
respectively. Lines, such as OA, 
measured on the axis of x at the 
right-hand side of 0, are regarded 
as positive; and those, such as 
OA', measured at the left-hand 
side, as negative. Lines parallel 
to OY which are above XX', such as AP or &Qf 9 are positive ; 
and those below it, such as A T or AP, are negative. These 
conventions are already familiar to the student acquainted with 
Trigonometry. 

Any arbitrary length may now be taken on OX as unity, 
and any number positive or negative will be represented by a 
line measured on XX' : the series of numbers increasing from 0 
to + oo in the direction OX, and diminishing from 0 to - oo in the 
direction OX'. Let any number m be represented by OA ; cal- 
culate ; from A draw AP parallel to OF to represent f{m) 
in magnitude on the same scale as that on which OA represents 
m, and to represent by its position above or below the line OX 
the sign of /(»»). Corresponding to the different values of m 
represented by OA, OB, OC, &c, we shall have a series of points 
P, Q, R, &c, which, when we suppose the series of values of 



Fig. 1. 
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m indefinitely increased so as to include all numbers between 
- oo and + oo , will trace out a continuous curved line. This 
curve will, by the distances of its several points from the line 
OX j exhibit to the eye the several values of the function f{x). 

The process here explained is also called tracing the function 
f(x). The student acquainted with analytic geometry will observe 
that it is equivalent to tracing the plane curve whose equation 
is y =/(*). 

In the practical application of this method it is well to begin 
by laying down the points on the curve corresponding to certain 
small integral values of <r, positive and negative. It will then 
in general be possible to draw through these points a curve 
which will exhibit the progress of the function, and give a general 
idea of its character. The accuracy of the representation will 
of course increase with the number of points determined between 
any two given values of the variable. When any portion of the 
curve between two proposed limits has to be examined with care, 
it will often be necessary to substitute values of the variable 
separated by smaller intervals than unity. The following ex- 
amples will illustrate these principles. 



Examples. 

1. Trace tho trinomial 2x* + x — 6. 

The unit of length taken is one -sixth of 
the line OD in fig. 2. 

In Ex. 1, Art. 9, tho values of /(/■) are 
given corresponding to the integral values 
of x from - 4 to + 4, inclusive. 

By means of these values we obtain 
the positions of nine points on the curve ; 
seven of which, A y B, C t D, E, F, 0, are 
here represented, the other two correspond- 
ing to value* of f(x) which lie out of the 
limits of the figure. 

The student will find it a useful exercise 
to trace the curve more minutely between 
the points C and E in the figure, viz. by 
calculating the values of /(x) corresponding 
to all values of x between - 1 and 1 separated by small intervals, say of one- tenth, 
as is done in the following example. 




Fig. 2. 
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2. Trace the polynomial 



10x 3 -17x J + .r + 6. 



This is already tabulated in Art. 9 for values of x between — 4 and 4. 

It may be observed, as an exercise on Art. 4, that this function retains positive 
values for all positive values of x greater than 27, and negative values for all 
values of x nearer to - oo than - 27. The 
curve will, then, if it cuts the axis of x at all, 
cut it at a point (or points) corresponding to 
some value (or values) of x between - 2-7 and 
+ 2*7 ; so that if our object is to determine, or 
approximate to, the positions of the roots of the 
equation f(x) = 0, the tabulation may be con- 
fined to the interval betwoen — 2*7 and 2*7. 

This is a case in which the substitution of 
integral values only of x gives very little help 
towards the tracing of the curve, and where, 
consequently, smaller intervals have to be ex- 
amined. We give the tabulation of the func- 
tion for intervals of ono-tenth between the 
integers — 1, 0; 0, 1 ; 1, 2. From these values 
the positions of the corresponding points on 
the curve may be approximately ascertained, 
and the curve traced as in rig. 3. 
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Fig. 3. 



Values of x 


-1 


-•9 


-•8 


-•7 


-•6 


-•5 


-•4 


-•3 


— *2 


- 1 






-22 


-15-96 


-108 


-646 


-2-88 


• 


2-24 


3-9 


504 


6-72 




Values of x 


0 


1 


■2 


•3 


•4 


•5 


•6 


• i 


•8 


•9 




„ „ /{*) 


6 


5-94 


56 


5-04 


432 


36 


2-64 


1-8 


104 


•42 




Values of x 


1 


11 


1-2 


1-3 


1-4 


1-5 


1-6 


1-7 


1-8 


1-9 


2 


» „ /to 




-•16 


0 


•54 


1-52 


3 


604 


77 


11 04 


15-12 


20 



The curve traced in Ex. 1 cuts the axis of x in two points 
(a number equal to the degree of the polynomial) : in other 
words, there are two values of x for which the value of the given 
polynomial is zero ; these are the roots of the equation 2x* + x - 
6 = 0. viz., — 2, and 1*5. Similarly, the curve traced in Ex. 2 
cuts the axis in three points, viz., the points corresponding to the 
roots of the cubic equation 10.r 3 - 17x* + <r + 6 = 0. The curve 
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representing a given polynomial may not out the axis of x at 
all, or may out it in a number of points less than the degree of 
the polynomial. Such cases correspond to the imaginary roots 
of equations, as will appear more fully in the next Chapter. For 
example, the curve which represents the polynomial 2-r 3 + x + 2 
will, when traced, lie entirely above the axis of x ; in fact, since 
this function differs from the function of Ex. 1 only by the ad- 
dition of the constant quantity 8, each value of f(x) is obtained 
by adding 8 to the previously calculated value, and the entire 
curve can be obtained by simply supposing the previously traced 
curve to be moved up parallel to the axis of y through a distance 
equal to 8 of the units. It is evident, by the solution of the 
equation 2x* + x + 2 = 0, that the two values of x which render 
the polynomial zero are in this case imaginary. Whenever the 
number of points in whioh the curve cuts the axis of x falls short 
of the degree of the polynomial, it is customary to speak of the 
ourve as cutting the line in imaginary points. 

11. Maxima and Minima Values of Polynomial*. — 
It is apparent from the considerations established in the pre- 
ceding Articles, that as the variable x changes from - oo to + oo , 
the function f(z) may undergo many variations. It may go 
on for a certain period increasing, and then, ceasing to increase, 
may commence to diminish ; it may then cease to diminish and 
commence again to increase; after which another period of 
diminution may arrive, or the function may (as in the last 
example of the preceding Art.) go on then continually in- 
creasing. At a stage where the function ceases to increase 
and commences to diminish, it is said to have attained a 
maximum value ; and when it ceases to diminish and com- 
mences to increase, it is said to have attained a minimum 
value. A polynomial may have several maxima, or several 
minima values, or both : the number depending in general on 
the degree of the function. Nothing exhibits so well as a 
graphic representation the occurrence of such a maximum or 
mini mum value ; as well as the various fluctuations of which 
the values of a polynomial are susceptible. 

c 
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A knowledge of the maxima and miniff H* values of a func- 
tion, giving the position of the points where the curve bends 
with reference to the axis, is often of great assistance in tracing 
the curve corresponding to a given polynomial. It will be 
shown in a subsequent chapter that the determination of these 
points depends on the solution of an equation one degree lower 
than that of the given function. 
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CHAPTER II. 



GENERAL PROPERTIES OF EQUATIONS. 

12. The process of tracing the function f(x) explained in Art. 10 
may be employed for the purpose of ascertaining approximately 
the real roots of a given numerical equation ; for when the cor- 
responding curve is accurately traced, the real roots of the equa- 
tion f(x) = 0 can be obtained approximately by measuring the 
distances from the origin of its points of intersection with the 
axis. With a view to the more accurate numerical solution of 
this problem, as well as the general discussion of equations 
both numerical and algebraioal, we proceed to establish in the 
present Chapter the most important general properties of equa- 
tions having reference to the existence, and number of the roots, 
and the distinction between real and imaginary roots. 

By the aid of the following theorem the existenoe of a real 
root in an equation may often be established : — 

Theorem. — If two real quantities a and b be substituted for 
the unknown quantity x in any polynomial f(x), and if they furnish 
results having different signs, one plus and the other minus ; then the 
equation f(x) = 0 must have at least one real root intermediate in 
value between a and b. 

This theorem is an immediate consequence of the property 
of the continuity of the function f(x) established in Art. 7 ; for 
*ince f{x) ohanges continuously from f(a) to/(&), and therefore 
passes through all the intermediate values, while x changes from 
a to b ; and since one of these quantities, /(a) or f{b) t is positive, 
and the other negative, it follows that for some value of x inter- 
mediate between a and 6, f(x) must attain the value zero which 
is intermediate between /(a) and/(6). 

c2 
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The student will assist his conception of this theorem by 
reference to the graphic method of representation. What is 
here proved, and what will appear obvious from the figure, is, 
that if there exist two points of the curved line representing the 
polynomial on opposite sides of the axis OX y then the curve 
joining these points must cut that axis at least once. It will 
also be evident from the figuro that several values may exist 
between a and b for which /(a-) = 0, t. e. for which the curve cuts 
the axis. For example, in fig. 3, Art. 10, x = - 2 gives a nega- 
tive value (- 144), and x = 2 gives a positive value (20), and be- 
tween these points of the ourve there exist three points of section 
of the axis of x. 

Corollary. — If there exist no real quantity tchich, substituted 
for x, makes f(x) -0, thenf{x) must be positive for every real value 
of x. 

For it is evident (Art. 4) that x = oo makes f(x) positive ; and 
no value of x y therefore, can make it negative ; for if there were 
any suoh value, the equation would by the theorem of this 
Article have a real root, which is contrary to our present hypo- 
thesis. With reference to the graphic mode of representation 
this theorem may be expressed by saying that when the equa- 
tion f(x) = 0 has no real root, the curve representing the poly- 
nomial f(x) must lie entirely above the axis of x. 

13. Theorem. — Every equation of an odd degree has at least 
one real root of a sign opposite to that of its last term. 

This is an immediate consequence of the theorem in the last 
Article. Substitute in "succession - oo , 0, oo for x in the poly- 
nomial f(x). The results are, n being odd (see Art. 4), 

for x = - oo , f(x) is negative ; m 

„ x = 0, sign of f(x) is the same as that of a n ; 

„ x = + x ,f(x) is positive. 

If a n is positive, the equation must have a real root between - oo 
and 0, t . e. a real negative root ; and if a n is negative, the equa- 
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tion must have a real root between 0 and oo , *. e. a real positive 
root. The theorem is thus proved. 

14. Theorem. — Every equation of an even degree, whose last 
term is negative, has at least two real roots, one positive and the 
other negative. 

The results of substituting - oo , 0, ao are in this case 

■ 

-CO. +, 



0, 



+ 00 



+ ; 



hence there is a real root between - co and 0, and another be- 
tween 0 and + co ; #. e. there exist at least one real negative, and 
one real positive root. 

We have contented ourselves in both this and the preceding 
Articles with proving the existence of roots, and for this purpose 
it is sufficient to substitute very large positive or negative values, 
as we have done, for x. It is of course possible to narrow the 
limits within which the roots lie by the aid of the theorem of 
Art. (4), and still more by the aid of the theorems respecting 
the limits of the roots to be given in a subsequent Chapter. 

15. Existence of a Root In the General Equation. 
Imaginary Room.— We have now proved the existence of a 
real root in the case of every 
equation except one of an even 
degree whose last term is positive. 
Such an equation may have no 
real root at all. It is necessary 
then to examine whether, in the 
absence of real values, there may 
not be values involving the ima- 
ginary expression V - 1 , which, 
when substituted for x, reduce the 
polynomial to zero ; or whether 
there may not be in certain cases 
both real and imaginary values 4 - 
of the variable which satisfy the equation. We take a simple 
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example to illustrate the occurrence of such imaginary roots. 
As already remarked (Art. 10), the curve corresponding to the 
polynomial 

/(x)^2x t + x + 2 

lies entirely above the axis of x, as in fig. 4. The equation 
f(x) = 0 has no real roots ; but it has the two imaginary roots 

as is evident by the solution of the quadratic. We observe, 
therefore, that in the absence of any real values there are in 
this case two imaginary expressions which reduce the polynomial 
to zero. 

The general proposition of which this furnishes an illustra- 
tion is, that Every rational integral equation 

a<,x n + a^- 1 + a 2 x"- 1 + . . . + a^x + a n = 0 

must have a root of the form 

a and j3 being real finite quantities. This statement includes 
both real and imaginary roots, the former corresponding to the 
value /3 = 0. 

As the proof of this proposition involves principles which 
could not conveniently have been introduced hitherto, and 
which will present themselves more naturally for discussion 
in subsequent parts of the work, we defer the demonstration 
until these principles have been established. For the present, 
therefore, we assume the proposition, and proceed to derive 
certain consequences from it. 

16. Theorem. — Every equation of n dimensions has n roots, 
and no more. 

We first observe that if any quantity h is a root of the equa- 
tion/^) = 0, then f(x) is divisible by x-h without a remainder. 
This is evident from Art. 9 ; for if f{h) = 0, i. e. if h is a root 
of f(x) «= 0, R must be = 0. 
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Let, now, the given equation be 

This equation must have a root, real or imaginary (Art. 15), 
which we shall denote by the symbol oi. Let the quotient, when 
f(x) is divided by x - ai, be <pi (x) ; we have then the identical 
equation 

/(*)-(* -a,) 

Again, the equation <p x (x) = 0, which is of n - 1 dimensions, must 
have a root, which we represent by a*. Let the quotient ob- 
tained by dividing $ x (x) by x - a a be <j> t (x). Hence 

0, (*) = (*-a s ) 

and .'./W^^-aO^-a,)^^), 

where <£ 3 (a?) is of « - 2 dimensions. 

Proceeding in this manner, we prove that f{x) oonsists of the 
produot of n faotors, each containing x in the first degree, and a 
numerical factor ^»(#). Comparing the coefficients of it is 
plain that 0 M (a?) = 1. Thus we prove the identical equation 

f(x) s (x - oi) (ar - a 2 ) (x - a,) (x - a^i) (x - a„) . 

It is evident that the substitution of any one of the quanti- 
ties ai, a 2 , . . . a„ for a; in the right-hand member of this equation 
will reduce that member to zero, and will therefore reduce f(x) 
to zero ; that is to say, the equation f{x) = 0 has for roots the n 
quantities <n, a 2i a*. . . a»_t, *»»• And it can have no other roots ; 
for if any quantity other than one of the quantities 

Qi> Qs> • • • flu 

be substituted in the right-hand member of the above equation, 
the factors will be all different from zero, and therefore the pro- 
duot cannot vanish. 

Corollary. — Ttco polynomials of the n th degree cannot be equal 
to one another for more than n values of the variable without being 
completely identical. 

For if their difference be equated to zero, we obtain an equa- 
tion of the n <A degree, which can be satisfied by n values only of 
the variable, unless eaoh coefficient be separately equal to zero. 
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The theorem of this Article, although of no assistance in the 
solution of the equation f(x) = 0, enables ub to solve completely 
the converse problem, t. e. to find the equation whose roots are 
any n given quantities. The required equation is obtained by 
multiplying together the n simple factors formed by subtract- 
ing from x each of the given roots. By the aid of the present 
theorem also, when any (one or more) of the roots of a given 
equation are known, the equation containing the remaining 
roots may be obtained. For this purpose it is only necessary 
to divide the given equation by the product of the given bino- 
mial factors. The quotient will be the required polynomial 
composed of the remaining factors. 



Examples. 

1. Find the equation whose roots are 

-3, -1, 4, 5. 

Ant. *«- 5*» - 1 3** + 53x + 60 = 0. 

2. The equation 

x*-6x 3 t S.,--I7x+10 = 0 

has a root 6 ; find the equation containing the remaining roots. 
Use the method of division of Art. 8. 

Ant. r , -x^+ 3x-2 = 0. 

3. Solve the equation 

x*- 16x 3 + 86x 2 -176x + 106 = 0, 

two roots being 1 and 7. 

Ant. The other two roots are 3, 5. 

4. Form the equation whose roots are 

3 3 1 

"2' 3 ' 7" 

Ant. Hr 1 - 23x2-60* + 9 = 0. 

5. Solve the cubic equation 

J 3 -l =0. 

Here it is evident that x = 1 satisfies the equation. Divido by x - 1, and solve the 
resulting quadratic. The two roots are found to be 

1 1 7 — 1 1 7 — 

f . Form an equation M-ith rational coefficients which shall have for a root the 
ina'ional expression 

\/ ;> + \/ q. 
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This expression has four different values according to the different combinations 
of the radical signs, viz. 

y/p+y/q, -V P-V I* y/p-^Qy -Vp + Vl> 
The required equation is, therefore, 

(*-y/p-y/g){*+y/p + vA) {*- Vp^ \A) + </p-</<i) = 0, 
{x*-p- q -iy pq)(* 2 -p-q + 2ypq) = 0, 

or, finally, 

x* - 2{p + 0)x 3 + (p- q)* = 0. 

17. Equal Rooto. — It must be observed that the n factors 
of which a polynomial f(x) consists need not be all different 
from one another. The f aotor x - a, for example, may ocour in 
the second, or any higher power not superior to n. In this case 
the equation f(x) = 0 is still said to have n roots, two or more 
being now equal to one another ; and the root a is called a mul- 
tiple root of the equation : double, triple, &c, according to the 
number of times the factor is repeated. 

A reference to the graphic construction in Art. 10 (fig. 3) 
will help to explain the occurrence of multiple roots. We see 
by an inspection of the figure that the two positive roots of the 
equation 10-r 3 - 17j? + x + 6 = 0 are nearly equal, and we may 
conceive that a slight addition to the absolute term of this poly- 
nomial, which is, as already explained, equivalent to a small 
parallel movement upwards of the whole ourve, would have the 
effect of rendering equal the roots of the equation thus altered. 
In that cose the line OX would no longer cut the curve in two 
distinct points, but would touch it. Now, when a line touches a 
curve it is properly said to meet the curve, not once, but in two 
coincident points. The student acquainted with the theory of 
plane curves will have no difficulty in illustrating in a similar 
manner the occurrence of a triple or higher multiple root. 

Equal roots form the connecting link between real and 
imaginary roots. We have just seen that a small change in the 
form of a polynomial may convert it from one having real roots 
into another in which two of the real roots become equal. A fur- 
ther small change may convert it into a form in which the two 
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roots beoome imaginary. Let us suppose that the above poly- 
nomial is further altered by another small addition to the abso- 
lute term. We shall then have a graphio representation in which 
the axis OX cuts the curve in only one real point, viz., that cor- 
responding to the negative root, the two points of section corre- 
sponding to the two positive roots having now disappeared. 

Consider, for example, the polynomial lO-r* - 17a? + ar + 28, 
which is obtained from that of Ex. 2, Art. 10, by the addition 
of 22. The student can easily construct the figure : the point 
corresponding to A in fig. 3 will now lie much above the axis of x. 
Divide by x + 1, and obtain the trinomial lOx 1 - 27 x + 28 which 
contains the remaining two roots. They are easily found to be 

27 v/391 27 y/391 ,— 

20 + 20 V A ' 20 20 V 1 ' 

We observe in this case, as well as in the example of Art. 15, 
that when a change of form of the polynomial causes one real 
root to disappear, a second also disappears at the same time, and 
the two are replaced by a pair of imaginary roots. The reason 
of this will be apparent from the proposition of the following 
Article. 

18. Imaginary Roots enter Equations In Pairs. — 

The proposition to be now proved may be stated as follows : — 

If an equation f(x) = 0, whose coefficients are all real quantities, 
have for a root the imaginary expression a + /3 <f- 1 , it must also 
have for a root the conjugate imaginary expression a - /3 1. 
We have the following identity : — 

(z-a-fi\/-l) (x-a + P</^l)*(x- a y + p\ 

Let the polynomial f(x) be divided by the second member of 
this identity > and if possible let there be a remainder Rx + K. 
We have then the identical equation 

/(*)■{(*- a)* + |3 t ) Q + ik+iT, 
where Q is the quotient, of n - 2 dimensions in x. Substitute in 
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this identity a + /3 - 1 f or x. This, hy hypothesis, causes f(x) 
to vanish. It also causes (x - a) 7 + /3 l to vanish. Hence 

From this we obtain the two equations 

Ra + R = O y i2j3 = 0, 

since the real and imaginary parts cannot destroy one another ; 
hence 

R = 0, iT=0. 

Thus the remainder Mx + R vanishes ; and, therefore, /(.r) is 
divisible without remainder by the product of the two factors 

x- a-fi \/- 1> x-a + fiS-\. 

The equation has, consequently, the root a-fi\/-l as well 

as the root a + ^y/ - 1. 

Thus the total number of imaginary roots in an equation 
with real coefficients is always even ; and every polynomial may 
be regarded as composed of real factors, each pair of imaginary 
roots producing a real quadratic factor, and each real root pro- 
ducing a real simple factor. The actual resolution of the poly- 
nomial into these factors constitutes the complete solution of the 
equation. 

We observed in Art. 17 that equal roots may be considered 
as the connecting link between real and imaginary roots. This 
statement may now be regarded from another point of view. 
Suppose a polynomial has the quadratio factor (x- a)- + k t and 
let its form be altered by means of slight alterations in the value 
of k. When k is negative, the quadratic factor gives a pair of real 
roots ; when k = 0, this factor has two equal roots, a ; when k is 
positive, the factor has two imaginary roots. 

A proof exactly similar to that above given shows that surd 
roots, of the form a ±</y, enter equations whose coefficients arc 
rational in pair*. 
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Examples. 

1. Form a rational cubic equation which shall hare for roots 

1, 3 + 2^/^1- 

An*. x 3 -7r 2 + 19x-13 = 0. 

2. Form a rational equation which shall have for two of its roots 

1 + 6 y/^T, b-%/'~\. 

Ant. x*-12x> f72x 2 - 312* + 676 = 0. 

3. Solve the equation 

x 4 + 2x* - 5x 2 + 6x + 2 = 0, 

which has a root 

-2 + %/ 3. 

Ant. The roots are -2 + \/ 3, \±%/~-\. 

4. Solve the equation 

3x»-4x2 + x+88 = 0, 

one root being 

2 ^ y/- f. 

Am. The roots are 2 + \/ ^7, - 

3 

19. Descartes' Rule of Signs— Positive Roots.— This 
rule, which enables us, by the mere inspection of a given equa- 
tion, to assign a superior limit to the number of its positive 
roots, may be enunciated as follows : — No equation can have more 
positive roots than it has changes of sign from + to and from - to 
+, in the terms of its first member. 

We shall content ourselves for the present with the proof 
which is usually given, and which is rather a verification than 
a general demonstration of this celebrated theorem of Descartes. 
It will be subsequently shown that the rule just enunciated, and 
other similar rules which were discovered by early investigators 
relative to the number of the positive, negative, and imaginary 
roots of equations, are immediate deductions from the more 
general theorems of Budan and Fourier. 

Let the signs of a polynomial taken at random suoceed each 
other in the following order : — 

+ + - + + + - + -. 

In this there are in all seven changes of sign, including 
changes from + to -, and from - to +. It is proposed to show 
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that if this polynomial he multiplied by a binomial whose signs, 
corresponding to a positive root, are + -, the resulting poly- 
nomial will have at least one more change of sign than the 
original. 

We write down only the signs whioh occur in the operation 
as follows : — 

4 + - + + +- + - 

+ - + + + + - + 

+ ±- + - + + + ±- + - + 

Here in the third line the ambiguous sign + is placed wher- 
ever there are two terms with different signs to be added. "We 
observe in this case, and it will readily appear also for every 
other arrangement, that the effect of the process is to introduce 
the ambiguous sign wherever the sign + follows +, or - follows -, 
in the original polynomial. The number of variations of sign 
is never diminished. There is, moreover, always one variation 
added at the end. This is obvious in the above instance, where the 
original polynomial terminates with a variation ; if it terminate 
with a continuation of sign, it will equally appear that the cor- 
responding ambiguity in the resulting polynomial must furnish 
one additional variation either with the preceding or with the 
superadded sign. Thus, in even the most unfavourable case: 
that, namely, in which the continuations of sign in the original 
remain continuations in the resulting polynomial, there is one 
variation added ; and we may conolude in general that the 
effect of the multiplication of a polynomial by a binomial 
factor x - a is to introduoe at least one additional change of 
sign. 

Suppose now a polynomial formed of the product of the 
factors corresponding to the negative and imaginary roots of an 
equation ; the effect of multiplying this by each of the factors 
x - a, x - /3, x - 7, &c, corresponding to the positive roots 
a, /3, 7, &c, is to introduce at least one change of sign for 
each ; so that when the complete product is formed containing 
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all the roots, we conclude that the resulting polynomial has at 
least as many changes of sign as it has positive roots. This is 
Descartes' proposition. 

20. Descartes' Rule of Signs— Negative Roots. — In 

order to give the most advantageous statement to Descartes' rule 
in the case of negative roots, we first prove that if - x be substi- 
tuted for x in the equation f(x) = 0, the resulting equation will 
have the same roots as the original except that their signs will 
be changed. This follows from the identioal equation of Art. 16 

f{x) = (x-a x ) (x-a 2 ) (x-a t ) (x-a H ), 

from whioh we derive 

/(-*)«(- 1)" (* + a.) (tf + a a ) (x+a 3 ) (* + a„). 

From this it is evident that the roots of f(-x) = 0 are 

— ai, — ai, —cia, ... • — o„. 

Hence the negative roots oi/(x) are positive roots of /(-*), and 
we may enunciate Descartes' rule for negative roots as fol- 
lows : — No equation can have a greater number of negative roots 
than there are changes of sign in the terms of the polynomial f(-x). 

21. Use of Descartes 9 Rule In proving the existence 
of Imaginary Roots. — It is often possible to detect the 
existence of imaginary roots in equations by the application of 
Descartes' rule ; for if it should happen that the sum of the 
greatest possible number of positive roots, added to the greatest 
possible number of negative roots, is less than the degree of the 
equation, we are sure of the existence of imaginary roots. Take, 
for example, the equation 

x* + 10x* + x-4 = 0. 

This equation, having only one variation, cannot have more than 
one positive root. Now, changing x into - x y we get 

x*-10x>-x-4t = 0; 

and since this has only one variation, the original equation can- 
not have more than one negative root. Hence, in the proposed 
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equation there cannot exist more than two real roots. It has, 
therefore, at least six imaginary roots. This application of 
Descartes' rule is available only in the case of incomplete 
equations ; for it is easily seen that the sum of the number of 
variations in/(j-) and /(-a?) is exactly equal to the degree of 
the equation when it is complete. 

22. Theorem. — If two numbers a and b, substituted for x in 
the polynomial /(a*), give results with contrary signs, an odd number 
of real roots of the equation f[x) = 0 lies between them ; and if they 
give results with the same sign, either no real root or an even num- 
ber of real roots lies between them. 

This proposition, of whioh the theorem in Art. 12 is a par- 
ticular case, contains in the most general form the conclusions 
which can be drawn as to the roots of an equation from the 
signs furnished by its first member when two given numbers 
are substituted for x. We proceed to prove the first part of 
the proposition : the second part is proved in a precisely similar 
manner. 

Let the following m roots ai, a 2 , . . . . a my and no others, of 
the equation f(x) = 0 lie between the quantities a and 6, of 
whioh, as usual, we take a to be the lesser. 

Let 0 (x) be the quotient when/(ar) is divided by the product 
of the m factors {x-a x ) (x-a 2 ) . . . . (x-a m ). We have, then, 
the identical equation 

f(x) *(x-ai)(x-a l ) .... (x - a m ) 0 (x) . 
Putting in this successively x = a, x = b, we obtain 
/(a) = (a -a,) (a -a,) .... («-a ro )0(a), 
/(6)-(6-a,)(6-o0 .... (6 -a.)* (6). 

Now ^(a) and <p (b) have the same sign ; for if they had dif- 
ferent signs there would be, by Art. 12, one root at least of the 
equation 0 (x) = 0 between them. By hypothesis, /(a) and/(£) 
have different signs ; hence the signs of the produots 

(a - ai) (a - a a ) .... (a - a m ) , 
(6-ai) (6 - a s ) ... . (b-a m ) f 
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are different; but the sign of the second is positive, since all 
its factors are positive ; hence the sign of the first is negative ; 
but all the factors of the first are negative ; therefore their 
number must be odd ; which proves the proposition. 

In this proposition it is to be understood that multiple roots 
are counted a number of times equal to the degree of their 
multiplicity. 

It is instructive to apply the graphic method of treatment to 
the theorem of the present Article. From this point of view it 
appears almost intuitively true ; for it is evident that when any 
two points are connected by a curve, the portion of the curve 
between these points must cut the axis an odd number of times 
when the points are on opposite sides of the axis ; and an even 
number of times, or not at all, when the points are on the same 
side of the axis. 

Examines. 

1. If the signs of the terms of an equation be all positive, it cannot have a 
positive root. 

2. If the signs of the terms of any complete equation be alternately positive 
and negative, it cannot have a negative root. 

3. If an equation consist of a number of terms connected by + signs followed 
by a number of tonns connec ted by — signs, it has one positive root and no more. 

Apply Art. 12, substituting 0 and oo ; and Art. 19. 

4. If an equation involve only oven powers of s, and if all the coefficients havo 
positive signs, it cannot have a real root. 

Apply Arts. 19 and 20. 

6. If an equation involvo only odd powers of x, and if the coefficients have all 
positive signs, it has the root zero and no other real root. 

6. If an equation be complete, the numbor of continuations of sign in /(*) is 
the same as the number of variations of sign in /(- x). 

7. When an equation is complete ; if all its roots are real, the number of positive 
roots is equal to the numbor of variations, and the number of negative roots is equal 
to the number of continuations of sign. 

8. An equation having an even number of variations of sign must have its last 
sign positive, and one having an odd number of variations must have ita last sign 
negative. 

Take tho highest power of * with positive coefficient (see Art. 4). 

9. Hence prove that if an equation has an even number of variations it must 
have an equal or less even numbor of positive roots ; and if it has an odd number of 
variations it must have an equal or less odd number of positive roots ; in other 
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words, the number of positive roots when less than the number of variations must 
differ from it by an even number. 

Substitute 0 and oo , and apply Art. 22. 

10. Find an inferior limit to tbo number of imaginary roots of the equation 

Ant. At least two imaginary roots. 

11. Find the nature of the roots of the equation 

** + 15* a + 7.r-ll=0. 

Apply Arts. 14, 19, 20. 

Am. One positive, one negative, two imaginary. 

12. Show that the equation 

a* + qx + r=0 t 

where q and r are essentially positive, has ono negative and two imaginary roots. 

13. Show that the equation 

« 3 -g* + r = 0, 

where q and r are essentially positive, has one negative root ; and that the other two 
roots are either imaginary or both positive. 

14. Show that tho equation 

A* B* CP L* 



+ .... + , — X — Wt, 

x-a x-b x-c x-l 

where a, b, e, . . . .1 ure numbers Jill different from one another, cannot have an 

imaginary root. 

Substitute a + 8 */ - 1 and a - 0 y/ - 1 in succession for x, and subtract. We 
get an expression which can vanish only on the supposition /3 = 0. 

15. Show that the equation 

x n - 1 = 0 

has, when n is even, two real roots, 1 and - 1, and no other real root; and, when n 
is odd, the real root 1 , and no other real root. 

This and the next example follow readily from Arts. 19 and 20. 

16. Show that the equation 

x» + l =0 

has, when n is even, no real root ; and, when n is odd, the real root - 1, and no 
other real root. 

17. Solve the equation 

x* + 2qx* + 3q*x* + 1q*x - r 4 *= 0. 

This is equivalent to 

(r 3 + ? x + j J ) 5 -j*-r« = 0. 



The different signs of the radicals give four combinations, and tho expression 
here written involves the four roots. 
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18. Form the equation which has for root* the different rallies of the expression 

2 + 0v/7+v/ll + eV7, 

where 0 J = 1. 

If no restriction had been made by the introduction of 0, this expression would 
have 8 values. The v 7 must now be taken with the same sign where it occurs 
under the second radical and free from it. There are, therefore, only four values 
in all. Am. ** - 8*»- 12** + 84*-63 = 0. 

19. Form the oquation which has for roots the four values of 

- 9 + 0 y/m + 3 \/34 - 20 Vl37, 
where 0 s -1. Am. x* + 36*3-400**- 31 68*+ 7744 =0. 

20. Form an equation with rational coefficients which Bhall have for roots all the 
values of the expression 

Oiy/p + ety/ tf + 0 3 \/ r, 
where 0i*=l, fc'al, 0 3 3 = 1. 

There aro eight different values of this expression, viz., 

-Vp-V <1+V r, %/p + </q-</r. 

Assume 

x=:0iy/p + et^q + e 3 \/ r. 

Squaring, we have 

*» =p + q + r + 2 (0, 0s y/q~r+ 03 0i ^/v + *i »a v'i?)- 
Transposing, and squaring again, 

(z 2 -p-q-r)* = 4(qr + rp+pq) + 80! 0 2 0 3 -/ pqr {9\ y/p + 0 3 \/? + 03 \/r). 

Transposing, substituting * for0i */ p + 0s ^/q + 0 3 y'r, and squaring, we obtain 
the 6"fll equation free from radicals 

{x* - 2* 1 (j> + ? + r) +p 2 + j» + r» - 2?r - 2rp - 2pq) 2 = Mpqrx*. 

This is an equation of the eighth degree, whose roots are the values above writ- 
ten. Since 0i, 0 2 , 0 3 have disappeared, it is indifferent which of the eight roots 
± *S P q±y/r is assumed equal to * in the first instance. The final equation 
is that which would have been obtained if each of the 8 roots had been subtracted 
from *, and the continued product formed, as in Ex. 6, Art. 16. 
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CHAPTER III. 

RELATIONS BETWEEN THE ROOTS AND COEFFICIENTS OF EQUA- 
TIONS, WITH APPLICATIONS TO SYMMETRIC FUNCTIONS OF THE 
ROOTS. 

23. Relations between the Roots and Coefficient*. — 

Taking for simplicity the coefficient of the highest power of x 
as unity, and representing, as in Art. 16, the n roots of an equa- 
tion by ai, as, a 3 , . . . . an, we have the following identity : — 

x* + pi**'* +p i x n - 2 +....+ p^x + p n 

^(x- aO {x - a 3 ) (x - a 3 ) (x - a„). (1) 

When the factors of the second member of this identity are 
multiplied together, the highest power of x in the produot is x* ; 
the coefficient of x"- 1 is the sum of the n quantities - ai, - a 2 , &c, 
viz., the roots with their signs changed ; the coefficient of x^ 2 
is the sum of the products of these quantities taken two by 
two; the coefficient of x"-* is the sum of their products taken 
three by three ; and so on, the last term being the produot of 
all the roots with their signs changed. Equating, therefore, 
the coefficients of x on each side of the identity (1), we have the 
following series of equations : — 

/?i = - (a 1 + a 2 + a J + + a«), 

Pi — (fli <*5 + Oi aa -f a* a 3 + . . . . + a n -i o n ) f 

i>3 = - (aia 2 a3+a,a s a«+ +a^. 3 a tt _ 1 a„), > (2) 

Pn = {- 1)" Oi a« o» . . . . a^j a„, J 

which enable us to state the relations between the roots and 
coefficients as follows :— 

d2 
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Theorem. — In every algebraic equation, the coefficient of 
whose highest term is unity, the coefficient p x of the second term with 
its sign changed is equal to the sum of the roots. 

The coefficient p 2 of the third term is equal to the sum of the 
products of the roots taken two by two. 

The coefficient p, of the fourth term with its sign changed is 
equal to the sum of the products of the roots taken three by three; 
and so on, the signs of the coefficients being taken alternately negative 
and positive, and the number of roots multiplied together in each term 
of the corresjyonding function of the roots increasing by unity, till 
finally that function is reached which consists of the product of the 
n roots. 

When the coefficient a 0 of & is not unity (see Art. 1), we 
must divide each term of the equation by it. The sum of the 

roots is then equal to - - ; the sum of their products in pairs is 
equal to - ; and so on. 

O o 

Cor. 1.— Every root of an equation is a divisor of the abso- 
lute term of the equation. 

Cor. 2. — If the roots of an equation be all positive, the coef- 
ficients (including that of the highest power of x) will be alter- 
nately positive and negative ; and if the roots be all negative, 
the coefficients will be all positive. This is obvious from the 
equations (2) [cf. Arts. 19 and 20]. 

24. Applications of the Theorem. — Since the equations 
(2) of the precediDg Article supply n distinct relations between 
the n roots and the coefficients, it might perhaps be supposed 
that some advantage is thereby gained in the general solution 
of the equation. Such, however, is not the case ; for suppose it 
were attempted to determine by means of these equations a root, 
oi, of the original equation, this could be effected only by the 
elimination of the other roots by means of the given equations, 
and the consequent determination of a final equation of which 
ai is one of the roots. Now, in whatever way this final equa- 
tion is obtained, it must have for solution not only ai, but each 
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of the other roots a 2 , a 3 , . . . a„ ; for, since all the roots enter in 
the same manner in the equations (2), if it had heen proposed 
to determine a, (or any other root) by the elimination of the rest, 
our final equation could differ from that obtained for ai only by 
the substitution of a, (or that other root) for <n. The final equa- 
tion arrived at, therefore, by the process of elimination must 

have the n quantities ai, a s , a„ for roots ; and cannot, 

consequently, be easier of solution than the given equation. 
This final equation is, in fact, the original equation itself, with 
the root we are seeking substituted for x. This we shall show 
for the particular case of a cubic. The process here employed 
is general, and may be applied to an equation of any degree. 
Let a, /3, 7 be the roots of the equation 

X s +Pix* +p t x +p* = 0. 
We have, by Art. 23, 

J»i = -(a + j3 + 7) f 
p % = a/3 + 07 + 07, 

Multiplying the first of these equations by [a 2 , the second 
by a, and adding the three, we find 

Pia 2 + Pza+p3=-a\ 

or o 3 + - p 1 o ? +jt7 a a+/?3 = 0, 

which is the given cubic with a in the place of x. 

The student can take as an exercise to prove the same result 
in the case of an equation of the fourth degree. In the corre- 
sponding treatment of the general case the successive equations of 
Art. 23 are to be multiplied by a"" 1 , a"-*, a"" 3 , &c, and added. 

Although the equations (2) afford, as we have just seen, no 
assistance in the general solution of the equation, they are often 
of use in facilitating the solution of numerical equations when 
any particular relations among the roots are known to exist. 
They may also be employed to establish the relations which 
must obtain among the coefficients of algebraical equations cor- 
responding to known relations among the roots. 
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EXAMPLKS. 

1. Solve the equation 

x 3 -6x 2 -16x + 80=0, 

tho Bum of two of it* roots being equal to nothing. 
Let the roots be o, 0, y. We have then 

a + 0 + 7= 5, 

a0 + ay + 0y = -l6, 

a&y- -80. 

T liking £ + 7 = 0, wo have, from the first of these, a = 6 ; and from either the 
second or third we obtain 0y = — 1 6. We find for 0 and y the values 4 and — 4 . Thus 
the threo'roots are 5, 4, - 4. 

2. Solve the equation 

z 3 -3*'+4=0, 

two of its root* being equal. 

Let the three roots be a, o, 0. We have 

;2a + 0 = 3, 

a s + 2o£«= 0, 

from which we find a - 2, and 0 = - 1. The roots are 2, 2, - 1. 

3. The equation 

x 4 + 4x 3 -2x 3 -12x + 9-0 

has two pairs of equal roots ; find them. 

Let the roots bo c, a, 0, 0 ; we have, thoreforo, 

2a + 2/3 = -4, 

a'+/8' + 4a/3 = -2, 

from which* we obtain for a and 0 the values 1 and — 3. 

4. Solve the equation 

s 3 - 9*2+14* + 24 = 0, 

two of whose roots are in the ratio of 3 to 2. 

Let the root* be o, 0, y, with the relation 2a = 3/3. By elimination of a we 
easily obtain 

6/5 + 2 7 = 18, 
3/3* + 50y = 28, 

from which we have the following quadratic for 0 :— 

19/3 J - 900 + 56 = 0. 
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Tho roots of this are 4, and — ; tho former gives for a and y tho values 6 and 

i y 

- I. The three roots are 6, 4, - 1. The student will here ask what is tho signi- 

14 

ficance of the value — of & ; and the same difficulty may have presented itself in 

the previous examples. It will he observed that in examples of this nature we 
never require all the relations between tho roots and coefficients in order to deter- 
mine the required unknown quantities. Tho reason of this is, that the given con- 
dition establishes one or more relations amongst the roots. Whenever the equations 
employed appear to furnish more than ono system of values for tho roots, the actual 
roots are easily determined by the condition that they must satisfy the equation (or 
equations) between the roots and coefficients which we have not made use of in 
determining them. Thus, in the present example, the value 3 = 4 gives a system 
satisfying tho omitted equation 

a&y = - 24 ; 

14 

while the value $ = — gives a system not satisfying this equation, and is therefore 
iy 

to be rejected. 

6. Solve the equation 

* 3 -9z» + 23*-15 = 0, 

whose roots are in arithmetical progression. 

Let the roots be o- 8, o, a + 8 ; we have at once 

3a= 9, 

3a* -8* = 23, 

from which we obtain the three roots 1, 3, 5. 
6. 8olve the equation 

«* + 2*» - 21x 2 - 22* + 40 = 0, 

whose roots are in arithmetical progression. 

Assume for the roots a-35, a-5, a+J, « + 38. 

Ant. -5,-2, 1, 4. 

7. Solve the equation 

27x» + 42a? -28*- 8 = 0, 
whose roots are in geometric progression. 

Assume for the roots op, o, From the third of the equations (2), Art. 23, we 

P 

8 2 

have a 3 = ~, or o = -. Either of the remaining two equations gives a quadratic for p. 

£1 o 



8. Solve the equation 

3*« - 40** + 130* 3 - 120* + 27 = 0, 



2 — '» 

Ant. -2, 



Digitized by Google 



40 Roots and Coefficients of Equations. 



whose roots are in geometric progression. 

Assume for the roots — , op, op 2 . Employ tho second and fourth of the equa- 

P P 

tions (2), Art. 23. Am. \ t 1, 3, 9. 

o 

9. Solve the equation 

x* + 1 5*> + 70X 8 + 120* + 64 = 0, 

whoso roots are in geometric progression. Am. - 1, - 2, - 4, - 8. 

10. Solve the equation 

Ox 3 - 11** + 6*- 1 = 0, 

whose roots are in harmonic progression. 

Take the roots to be o, 0, y. We have here the relation 

1 1 2 

hence 

By + ya + a& = 3>a ; &c. 

*' 2' 3' 

11. Solve the equation 

81«5-18x3_36x + 8=x0, 
whose roots are in harmonic progression. 

2 2 _2 
9' 3* 3' 

12. If the roots of the equation 

x 3 - px 2 + gx-r = 0 

be in harmonic progression, show that the mean root is — . 

9 

13. The equation 

z*-2x 3 + 4x' + 6j:-21=0 

has two roots equal in magnitude and opposite in sign ; determine all the roots. 
Take o + B = 0, and employ tho first and third of equations (2), Art. 23. 

Ant. »y 3, ~v^3, \±*y -6. 

14. The equation 

3** - 25X 3 + 50** - 60*+ 12 = 0 



has two roots whose product is 2 ; find all the roots. 



Am. 6, ^, 1±\/-1. 



15. One of the roots of the cubic 

x^-px 2 { qx -r-0 
is double another ; show that it may be found from a quadratic equation. 
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16. Show that all the roots of the equation 

x*+pi**-* .... +pn-ix +j»» = 0 

can be obtained when they arc in arithmetical progression. 

Let the root* be a, a + 8, a+28, .... a+(r»-l)8. The first of equations (2) 
gives 

-pi = na+ {1 +2+3+ + (n-l)}8 

Again, since the sum of the squares of any number of quantities is equal to the 
square of their sum, minus twice the sum of their products in pairs, we have the 
equation 

Jh'-S|p» = «' + (a + »)» + <a + 2»)'+... 

-„.H,,(. l -l).» + " ( ''-' ) () (i! ''-V (2) 

Subtracting the square of (1) from n times the equation (2), we find 8* in terms 
of p\ and pi. We can then find a from equation (1). Thus all the roots can bv 
in terms of the coefficients pi and p>. 

17. Find the condition which must be satisfied by the coefficients of the equa- 



x* -px* + qx-r = 0, 

two of its roots a, £ are connected by a relation o + /3 = 0. 

Am. pg~r = 0. 

18. Find the condition that tho cubic 

x s - J px 2 + qx~r=0 

should have its roots in geometric progression. Am. p y r-q*= 0. 

19. Find the condition that the same cubic should have its roots in harmonic 
progression (see Ex. 12). Ant. 27r*-9pqr + 2q* = 0. 

20. Find the condition that the equation 

x* +JJX 3 + gx 2 + rx + * = 0 

should have two roots connected by the relation a + 0 = 0 ; and determine in that 
case two quadratic equations which shall have for roots (1) a, fi ; and (2) y, 5. 

An$. pgr -p*s- r a = 0, (1) px 2 + r = 0, (2) x* + p*+~ = 0. 

21. Find the condition that the biquadratic of Ex. 20 should have its roots con- 
nected by the relation 0 + 7 = a + 8. Am. p* - ipq + 8r = 0. 

22. Find th<; condition that the roots o, 0, y, 8 of 

x* +px* + qx 1 + rx + * = 0 

should be connected by tho relation o3 - yS. Am. p^s — r 2 = 0. 

23. Show that tho condition obtained in Ex. 22 is satisfied when the roots of 
the biquadratic are in geometric progression. 
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25. Dcprc»»lon of an Equation when a relation 
exists between two of it* Roots.— The examples given 
in the preceding Article illustrate the use of the equations con- 
necting the roots and coefficients in determining the roots in 
particular cases when known relations exist among them. We 
shall now show in general, that if a relation of the form /3 = £ (a) 
exist between tico of the roots of an equation f(x) = 0, the equation 
may be depressed two dimensions. 

Let <j>{x) he substituted for x in the identity 

f(x) = OqX* + a x x*- 1 + ... + <?„, 

then (x) ) = a 0 fa (a?) ) n + a, (<p (x) + + a^ <j>(x) + a*. 

We represent, for convenience, the second member of this 
identity by F{x). Substituting a for x t we have 

*>)"/(*(<")) =/(P)-0; 

hence a satisfies the equation F(x) = 0, and it also satisfies the 
equation f[x) = 0 ; hence the polynomials f[x) and F{x) have a 
common measure x - a ; thus a can be determined, and from it 
$(a) or /3, and the given equation can be depressed two dimen- 
sions. 

Examples. 

1. The equation 

z 3 -5* 2 -4x + 20=0 

has two roots whose difference = 3 : find them. 

Here 0 - a = 3, £ - 3 + a ; substitute x + 3 for x in the given polynomial f{x) ; 
it becomes x 3 + 4x* - 7x - 10 ; the common measure of this and /(x) is x - 2 ; from 
which a = 2, 0 = 5; the third root is - 2. 

2. The equation 

z 4 -5* 3 + ll* ? -13* + 6 = 0 

has two roots connected by the relation 2)8 + 3o = 7 : find all the roots. 

Am. 1, 2, 1±n/^2. 

It may be observed here, that when two polynomials/^) 
and F{x) have common factors, these factors may be obtained 
by the ordinary process of finding the common measure. Thus, 
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if we know that two given equations have common roots, we 
can obtain these roots by equating to zero the greatest common 
measure of the given polynomials. 

Examples. 

1 . The equations 

2x* + 5x i - 6x - 9 = 0, 
3x3+ 7-r 3 - 11* -16 = 0 
have two common root* : find them. Ant. - 1, -3. 



2. The equations 

x*+px* + qx +r =0, 

x 3 + p'x* + q'x + r' = 0 

hare two common roots : find the quadratic whose roots are these two, and find also 
the third root of each. 



P-P P-P r-r r-r* 



P-P P-P 

26. The Cube Roots of Unity.— Equations of the 
forms 

*" - 1 = 0, ar» + l = 0, 

consisting of the highest and absolute terms only, are called 
binomial equations. The roots of the former are called the n n tk 
roots of unity. A general discussion of theso forms will be given 
in a subsequent Chapter. We confine ourselves at present to 
the simple case of the binomial cubic, for which certain useful 
properties of the roots can be easily established. It has been 
already shown (see Ex. 5, Art. 16), that the roots of the cubic 

are 1, -g + gv^ 

If either of the imaginary roots be represented by cu, the 
other is easily seen to be w 1 , by actually squaring ; or we may 
see the same thing as follows : — If <o be a root of the cubic, at 7 
must also be a root ; for, since to 5 = 1, we get, by squaring, 
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w* = 1, or (w 2 ) 5 «= 1, thus showing that w* satisfies the cubic 
ar 8 - 1 = 0. "We have then the identity 

- 1= (* - 1) (* - a,) (z - u> 4 ). 

Changing x into - we get the following identity also : — 

z* + 1 = [ x + 1) (x + u>) (a? + w a ), 

which furnishes the roots of 

+ 1 = 0. 

Whenever in any product of quantities involving the imagi- 
nary cube roots of unity any power higher than the second 
presents itself, it can be replaced by w, or w s , or by unity ; for 
example, 

a>* = to 3 . u> = oj, cu* = cu 3 . o> a = w*, w 6 = <u 3 . ai 8 = 1, &C. 

The first or second of equations (2), Art. 23, gives the fol- 
lowing property of the imaginary cube roots : — 

1 + q> + to 2 = 0. 

By the aid of this equation any expression involving real 
quantities and the imaginary cube roots can be written in either 
of the forms P+ wQ, P + o> 2 Q. 

Examples. 

1. Show that the product 

is rational. An*, m* - mn + n 1 . 

2. Prove the following identities : — 

in 8 + » 3 = (m + ») (am + (»*m + o*n), 
wi 3 - n 3 s (m - «)(»»! - (» 2 m - tin). 

3. Show that the product 

(a + wfi + » ? 7) (a + w*& + ory) 

is rational. 

An*. a 2 + fi* + y 1 -0y-ya-afl 

4. Prove the identity 

(a + £ + 7) (o + «0 + tSy) (a -f »'/B + wy) = a 3 + fl 3 + 7 s - 3afly. 

5. Prove tho identity 

(a+ »£ + » 2 7) 3 + (a + i# 2 j8 + ery) 3 = (2a - 0 - 7) (2fl - 7- a) (2 7 - a - 0). 
Apply Ex. 2. 
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6. Prove the identity 

(o + «0 + vty)* - (a + » 3 /9 + my)* « - 3 */~* (fl - y) (y - a) (o - fl) . 

Apply Ex. 2, and substitute for » - «#* its value y/ — 3. 

7. Prove the identity 

a 3 + /8- 3 + 7' 3 - 3a'flV = (a 3 + /8 s + y - 3 «j3 7 ) 3 , 

where 

o'sa' + 2/9y, /8 / s/S 8 + 2ya, yay + 2a£. 

8. Form the equation whose roots are 

tn ~\~ ttf mm H~ w*ftj w^tn mn. 

^»w. x 3 - 3wnx- (m 3 + » 3 ) = 0. 

9. Form the equation whose roots are 

/ + m + », / + «m+« 5 «, / + « 5 m + w«. 

^w. x 3 -3te 3 +3(r t -m»)r-(/ 3 +m 3 + n 3 -3/mn) = 0. 

It is important to observe that corresponding to the n n th 
roots of unity there are n n th roots of any quantity. The roots 
of the equation 

x n -a = 0 

are the n »'* roots of a. 

The three cube roots, for example, of a are 

\/ a 9 u)\/ a, to 3 */ a, 

wherey^a represents the real cube root according to the ordinary 
arithmetical interpretation. Each of these values satisfies the 
cubic equation a? - a = 0. It is to be observed that the three 
cube roots may be obtained by multiplying any one of the three 
above written by 1, w, to 2 . 

In addition, therefore, to the real cube root there are two 
imaginary cube roots obtained by multiplying the real cube 
root by the imaginary cube roots of unity. Thus, besides the 
ordinary cube root 3, the number 27 has the two imaginary 
cube roots 

as the student can easily verify by actual cubing. 

10. Form a rational equation which shall have 

mV Q+v^TP 5 + «»»v /r Q-Ap + i* 

for a root ; where « 3 = 1 . 

Compare Ex. 8. Ant. x 3 + ZPx - 2Q = 0. 
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11. Form an equation with rational coefficients which shall have 

for a root, where 6\ 3 = 1, and 0 2 3 = 1- 
Cubing both aides of the equation 

x = $ 1 l/J+92l/Q, 
and substituting x for its value on the right-hand side, we get 

Cubing again, we have 

(x*-P-Q)*=21 PQx*. 

Since 9\ and $2 may each have any one of the values 1, «, » 2 , the nine roots of 
this equation are 

»*1/p+»1/q, yi+w-f/Q, vp+»Vq. 

We see also that, since $1 and $2 have disappeared from the final equation, it is 
indifferent which of these nine roots is assumed equal to x in the first instance. The 
resulting equation is that which would have been obtained by multiplying together 

the nine factors of the form x -%/P- \/ Q obtained from the nine roots above 
written. 

12. Form separately the three cubic equations whoso roots are the groups in 
three (written in vortical columns in Ex. 11) of the roots of the equation of the pre- 
ceding example. 

"We can write these down from Ex. 8, taking first m and n equal to y/~P,%/Q ; 
then equal to « ; and finally equal to J j/P, j/Q. 

Ant. x*-3yp~Qx-P-Q = 0, 

x^-Z^yjQx-P- Q=0, 

x*-3* yp~Qx-P-Q = 0. 

27. Symmetric Functions of the Roots. — Symmetric 
functions of the roots of an equation are those functions in 
whioh ail the roots are alike involved, so that the expression is 
unaltered in value when any two of the roots are interchanged. 
For example, the funotions of the roots (the sum, the sum of the 
products in pairs, &o.) with whioh wo were concerned in Art. 23 
are of this nature ; for, as the student will readily perceive, if 
in any of these expressions the root a h let us say, be written in 
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every place where a 2 occurs, and a a in every place where a, 
occurs, the value of the expression will be unchanged. 

The functions discussed in Art. 23 are the simplest sym- 
metric functions of the roots, eaoh root entering in the first 
degree only in any term of any one of them. 

We can, without knowing the values of the roots separately 
in terms of the coefficients, obtain by means of the equations (2) 
of Art. 23 the values in terms of the coefficients of an infinite 
variety of symmetric funotions of the roots. It will be shown 
in a subsequent Chapter, when the discussion of this subject is 
resumed, that any rational symmetric funotion whatever of 
the roots can be so expressed. The examples appended to this 
Article, most of which have reference to the simple cases of 
the cubio and biquadratic, are sufficient for the present to illus- 
trate the usual elementary methods of obtaining suoh expres- 
sions in terms of the coefficients. 

It is usual to represent a symmetric function by the Greek 
letter 2 attached to one term of it, from which the entire ex- 
pression may be written down. Thus, if a, /3, y be the roots of 
a cubic, 2a 3 /3 3 represents the symmetric function 

a 3 /3 3 + aY + 0Y> 

where all possible products in pairs are taken, and each term 
separately squared. Again, in the same case, 2a 2 /3 represents 

a 3 /3 + a 2 7 + /3 a 7 + /3 3 a + 7 3 a + 7 2 /3, 

where all possible permutations of the roots two by two are 
taken, and the first root in eaoh term then squared. 

As an illustration in the case of a biquadratic we take 2a J /3 3 , 
whose expanded form is as follows : — 

a 2 /3 2 + a 3 7 3 + a 3 S 2 + /3 2 7 2 + /3 2 S 2 + 7 3 8 2 . 

By the aid of the various symmetric functions whioh occur 
among the following examples the student will acquire a facility 
in writing out in all similar cases the entire expression when 
the typical term is given. 
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Examples. 

1. Find the value of 2a 5 3 of the roots of the cubic equation 

ac 3 + pr 1 + gx + r = 0. 
Multiplying together the equations 

« + /3 + 7 = -i J , 
fiy + 70 + afi = g, 

we obtain 2o'/8 + Za&y = -pg ; 

hence 2o*/3 = 3r -/>?. 

2. Find for the same cubic the value of 

c? + 0* + 7*. jitt$. 2o« = p 2 - 2y. 

* 

3. Find for the same cubic the value of 

a 3 + /8 s + t 3 . 
Multiplying the values of 2a and 2a 2 , we obtain 

o s + /8 3 + t 3 + 2o*/9 = - J>>+ 2 W ; 

>, by Ex. 1, 

2a 3 = - p 3 + 3pg - 3r. 



4. Find for the same cubic the value of 

0V + 7 l « 2 + 

We easily obtain 

£V + 7 2 « 2 + a»j3 2 + 2 0)87 (a + 0 + 7) = q\ 

from which 2a*-/3 2 - g 2 - 2pr. 

6. Find for the same cubic the value of 

(0 + 7) (7 + a) (a + $). 

This is equal to 

2a07 + 2a-/3. Am. r - pg. 

6. Find the value of the symmetric function 

a 2 07 + « 5 /38 + a 8 7« + 0 2 «7 + &aZ + j8»75 
+ 720/3 + 7«o5 + 7 s /88 + 8 2 oj8 + 8 3 o7 + VPy 

of the roots of the biquadratic equation 

«* + pa? + + rx + * = 0. 

Multiplying together 

o + i3 + 7 + 5 = - i>, 
0)87 + o/88 + 078 + 078 = - r, 
we obtain 2 a 2 £7 + 4 0)878 = j>r ; 

hence 2 0*07 = pr - 4». 
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7. Find for the same biquadratic the value of tho symmetric function 
Squaring 2a, we easily obtain 

8. Find for tho same biquadratic the value of the symmetric function 

a>0* + a V + a« *' + fi V + * •» + 7* * - 
Squaring the equation 

2a/3 = ?, 

we obtain 

2a* 0* + 22a'*7 + 6a$y9 = ? ; 

hence, by Ex. 6, 

2a J 0» = fl J -2/-r + 2*. 

9. Find for the samo biquadratic the valuo of 2o*jB. 

To form this symmetric function, we tako tho two permutations a$ and 0a of 
the letters a, fi ; these give two terms a 3 /* and /3 s a of 2. We have similarly two 
terms from every other pair of the letters a, 0 t y, S \ so that the symmetric func- 
tion consists of 12 terms in all. 

Multiply together the two equations 

2o$ = f, 2a*=p 3 -2q; 

and observe that 

2a>2aj8a2a»/3 + 2a 3 /37. 

[It is convenient to remark here, that results of the kind expressed by this last 
equation can be verified by the consideration that the number of terms in both 
members of the equation must be the lame. Thus, in the present instance, since 
2a* contains 4 terms, and 2oj3 6 terms, their product must contain 24 ; and these 
are in fact the 12 terms which form 2a 3 0, together with the 12 which form 2a'*37-] 

Using the results of previous examples, we have, therefore, 

2o 3 /9=jfy- 2?»-/>r + 4*. 

10. Find for the same biquadratic the value of 

a« + 0 4 + y 4 +«*- 
Squaring 2a 3 , and employing results already obtained, 

2a* =p*- 4/fy + 2f" + *Pr ~ **• 

11. Find the value, in terms of the coefficients, of the sum of the squares of the 
roots of the equation 

Squaring 2ai, we cosily find 
k j pi a = 2ai J + 22aia2 ; 

2ai J =/>i , -2/? 3 . 

12. Find the value, in terms of the coefficients, of the sum of the reciprocals of 
the roots of tho equation in the preceding example. 
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From the second last, and last of the equations of Art. 23, we have 

(1203 . . . . o*-t ai as . . - . a* + . . . . + ai 02 . . . . a*-i = (— \) n ' l p»-\ t 

ai 0303 • • • • On = (— l) m Pn J 

dividing the former by the latter, we have 

111 1 -Pn.x 

-+-+-+ + - = 

«l «i "J On P* 

or 

1 -Ph.1 

it — — — — • 

OJ Pn 

In a similar manner the sum of the products in pairs, in threes, &c. of the 
reciprocals of the roots can be found by dividing the 3rd last, or 4th last, &c. coef- 
ficient by the last. 

13. Find for the cubic equation 

oox 3 + 3«i x 2 + 3aax + 03 = 0 

the value, in terms of the coefficients, of the following symmetric function of the 
] uots a, $, 7 : — 

N. B. — It will often be found convenient to write, as in the present example, an 
equation with binomial coefficients, that is, numerical coefficients the same as those 
which occur in the expansion by the binomial theorem, in addition to the literal 
coefficients ao, a\, &c. Here the equation being of the third degree, the successive 
numerical coefficients are those which occur in the expansion to the third power, 
viz. 1, 3, 3, 1. 

We easily obtain 

V { 0 - tY + ( 7 - a) 2 + (a - /8) 1 } = 18 - a 0 a,). 

14. Express in terms of the coefficients of the cubic in the preceding example the 
successive coefficients of the quadratic 

(x - «)' (0 - 7 )H (x - fi)* (7 - «)« + (* - 7)' (a - /8)» - 0, 

v here o, $, y are the roots of the cubic. 

Here, in addition to the symmetric function of the preceding example, we have 
to calculate also the two following :— 

« (S-r)Hi3 (y-*)* + y 

«-(/J-7) 3 + 0 3 (7-a)* + 7 '(«-/J) 2 . 

A m. {//o a 2 - a i J ) *».+ (00 a 3 - «i a 2 ) x + («i c 3 - at 1 ) = 0. 

15. Find for the cubic of example 13 the value in terms of the coefficients of 

(2a -0-7) (2/3-7-o)(27-a-/B). 

Since 2a- £-7= 3a- a + 3 + 7) = 3o+ — , 

ao 
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the required value is easily obtained by substituting - — for x in the identity 

oo* 3 + 3ai«* + 3oj *+ o 3 n a 0 (x - a) (x - ft) (x-y). 
An*. ao 3 (2« - ft - 7) (20 - 7 - a) (2y - a - 0) = - 27 («o'«3 - 3ooOi o* + W). 

16. Find, in terms of the coefficients of the biquadratic equation 

a©* 4 + 401** + 6a** 3 + 4«3* + «4 = 0, 

the value of the following symmetric function of the roots : — 

(0 - 7) 1 (a - 8) 3 + (7 - «)' (0 - «)' + (a - 0) 3 (7 - 8)'. 

Here the equation is written with numerical coefficients corresponding to the 
expansion of the binomial to the 4th power. The symmetric function in question 
is easily seen to be identical with 

22o ? /3»-22a'07+ Uaftyt. 
Employing the results of examples G and 8, we find 
«* J { {ft - 7) 1 (a - S) 3 + (7 - «)» 03 - 8) 3 + (a - 0)» (7 - 8) 3 } - 24 (* 04 - 4o t o 3 + 3^) . 

17. Taking the six products in pairs of the four root.s of the equation of Ex. 16, 
and adding each product, e.g. a/3, to that which contains the remaining two roots, 
78, we have the three sums in pairs 

£7+08, 7« + 08, 0J3 + 78; 

it is required to find the values in terms of the coefficients of, the two following 
tyiametric functions of the roots :— 

(7a + 08) (aft + 78) + {aft + 7 3) (07 + 08) + (/B7 + a8) (70 + 08), 

(07 + 08) (70 + 08) (aft + 78) . 

The former of these is the sum of tho products in pairs, and the latter the con- 
tinued product, of the three expressions above given. As these three functions of 
the roots are important in the theory of the biquadratic, we [shall represent them 
uniformly by the letters A., n, v. We have, therefore, to find expressions in terms 
of the coefficients for + r\ + A/*, and \fiy. 

The former is 2a 2 07, and is easily expressed as follows (cf. Ex. 6) :— 

«o a 2m* = 4 (4ai 03 — 0004). 
The latter is, when multiplied out, equal to 

a078(« J + 0 2 + 7 , + 8») + « 2 0 3 7 2 8 2 (^+j 2 + ^ + ^), 
and we obtain after easy calculations the following :— 

ff 0 S A/tX= 8 (20003* - 3000204 + 2fli 3 04). 

e2 

■ 
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18. Find, in [terms of the coefficients of the biquadratic of Ex. 16, the value of 
the following symmetric function of the roots : — 

{( 7 -.)03-«)-(«-3)(7-«)}{(a-3)(y-8)-(3-7)(«-8)} 

{(0_7)(a-8)-(7-a)(0-8)}. 

This is also an important symmetric function in the theory of the biquadratic. 
To prevent any ambiguity in writing this, or corresponding functions in which the 
differences of the roots of the biquadratic enter, we explain the notation which will 
be uniformly employed in this work. 

Taking in circular order the three roots a, 0, 7, we have the three differences 
fi-y, 7 - a, a -0 ; and subtracting 8 from each root in turn, we have the three 
other differences a - 8, 0-8, y-S. We combine these in pairs as follows 

(0_7)(«-8), (y- a )(&-t), ( a -0)(y-9). 

The symmetric function in question is the product of the differences of these 
three taken as usual in circular order. 

Employing the values of x, fi\v in the preceding example, we have 

-H+r*($-y)(a-Q, -„ + * H ( r -«)03-8), _x + M s(a-0)(y-«). 

We have, therefore, to find the value of 

{2\-fi-v)(2p-,-\)(2p-\-p), 

(3X - 2oj3) (3 M - 2ojB);(3* - So0), 

in terms of the coefficients of the biquadratic. 

Multiplying this out, substituting the value of 2a0, and attending to the results 
of Ex. 17, we obtain the required expression as follows :— 

«o 3 (2X- fi - v) (2fjL -*-k)(2v-k-fi) = - 432 {a 0 «ja 4 +2fli c S fls-«o«»s J - «i a • 

The function of the coefficients here arrived at, as well as those before obtained 
in Examples 13, 15, and 16, will be found to be of great importance in the theory 
of the cubic and biquadratic equations. 

19. Find, in terms of the coefficients of the biquadratic of Ex. 16, the value of 
the symmetric function 

(« - 0)» + (a - 7)* + (a - 8)' + (0 - y)' + (0 - 8)* + (7 - 8)*. 

This may be represented briefly by 2(a-0)». 

An*. «o a 2(a-0)' = 48(a l »-«,a l ). 

20. Prove the following relation between the roots and coefficients of the biqua- 
dratic of Ex. 16 :— 

«o^(0 + 7-«-8)(7 + «-iB-8)(« + /5-y-«) = 32(ao 2 a,-3a <) a 1 a 1 + 2« l '). 
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28. Theorems relating to Symmetric Functions. — 

The following two theorems, with whioh we olose for the present 
the discussion of this subjeot, will be found useful in many in- 
stances in verifying the results of the calculation of symmetric 
functions. 

(1) . The sum of the exponents of all the roots in any term of any 
symmetric function of the roots is equal to the sum of the suffixes in 
each term of the corresponding value in terms of the coefficients. 
The sum here spoken of, whioh is of course the same for every 
term of the symmetrio function, and whioh may be called the 
degree in all the roots of that funotion, will be subsequently 
denned (see Ch. XII.) as the weight of the symmetrio function. 
The truth of the theorem will be observed in the particular cases 
of the examples 13, 15, 16, 17, &o. of the last Article ; and that 
it must be true in general appears from the equations (2) of 
Art. 23, for the suffix of each coefficient in those equations is 
equal to the degree in the roots of the corresponding funotion of 
the roots ; henoe in any product of any powers of the coefficients 
the sum of the suffixes must be equal to the degree in all the 
roots of the corresponding funotion of the roots. 

(2) . When an equation is written with binomial coefficients, the 
expression in terms of the coefficients for any symmetric function 
of the roots, which is a function of their differences only, is such that 
the algebraic sum of the numerical factors of all the terms in it is 
equal to zero. The truth of this proposition appears by suppos- 
ing all the coefficients a 0 , a„ a,, &o. to become equal to unity in 
the general equation written with binomial coefficients, viz., 

, n (n - 1) „ , A 
Oo«" + na x x^ x + \ 1 a 2 x»~ r + + a n = 0. 

The equation then becomes (x + 1)" = 0, i. e. all the roots be- 
come equal ; henoe any funotion of the differences of the roots 
must in that case vanish, and therefore also the funotion of the 
coefficients which is equal to it ; but this consists of the alge- 
braic sum of the numerical factors when in it all the coefficients 
a* «i, <h t &o. are made equal to unity. In Exs. 13, 15, 16, 18, 
20 of Art. 27 we have instances of this theorem. 
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Examines. 

1. Find in terms of p, q, r tho value of the symmetric function 

0* + T 2 7* + *' « 2 + & 

+ - + — , 

£7 7« afi 

where o, 0, y are the roots of the cubic equation 

z 3 + px 1 + fx + r = 0. 



2. Find for the same equation the value of 

(0 + 7 ~ a) 3 + (7 + a - 0)* + (a + 0 - y)'. 



^w. --3. 
r 



Ant. 2Ar-p*. 



3. Calculate the value of 2a'0 J of the roots of the same equation. 
Ileic 2a05a-0 2 = 2o 5 0 s + a/97 2a* 0 ; hence Ac. 

<4n#. j s - 3/>^r + 3» J . 

4. Find for tho same equation tho value of the symmetric function 

2a # is easily obtained by squaring 2a s (see Ex. 3, Art 27). 

Ant. 2p*-l2p i q+\2p*r+lSp*q*- I8pqr-6q*. 

5. Find for the same oquation the value of 

0 a + 7- + 7 s -I- a' + «' + 0* 
0+7 7 + a a + 0 " 

2p*q-*pr-2q 2 



Ant. 

r-pq 



6. Find for tho same equation the value of 



a* + 07 t /3' + 7« | y* + * & 
0 + 7 7 + 0 a + 0' 

p*-3p*q + bpr + q* 
r-pq 

7. Find for the same equation the value of 

207 - » 2 + 2ya-$- + 2a0-r 
0+7-o 7 + a-0 0 + 0-7' 

^-2p» ? -rU^-8y« 

: ; — o * 

4p*I-p*-8r 
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8. Find the value of the symmetric function 2 * or &° Bamc cu ^ c 



3/> V -ip*r - 4y» -Ipgr - 9r' 

9. Calculate in terms of p, q> r, $ the value of 2 ^ for the equation 

y 

x*+px*+qx* + rz + t=0. 

Here 5a/32 - = 2- + 2^~ ; and 2a2- = 4 + 2-. 

cr p y* a 3 

10. Find the value of 2 — of the roots of the equation 

z* +piz»- 1 +P2X*- 7 + . . . . +p».ix+pn = 0. 

Am P»-IP*-P\ Pf-\ + 1p\Pn.ip» 

nt ' pj 

11. Find for the biquadratic of Ex. 9 the value of 

(py~ a S)(ya-$S)(afi-y9). 
Compare Ex. 22, Art. 24. Am. r* - p*s. 

12. Find the value of 2(a 0 a + ai) 2 (B-y)' i in terms of the coefficients of the 
cubic equation 

co* 5 + 3ai« s + 3a a * + «s = 0. 

Am. —^(aoaz-ai*)*. 

13. Find the value 'of the symmetric function 2 — of the roots of tho 

•1 03 

x» +pix*- 1 + +Pn-ix+p n =0. 

The given function may be written in the form 

.... 4 -J- 1 
(ai as a, t ) 

f 1 1 1 ) , 

+ 02 J — + — + • • • • + — / — l 
1 ai a? o n J 



ai 



•ai 02 

+ . 



( 1 1 1 , 

(ai aj a* J 



2«i 2 - - » ; hence Ac. ^<«*. ™- - n. 

14. Clear of radicals tho equation 
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and express the coefficients of the resulting equation in t in terms of the coefficients 
of the cubic of Ex. 1. 

An*. 3<*-2(p 2 -2q)t-p* + ip*q-Spr=0. 

lb. If a, 0, y, 8 be the root<of the biquadratic of Ex. 9, prove 

(«* + 1) 1p + 1) (t» + 1) (8* + 1) = (1 - q + + (p - r)«. 

Substitute in turn each of the roots of the equation z 3 + 1 = 0 in the identity of 
Art. 16, and multiply. 

16. Prove the following relation between the roots and coefficients of the general 
equation of the w«* degree :— 

(ai« + l)(aj'4l).... (a. J + 1) = (1 -p% + /»«-...)' + (j>i -p» + . . •)*• 

17. Find the numerical value of 

(a' + W + 2) ( 7 > + 2)(J' + 2), 

where a, 0, y, 8 are the roots of the equation 

x* - 7 J" 3 + 8x J — 5x + 10= 0. 

Substitute in turn for x each root of the equation x 3 + 2 = 0, and multiply. 

Ant. 166. 

18. If a, 0, y, 8 be the roots of the equation 

a 0 x* f 4 a x x 3 + 6 a 2 z* + 4 o 3 x + <u = 0, 

prove 

«o 3 (/3 + 7) (7 + a) (a + /8) (a + 8) (/5 + «) (7 + 8) = 16 { 6«i 0,03 - «oa 3 » - Oi'o* } . 

The symmetric function in question is equal to (ji + v) [» + X) (X + /*), or X\ 
- \fiv, where X, /i, r have the values of Ex. 17, Art. 27. 

19. Calculate the value of the symmetric function S(o - 0)* of the roots of the 
biquadratic equation of Ex. 9. 

Ant. 3/»«-16p J o + 20 ? 2 + 4pr-16#. 

20. Show that when the biquadratic is written with binomial coefficients, as in 
Ex. 18, the value of the symmetric funotion of the preceding example may be ex- 
pressed in the following form : — 

oo« 2 (a - 0) * = 1 6 ( 48 («• o 2 - - o 0 a (flo «4 - 4 O! o, + 3 0,') } . 

21. The distances on a right line of two pairs of points from a fixed origin are 
the roots (a, 0) and (a, /3') of the two quadratic equations 

or» + 2Ax + <; = 0, o'x a + 24'x + <?' = 0 ; 

prove that when one pair of the points are the harmonic conjugates of the other pair, 
the following relation exists : — 

ac' + a , e-2bb' = 0. 

22. The distances of three points A t £, Con a right lino from a fixod origin 0 
on the line are the roots of the equation 

ox3+ 3'/x J +3«+rf = 0; 
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find the condition that one of the points A, B, C should bisect the distance between 
the other two. 

Compare Ex. 15, Art 27. Am. a*d- Zabe + 24 s » 0. 

23. Retaining the notation of the preceding question, find the condition that the 
four points O, A, B, C should form a harmonic division. 

Am. ad 2 -3 bed + 2^ = 0. 

This can be derived from the result of Ex. 22 by changing the roots into their 
rec iprocals, or it can be easily calculated independently. 

24. If the roots (a, B, y, 8) of the equation 

ax* + 4 bx* + Sex 3 + 4 dx + e = 0 

are so related that a - 8, /3 - 8, 7 - 8 are in harmonic progression, prove the relation 
among the coefficients 

ace + 2bed - ad 2 - 8»e - e* = 0. 

Compare Ex. 18, Art. 27. 

25. Form the equation whose roots are 

By + ttya, + *»' ad By + *»* ya + n>aj3 

where w 3 = 1, and a, B,y are the roots of the cubic 

ax> + SAx' + Sear + rfsO. 

^««. {ac -P)z 1 + {ad- be) r + (W - c 2 ) = 0. 

Compare Exs. 13 and 14, Art. 27. 

26. Express 

(2 By - ya - afi) (2 ya - afi - By) (2 afi - /8 7 - 70) 
&s the gum of two cubes. 

Ant. {By + wya + v 2 oB) s + (By + **ya + **#)*. 

Compare Ex. 5, Art 26. 

27. Express 

(x + y + «)» + (x + wy + + (x + »»y + 
in terms of x 3 + y 3 + z* and xys, where 1. 

Ant. 3(x 3 + y s + r s ) + 18xyx. 

28. If 

{x* + y 3 + s 3 - 3 xyi) (X* + y'» + s' 3 - 3x' y' 1') s Z» + 7»+Z> - 3XFZ, 

find X, F, £ in terms of x, y, s ; x', y', •'. 
Apply Example 4, Art. 26. 

Ant. X = xx* + yy* + Y=xy' + ys* +sx', Z= xt* + yx* + xy\ 

29. Resolve 

(a + 0 + 7)' a*? - (By + 7a + a0) J 

into three factors, each of the second degree in a, fi, 7. 

An*. (a*-By)(0 i -ya)(y*-aB). 

Compare Ex. 18, Art. 24. 
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30. Resolve into simple factors each of the following expressions : — 

(1) . (0-7)*(fl+y-2*) + (y-a) i (7 + *-20) + (a-0)*(a + 0-2y). 

(2) . (0-y){0+y-2a)* + (y-a)(y + a-20) , *+(a~0)(a + 0-2y)*. 

Am. (1). (2*-0-y)(20-y-a)(2y-a-0). 
(2 ). - 9 (0-y){y-a)(a-0). 

31. Find the condition that the cuhic equation 

x 3 - j»x* + qx - r = 0 

nhould hare a pair of roots of the form a ± a \/ - 1 ; and show how to determine 
the roots in that case. 

If the real root is b f we easily find, by forming the sum of the squares of the 

roots, - 2 q = b*. The required condition is 

(p*-2q)(q*-2pr)-r* = (). 

32. Solve the equation 

X s -7x 2 + 20*- 24 = 0, 

whose roots are of the form indicated in Ex. 31. 

Am. Roots 3, and 2 + 2 v / -~ 

33. Find the conditions that the biquadratic equation 

at 4 - pz 3 + qx 2 - r x + » = 0 

should have roots of the form a ± a y/- I, b ± b y/- 1 . Here there must be two 
conditions among the coefficients, as there are only two independent quantities 
involved in the roots. 

Ant. p*-2q = 0; r x -2gs = 0. 

34. Solve the biquadratic 

z* + 4x» + 8x2-120* + 900 = 0, 

whose roots are of the form in Ex. 33. 

An*. 3 + 3 /-l, -6 + 6/-1. 

35. If a + 0 *S - 1 be a root of the equation 

x*+qx + r = 0, 
prove that 2a will be a root of the equation 

x 3 + qx - r = 0. 

36. Find the condition that the cubic equation 

x 3 +/>x 3 + yx + r = 0 

should have two roots a, 0 connected by the relation a$ + 1 = 0. 

Ant. l + q +/>r + r J = 0. 
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37. Find the condition that the 

x* + p* 3 + gz 2 + rx + * = 0 

thould have two roots connected by the relation a&+l = 0. 
The condition arranged according to powers of $ is 

1 + q + pr + r 2 + {/>* + pr - 2 q - 1 ) $ + (q - 1 ) i 3 + I s = 0 . 

38. Find the value of 2 (ai — aa)' 0304 .... a« of the roots of the equation 

x*+p\X*- x +jJax"-'+ . . . . +p m =0. 
This is readily reducible to Ex. 13. 

Am. \j>ipn.\ -n~ p M \. 

39. If the roots of the equation 

a 0 x* + na x x*~* + a,x* 3 + + a a = 0 

1 . i 

be in arithmetical progression, show that they can be obtained from the expression 



-- + - / 3 (*'*-*Q a ») 
«o flo>/ n + 1 



by giving to r all the values 1, 3, 5, .... n — 1, when n is even ; and all tho values 
0, 2, 4, 6 .... n — 1, when n is odd. 

40. Representing the differences of three quantities o, 0, 7 by au $\, 71, as 
follows :— 

ai = £-7, £1 = 7 -«» 7isra-/3; 

prove the relations 

•l' + iB^ + yi'-SmjBnri, 

ai* + 0i« + 71 4 = H«i l + 0» 2 + 7i J } *, 
ax* + 0i» + 71 8 = J { oi s + 0i l + 7i a } ai /3i 71 . 
These result* can be derived by taking ai, fit, 71 to bo roots of the equation 

x* + qx- r = 0 



(where the second term is absent since the sum of tho roots = 0), and calculating the 
symmetric functions W, 2<u\ W in terms of q and r. The process can be ex- 
tended to form 2ai«, 2ai 7 , &c. The sums of the successive powers are, therefore, 
all capable of being expressed in terms of the product 01/8171 and the sum of squares 
«i* + fii 2 + 71 3 ; the former being equal to r, and tho latter to - 2 (£1 71 + 71 01 + 01 0i), 
or - 1q. These sums can be calculated readily as follows : — By means of x 3 = r — qx, 
and the equations derived from this by squaring, cubing, Ac, and multiplying by 
1 or x 7 , any power of r, say z* t can be brought by successive reductions to the form 
A + Bx + Cx 2 , where A, B, C are functions of q and r. Substituting a u /3i, 71, and 
adding, we find laf = ZA- IqC. The student can take as an exercise to prove in 
this way W = 7fV, 2a," = Uqr tf-r*). 
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TRANSFORMATION OF EQUATIONS. 

29. Tranaformation of Equation*. — We can in many 
instances, without knowing the values of the roots of an equa- 
tion in terms of the coefficients, transform it by elementary sub- 
stitutions, or by the aid of the symmetric functions of the roots, 
into another equation whose roots shall have certain assigned 
relations to the roots of the proposed. A transformation of this 
nature often facilitates the discussion of the equation. We 
proceed to explain the most important elementary transforma- 
tions of equations. 

30. Root* with Sign* changed. — To transform an equa- 
tion into another whose roots shall be equal to the roots of the 
given equation with contrary signs, let a b a 3 , a 3 , . . . a„ be the 
roots of the equation 

a? + pit?' 1 + p t x*-* + . . . . Pn-iX +/>„ = 0. 

We have then the identity 

3* + piOf^ 1 + pilf* + . . . +p n - l X +P»*{X- Oi) {X - Oa) . . . {x - a H ) J 

changing x into - y, wo have, whether n be even or odd, 
y"-\Piy"- 1 +Piy"~*- . • . ±p*.\y+p* = {y + «i)(y + a a ) . . . (y + a„). 

The polynomial in y equated to zero is, therefore, an equation 
whose roots are - a„ - a„ . . . - a n ; and to effect the required 
transformation we have only to change the signs of every alternate 
term of the given equation beginning with the second. 

Examples. 

1. Find the equation whose roots are the roots of 
with their signs changed. Am. *»-7** + 7*»+8x 2 + z-l=0. 
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2. Change the signs of the roots of the equation 

%> + lr* + x 3 - ** + 7* + 2 = 0. 

[Supply the missing terms with zero coefficients.] 

Ant. *' + 3** + * 3 + :r» + 7*-2 = 0. 

31. To Multiply the Roots by a Given «tnantity — 

To transform an equation whose roots are cti, a 2 , . . . a„ into ano- 
ther whose roots are ma Xi ma } , . . . ma n , we change x into — in 

tn 

the identity of the preceding Article. Multiplying by m* t we 
have 

+ mp x y"- 1 + w'^y"-* + . . . + m^p^y + m n p n 

= {y - ma x ) (y - *wa,) (y - wo»). 

Hence, to multiply the roots of an equation by a given quan- 
tity m 9 we have only to multiply the successive coefficients, beginning 
with the second, by m, m% m', . . . m". 

The present transformation is useful for the purpose of re- 
moving the coefficient of the first term of an equation when it 
is not unity ; and generally for removing fractional coefficients 
from an equation. If there is a coefficient a 0 of the first term, 
we form the equation whose roots are OoOi, Ooai, . . . a 0 a n ; the 
transformed equation will be divisible by Oo, and after such divi- 
sion the coefficient of a* will be unity. 

When there are fractional coefficients, we can get rid of them 
by multiplying the roots by a quantity m whioh is the least 
common multiple of all the denominators of the fractions. In 
many cases multiplication by a quantity less than the least 
common multiple will be sufficient for this purpose, as will 
appear in the following examples : — 

Examples. 

1. Change the equation 

3*«-4*» + 4z»-2* + 1 = 0 

into another the coefficient of whoso highest torm will he unity. 

We multiply the roots hy 3. Ant. «* - 4x» + 12x* - 18* + 27 = 0. 

2. Eemove the fractional coefficients from tho equation 

«»-i*»+|*-i-o. 

Multiply the roots hy 6. Ant. ar , -*x , + 24x- 216 = 0. 
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3. Remove the fractional coefficient* from the equation 

x*--x-- — x + — = 0. 
2 18 + 108 

By noting the factors which occur in the denominators of these fractions, we 
observe that a number much smaller than the least common multiple will suffice to 
remove the fractions. If the required multiplier is m, we write the transformed 
equation thus : — 

-a 5 2 1 7 W,S n 



it is evident that if m be taken = 6, each coefficient will become integral ; hence we 
have only to multiply the roots by 6. 

Ant. x*-lbx*- 14x + 2 = 0. 

4. Eemove the fractional coefficients from the equation 

* + To xa+ 26 x + Tobo =0 - 

The student must be careful in examples of this kind to supply the missing 
terms with zero coefficients. The required multiplier is 10. 

Ant. ** + 30x l + 520* + 770 = 0. 

5. Remove the fractional coefficients from the equation 

^ 6 ~3, 6 , 13 n 

X* Xr H X = 0. 

6 12 000 

Ans. x* - 25 x 3 + 375 x* - 1 1700 « 0. 

32. Reciprocal Roots and Reciprocal Equations. — 

To transform an equation into one whose roots are the reciprocals 

of the roots of the proposed equation, we change x into - in the 

identity of Art. 30. This substitution gives, after certain easy 
reductions, 

y [ 

or 



y* tr y"' 8 



^^■■'k''k<'-ik-M'-i)' 



1 



hence, if in the given equation we replace x by -, and multiply 

by y", the resulting polynomial in y equated to zero will have 
for roots the reciprocals of a x , a 3 , . . . . a„. 
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There is a certain class of equations whioh remain unaltered 
when x is changed into its reciprocal. These are called reciprocal 
equations. The conditions which must obtain among the coef- 
ficients of an equation in order that it should be one of this class 
are, by what has been just proved, plainly the following : — 

Pn-\ Pn-% o Pi 1 

Pn Ph Pn Pn 

The last of these conditions gives p n 2 = 1> or p n = ± 1. Reci- 
procal equations are divided into two classes, according as p„ is 
equal to + 1, or to - 1. 

(1) . In the first case we have the relations 

Pn-i =Pa Pn-2 =P2, • • - P\ = Pn-l \ 

which give rise to the first class of reciprocal equations, in which 
the coefficients of the corresponding terms taken from the beginning 
and end are equal in magnitude and have the same signs. 

(2) . In the second case, when p n = - 1, we have 

Pn-i = - Pd Pn-z = ~Pi, &o. . . . pi = -/Vi ; 

giving rise to the second class of reciprocal equations, in which cor- 
responding terms counting from the beginning and end are equal in 
magnitude but different in sign. It is to be observed that in this 
case when the degree of the equation is even, say n = 2m, one of 
the conditions becomes p m = - p m or p m - 0 ; so that in reciprocal 
equations of the second class, whose degree is even, the middle 
term is absent. 

If a be a root of a reciprocal equation, - must also be a root, 

for it is a root of the transformed equation, and the transformed 
equation is identical with the proposed ; hence the roots of a 

reciprocal equation occur in pairs, a, - ; /3, ~ ; &o. When the 

a p 

degTee is odd there must be a root which is its own reciprocal ; 
and it is in fact obvious from the form of the equation that - 1, 
or + 1 is then a root, according as the equation is of the first or 
second of the above classes. In either case we can divide off by 
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the known factor (x + 1 or x - 1), and what is left is a reciprocal 
equation of even degree and of the first class. In equations of 
the second class of even degree x* - 1 is a f aotor, since the equa- 
tion may be written in the form 

x* - 1 +p l x(x n -* - 1) + . . . = 0. 

By dividing by - 1, this also is reducible to a reciprocal 
equation of the first class of even degree. Hence all reciprocal 
equations may be reduced to those of the first class whose degree is 
even, and this may consequently be regarded as the standard form 
of reciprocal equations. 



1 . Find the equation whoso roots are the reciprocal* of the roots of 

««-3r 3 + 7x» + 5x-2 = 0. 

Ant. 2y*-5y»-7y 5 + 3y-l=0. 

2. Reduce to a reciprocal equation of eyen degree and of first class 

. 6 , 22 22 , 5 

Ant. ** + gJ»-y*» + ?*+l«0. 

33. To Increase or Diminish the Roots toy a Given 
Quantity. — To effect this transformation we change the vari- 
able in the polynomial f(x) by the substitution x = y + h ; the 
resulting equation in y will have roots each less or greater by h 
than the given equation in x, according as h is positive or nega- 
tive. The resulting equation is (see Art. 6) 

There is a mode of formation of this equation which for 
practical purposes is muoh more convenient than the direct cal- 
culation of the derived functions, and the substitution in them 
of the given quantity h. This we prooeed to explain. Let the 
proposed equation be 
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and suppose the transformed polynomial in y to be 

AoiJ" + A x \p- X + Aty*-* + . . . + A^ x y + A n ; 

since y = x - h, this is equivalent to 

Ao[x-h) n + A)"" 1 + . . . + A^i [x - A) + A n , 

which mu6t be identical with the given polynomial. We conclude 
that if the given polynomial be divided by x - h, the remainder 
is A ny and the quotient 

A 0 (x - A)"" 1 + A x {z- h)»- % + . . . + An-*{x - h) + <4„_, ; 

if this again be divided by x - h, the remainder is and the 
quotient 

A Q {x - + <4,(a? - A)"" 3 + . . . + 

Proceeding in this way, we are able by a repetition of arith- 
metical operations, of the kind explained in Art. 8, to calculate 
in succession the several coefficients A Hi An-\, &c, of the trans- 
formed equation ; the last, A 0 , being equal to a 0 . It will appear 
in a subsequent Chapter that the best practical method of solv- 
ing numerical equations is only an extension of the process 
employed in the following examples. 

Examples. 

1. Find the equation whose roots are the roots of 

*«-6*» + 7**- 17*+ 11=0, 

each diminished by 4. 

The calculation is best exhibited as follows : — 





7 


-17 


11 




- 4 


12 


-20 




3 


- 6 


- 9 




12 


60 




3 15 


65 





28 



43 



11 

F 
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Here the first division of the given polynomial by * - 4 gives the remainder 
- 9 (= ^4), and the quotient Zx — 6 (cf . Art. 8). Dividing this again by 

x — 4, we get the remainder 55 (= At), and the quotient x* + Zx + 16. Dividing 
again, we get the remainder 43 (= ^1), and quotient * + 7 ; and diriding this wo get 
A\= 11, and = 1 ; hence the required transformed equation is 

y* + lly»+43y» + 65y-9 = 0. 

2 Find the equation whose roota are the roots of 

«» + 4*»-** + 11=0, 

each diminished by 3. 





4 

9 


- 1 
39 


0 
114 


11 
342 




~13 
18 


~38 
93 


114 

393 


368 




31 
27 


131 
174 


507 




9 58 
3 36 




806 








94 








16 











The transformed equation is, therefore, 

y» + 15y« + 94 y 3 + 306y' + 507 y + 353 = 0. 

3. Find the equation whose roots are the roots of 

4*»-2*»+7*-3 = 0, 

each increased by 2. 

The multiplier in this operation is, of course, - 2. 

Ant. 4y6-40y* + 168y»:-308y» + 303y-129 = 0. 

4. Increase by 7 the roots of the equation 

3x* + 7*»-16*» + *-2 = 0. 

Ant. 3y*- 77 y 3 + 720y»- 3876 y + 4058 = 0. 

5. Diminish by 23 the roots of the equation 

5**- 13*' -12* + 7 = 0. 

The operation may be conveniently performed by first diminishing the roots by 
20, and then diminishing the roots of the transformed equation again by 3. The 
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calculation may be exhibited in two stages, as follows, the broken linos marking the 
conclusion of^each stage : — 



13 
100 

~87 
100 



187 
100 



287 

16 

302 
16 

317 
16 



- 12 
1740 

1728 
3740 

6468 

906 

6374 
061 



7 

34560 



34567 

19122 



53689 



7325 



Ant. 6y» + 332y* + 7326y + 63889 = 0. 

34. Removal of Terms. — One of the chief uses of the 
transformation of the preceding Article is to remove a certain 
specified term from an equation. Suoh a step often facilitates 
its solution. "Writing the transformed equation in descending 
powers of we have 

a*}/* + (no* h + flijy*" 1 + <hh % + (n - 1) a, h + a^Jy"-* + . . . = 0. 

If h be such as to satisfy the equation na 0 h + a x = 0, the trans- 
formed equation will want the second term. If h be either of 
the values which satisfy the equation 

}^ <hh % + (w - 1) a x h + <h = 0, 

the transformed equation will want the third term ; the removal 
of the fourth term will require the solution of a cubio for h ; and 
so on. To remove the last term we must solve the equation 
/(h) = 0, which is the original equation itself. 



f2 
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KxxiirLcs. 

1. Transform the equation 

**-6* s + 4*-7 = 0 

into ono which shall wont the second term. 

nogA + <n = 0 gires A = 2. 
Diminish tho roots by 2. -4»u. y s - 8y - 15 — 0. 

2. Transform the equation 

into one which Bhall want the second term. 

Increase tho roots by 2. An*, y* -24y* + 66y - 55 »0. 

3. Transform the equation 

4 4_ 4x 3_ I8a 4_3 x + 2 = 0 

into one which shall want the third term. 
The quadratic for h is 

6A«-l2A-18-0, givingA=3, A = -l. 

Thus there are two ways of effecting the transformation. 
Diminishing the roots by 3, we obtain 

(1) y« + 8y*-llly-196 = 0. 

Increasing the roots by 1, wo obtain 

(2) y*-8y»+l7y-8 = 0. 

35. Binomial Coefficients. — In many algebraical pro- 
cesses it is found convenient to write the polynomial/^) in tho 
following form : — 

n(w-l) M , n(«-l) . 

goS"+ftfllg»~ 1 + - 0 ' OiSr* + . . .+ \ 0 dn^X* + tMn-iX + On, 

1 . Z 1 . z 

in which each term is affected, in addition to the literal coef- 
ficient, with the numerical coefficient of the corresponding term 
in the expansion of (x + 1)** by the binomial theorem. The 
student will find examples of equations written in this way on 
referring to Article 27, Examples 13 and 16. The form is one 
to which any given polynomial can be at once reduced. 
We now adopt the following notation : — 

_ „ , n (n - 1) . 
U„^a 0 x n + jw.aj"" 1 + a x x*- * + . . . + na^x* a ny 

thus using U with the suffix n to represent the polynomial of 
the n th degree written with binomial coefficients. 
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We have, therefore, ohanging n into » - 1, &c M 
Z7«_! ■ a Q x^ x + (w - 1) fli^" 5 + ... + (/<- I) a«_ 2 # + 

U 3 = a 0 ^ + 3fli x 1 + 3a a ar + ff 3 , 
U 2 = a 0 x' t -t-2a l x + a 2i 
U\ ■ ff 0 * + «„ 

One advantage of the binomial form is, that the derived 
functions can be immediately written down. The first derived 
function of U n is, plainly, 

n joo*"" 1 + (n - 1) a,*"-' + {n " ^ ^ ~ 2) a 2 ^"> + . . . + j ; 

or nU H -i; so that the first derived function of a polynomial re- 
presented in this way can be formed by applying to the suffix 
of U the rule given in Art. 6 with rospect to the exponent of the 
variable. Thus, for example, the first derived of U t is formed 
by multiplying the function by 4, and diminishing the suffix by 
unity ; it is, therefore, 4 U if as the student can easily verify. 

"We proceed now to prove that the substitution of y + h for 
x transforms the polynomial XJ ny or 

flo«" + na x ct*~ x + — j — — a,*" -1 + . . . + na n ^x + a*, 

into 

a , n(n-l) . , . . 

A Q y n + nA,y n ' 1 + \ A 2 y»- 2 + . . . + nA^y+A^ 

where 

A. U , Az t . • . A n -\y A n 

are the functions which result by substituting h for x in 

i. tf. -4 0 = (ht A x = « 0 A + <i|, = flo/i* + 2<ii A + &c. 

Representing the derived functions of /(A) by suffixes, as 
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explained in Art. 6, we may write the result of the transfor- 
mation, viz./(y + h) 9 in the following form :— 

* ri\ AW a f+-\W »i AW 

/(A) is the result of substituting h for a in r7" n ; it is, therefore, 
A n ; its first derived /, (A) is, by the above rule, tt^n-i ; the first 
derived of this again is n [n - 1) ; and so on. Making these 
substitutions, we have the result above stated, which enables us 
to write down without any calculation the transformed equation. 



Examples* 

1. nd the result of substituting y + A for x in the polynomial 

^w. a 0 y> + 3 (M + cOy 3 + 3 (aoA» + 2«i A + a,) y + *oA» + 3a a A» + 3« a A + 

The student will find it a useful exercise to verify this result by tho method of 
calculation explained in Art. 33, which may often be employed with advantage in 
the case of algebraical as well as numerical examples. 

2. Remove the second term from the equation 

flox 3 + 3«! x 1 + 3a 3 x + a 3 = 0. 
We must diminish the roots by a quantity A obtained from the equation 

«oA + ai = 0, i. e.,A=— 

Substituting this valuo of A in A iy and A 3 , the resulting equation in y is 
y3 + 3 ( g o g » + a o a <»3- 3ap<ii aiV 2gt* ^ Q 

3. Find the condition that the second and third terms of the equation U n = 0 
should be capable of being removed by tho same substitution. 

Here A\ and A% must vanish for the same value of A ; and eliminating h be- 
tween them we find the required condition. 

Ant. <to«i - «i f « 0. 

4. Solve the equation 

* J + 6* a +12x-19 = 0 

by removing its second term. 

The third term ie removed by the samo substitution, which gives 

y»-27 = 0. 
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The required rooU are obtained by subtracting 2 from each root of the latter 
equation. 

5. Find the condition that the second and fourth term* of the equation U n = 0 
should be capable of being removed by the same transformation. 

Here the coefficients A\ and A% must Tanish for the same value of h ; eliminat- 
ing h between the equations 

a<>A + ai=0, aflA> + 3aiA a + 3«tA + C| = 0, 

we obtain the required condition 

"o'fls — 3a 0 ai 0] + 2a»* = 0. 

N.B. — When this condition holds among the coefficients of a biquadratic equa- 
tion its solution is reduciblo to that of a quadratic ; for when the second term is 
removed the resulting equation is a quadratic for y 3 ; and from the values of y thoae 
of * can be obtained. 

6. Solve the equation 

** + lo*» + 72*» + 64*-129=0 

by removing its second term. 
The equation in y is 

y4_24y'-l =0. 

7 Solve in the same manner the equation 

** + 20*> + 143*» + 430* + 462 = 0. 

Ant. The roots are - 7, - 3, - 6 ±\/i. 

8. Find the condition that the same transformation should remove the seoond 
and fifth terms of the equation U H = 0. 

Ant. flo'fli — 4<»o a ai «a + 6a 0 ai'aj — 3fli* = 0. 

36. The Cable. — On account of their peculiar interest, we 
shall consider in this and the next following Articles the equa- 
tions of the third and fourth degrees, in connexion with the 
transformation of the preceding Artiole. When y + h is sub- 
substituted for x in the equation 

a^x* + 3ai«* + Za*x + a, = 0, (1) 

we obtain 

o.y» + 3 Atf + ZA t y + A % = 0, 

where A l9 A it A 3 have the values of Art. 35. 

If in the transformed equation the second term is absent, 

A^O, or A = - - . 
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Substituting this value for h'mA t and A* we find, as in Ex. 2, 
Art. 35, 

hence the transformed cubio, wanting the second term, is 
3 1 

flo At) 

The functions of the coefficients here involved are of such 
importance in the theory of algebraio equations, that it is custo- 
mary to represent them by single lettere. We accordingly adopt 
the notation 

a 0 aj-fli' = J7, ffo , ff3-3tf<,ff 1 <7* + 2ff, , «<5 [ ; 
and write the transformed equation in the form 

If the roots of this equation be multiplied by a 0 it becomes 

z* + dffz + G = 0: (3) 

a form which will be found convenient in the subsequent dis- 
cussion of the cubic. The variable, s, herein contained is equal 
to flo.v or a 0 x + a v . The original cubio multiplied by of is in fact 
identical with 

[a 9 x + a,) 3 + 3IT (a v x + a x ) + G % ~ 0, 

as the student can easily verify. 

If the roots of the original equation be a, /3, 7, those of the 
transformed equation (2) will bo 

<h a 0 «o 

or, sinoe 

they may be written as follows : — 

4(2«-0- 7 ), i(2/3- 7 -a), -i(2 r -a-/3). 
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Wo can write down immediately by the aid of the trans- 
formed equation the values of the symmetric functions 

S(2a-/3- 7 )(2/3- 7 -«), (2«-0- 7 )(2/3- 7 -«)(2y-a-j3) 

of the roots of the original cubic. The latter will be found to 
agree with the value already found in Ex. 15, Art. 27. 

We may here make with regard to the general equation an 
important observation : that any symmetric function of the roots 
«> j3> 7» S> &o., whioh is a function of their differences only, can 
be expressed by the functions of the coefficients which occur in 
the transformed equation wanting the second term. This is 
obvious, since the difference of any two roots a', /3' of the 
transformed equation is equal to the difference of the two corre- 
sponding roots a, /3 of the original equation ; and any symmetrio 
function of the roots a', /3', y, S', &c, can be expressed in terms 
of the coefficients of the transformed equation. For example, in 
the case of the cubic, all symmetrio f unotions of the roots which 
contain the differences only can be expressed as functions of 
Oo> -Si and O. Illustrations of this principle will be found 
among the examples of Art. 27. 

37. The Biquadratic, — The transformed equation, want- 
ing the second term, is in this case 

a 0 y l + 6^l 3 y 3 + 4A 3 y + At = 0, 

where A 2 and A 3 have the same values as in the preceding 
Article; and where A k is given by the equation 

a*Ai = a 0 8 o* ~ 4a < , 2 r? i a 3 + Oa^Oj - 3a! 4 . 

The transformed equation is, therefore, 

6 4 1 

y* + - t Hy> + — Gy + — [a^a, - 4a> 1 a, + - W) - 0. 

«o « 0 « 0 

We might if we pleased represent the absolute term of this 
equation by a symbol like H and G, and have thus three func- 
tions of the coefficients, in terms of which all symmetrio func- 
tions of the differences of the roots of the biquadratic could be ex- 
pressed. It is more convenient, however, to regard this term as 
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composed of H and another function of the coefficients deter- 
mined in the following manner : — We have plainly the identity 

a 0 9 a i - 4a 0 , fl 1 «3+ G^afa- 3rf, 4 = (cr 0 ff 4 - 4ff,fl, + 3a,*)- 3 (</ 0 ff a - a ,*)\ 

This involves <*<>, H t and another function of the coefficients, 
viz., 

a <t a i - 4«iff, + 3<Js', 

which is of great importance in the theory of the biquadratic 
This function is represented by the letter /, giving 

a 0 s fli - 4<i 0 , a,* 3 + §a«a?(h - 3a, 4 = a? I - ZH\ 

The transformed equation may now be written 

4 6ff , 4G do 3 /-3JP . m 
y+ ^ y+ "o7 y+ « 0 4 = °- (1) 

We can multiply the roots of this equation, as in the case of 
the cubic of Art. 36, by a 9 ; and obtain 

* 4 + 6jy 2 * + 4Gz + « 0 ' J- 3tf ' - 0. (2) 

This form will be found convenient in the treatment of the 
algebraical solution of the biquadratic. The variable is the 
same as in the case of the cubic, via., a 0 x + a x . The original bi- 
quadratic is in fact identical with 

(a 0 x + cii)' + 6E{a 0 x + a x )* + 4(? (<hx + + ««' /- 3jET* = 0, 

after the factor a 0 ' is removed from this latter equation. 

Any symmetric function of the roots of the original biqua- 
dratic which contains their differences only can therefore be 
expressed by a*, H, G, and /. 

If the roots of the original equation be a, /3, 7, 8, those of 
the transformed (1) will be, as is easily seen, 

i(3«-/3- 7 -S), i(3/3- 7 -S-o), i(3 r -S-a-0),i(38-«-/3- 7 ). 

The sum of these = 0 ; the sum of their products in pairs 

=^^; the sum of their produots in threes = ; and^for their 

^0 @0 
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continued product we have the equation 

flr 0 4 (3a-/3-7-S) (33- 7 -$-a) (3y-S-a-j3)(3S-a-/3- 7 ) 

= 256(^1-3^'). 

There is another function of the coefficients to which we 
wish now to call attention, as it will be found to be of great im- 
portance in the subsequent disoussion of the biquadratic. It is 
the function arrived at in Ex. 18, Art. 27, viz., 

a 0 a 2 a k + 2a i a,ff 3 - ff 0 a 3 a - a*a A - a?. 

This is denoted by the letter J. The example in question 
shows that it is a function of the differences of the roots. It 
must, therefore, be capable of being expressed in terms of a 0f 
My G, and /. We have, in faot, the identity 

af J mat HI- G'-4H>, 

which the student can easily verify. 

Or this relation can be derived as follows: — Whenever a 
function of the coefficients a 0 , a it a ty &o. is the expression of a 
function of the differences of the roots, it must be unaltered by 
the transformation which removes the second term of the equa- 
tion, hence its value is unaltered when we ohange a, into zero, 
rta into A i} a 3 into A 3y &o. Thus 

tf 0 «iff4 + 2a,a 2 a 3 - a„a* - - a,' 3 a<,A%Ai - a^Af - A* ; 

substituting for A t , A 3i A t their values in terms of 2T, G, I> we 
easily obtain the above identity, which will usually be written 
in the form 

G* + ±H>~a a *{HI-a<>J). 

38. Homographic Transformation. — The transforma- 
tion considered in Art. 33 is a particular case of the following, 
in which x is connected with the new variable y by the equation 

\z + a 

y = \/ . >• 

If A = l, a = -A, X' = 0, a' = l, we have y = z-h, as in Art. 33. 
Solving for x in terms of y, we have 

a - ay 
\'y-X 
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This value can be substituted for x in the given equation, 
and the resulting equation of the n th degree in y obtained. 

Let a, /3, 7, 8, &c, be the roots of the original equation, 
and a, /3', y\ ^, &o., the corresponding roots of the transformed 
equation. From the equations 

we easily derive the relation 

, (A,/-A'u)(q-P) . 
G P (A'a + a')M3V)' 
with corresponding relations for the differences of any other 
pair of roots. If we take any four roots, and the four corre- 
sponding roots, we obtain the equation 

(«' - ff) (y' - g) (q-ffl ( 7 -S) 
(/*'-*) "(«-7>(0-*)' 

Thus, if the roots of the proposed equation represent the 
distances of a number of points on a right line from a fixed origin 
on the line, the roots of the transformed equation will represent 
the distances of a corresponding system of points, so related to 
the former that the anharmonic ratio of any four of one system 
is the same as that of their four conjugates in the other system. 
It is in consequence of this property that the transformation is 
called tomographic. 

It is important to observe that the transformation here con- 
sidered, in which the variables x and y are connected by a relation 
of the form 

Axy + Bx + Cy + D = 0, 

is the most general transformation in which to one value of either 
variable corresponds one, and only one, value of the other. 

39. Transformation by Symmetric Functions. — Sup- 
pose it is required to transform an equation into another whose 
roots shall be given rational functions of the roots of the pro- 
posed. Let the given function be 0 (a, /3, y . . .), where 0 may 
involve all the roots, or any number of them. "We form all pos- 
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sible combinations <p (a/3y), 0 (a/3S), &a, of the roots of this type, 
and write down the transformed equation as follows : — 

(y-0(a0 7 ..O){y-*(°0S..Ol-.. = O. 

When this produot is expanded, the successive coefficients of 
y will be symmetrio functions of the roots a, /3, 7, &c, of the 
given equation ; and may therefore be expressed interims of the 
coefficients of that equation. 

Examples. 

1. The roots of 

x*+px*+gx + r=0 

are a, &, y ; find the equation whose roots are a 3 , /5 s , y*. 
Suppose the transformed equation to ho 

y 3 + Py 8 + Qy + R = 0; 



and we have to form the symmetric functions 2a 3 , 2a*/S*, a* /3* y 2 , of the given equa- 
tion. We easily obtain 

Za*=p*-2q, 2a*/3« = ? 2 -2j>r, a 5 /3V = r»; 

the transformed equation is, therefore, 

y* - O" - 2 ? ) y» + fa 2 - 2jw) y - r* = 0. 

2. Find in the eame case the equation whose roots are a 3 , /3 s , 7 s . 

^w. y»+ 0" - Zpq + 3r)y» + (f - 3pgr + 3r*)y + r* = 0. 

3. If a, /3, 7, 8 be the roots of 

x 4 + + rx + * = 0 ; 

find the equation whose roots are a*, j8 J , y*, 8*. 
Let the transformed equation he 



y«+2y + Qy* + .Ry + £=0, 

then 

-J>=3a», Q = 3a'/? 1 , - J? = 2a*/3V, S=a J /3V**. 
Compare Exs. 8, 17, Art. 27. 

Ant. y 4 -(/>*- 2?) y>+(^-2/>r+2j)y»-(r»-2 ? «)y + «« = 0. 
4. If o, j3, 7, 3 be the roots of 

«o* 4 + 4ai* s 4-6aa;r 3 + 4<i3a: + a'«sO ; 
find the equation whose roots are A, /i, v ; viz., 

/3> + a3, 7a + /33, a£ + 7». 

See Ex. 17, Art. 27. 

60 4 8 

y> " ^y' + ^i^ 1 ^"" 0 " 1 ^"^ ( 2 *oa 3 s -3«oa 3 a4 + 2a,««4) = 0. 
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6. Show that the transformed equation, when the roots of the resulting cubic of 
Ex. 4 are multiplied by i«o, and the Becond term of the equation then removed, is 

40. Formation of the Equation whose Root* are any 
Powers of the Roots of the Proponed. — The method of 
effecting this transformation by symmetric funotions, as ex- 
plained in the preceding Artiole, is often laborious. A muoh 
simpler process, involving multiplication only, can be employed. 
It depends on a knowledge of the solution of the binomial equa- 
tion a" - 1 = 0. This form of equation will be discussed in the 
next Chapter. The general process will be sufficiently obvious 
to the student from the application to the equations of the 2nd 
and 3rd degrees whioh will be found among the following ex- 
amples : — 

Examples. 

1. Form the equation whose roots are tho squares of the roots of 

To effect this transformation, we have the identity 

a^+^ix*- 1 +/**"**+ . • - +Pm-\*+p,~(x-ai)(x-ai) . . . (x-a n ) ; 
changing z into - x, we derive, as in Art. 30, 

x»~-piX»-* + ptX*-*- . . . ±pn-iz+p m s(x+ ai)(x + aj) . . . (x + a„); 
multiplying, we have 

(r*+i>jj^- 2 +p A x"-*l+ . . . )* - (pi x*-* + pz *"-»+ . . . ) a b (x a - ai 2 ) (**- a a 5 ) . . . (x 1 - af) ; 

it is evident that the first member of this identity contains, when expanded, only 
even powers of * ; we may then replace x 7 by y, and obtain finally 

T + (2*a -P\*)IT X + (P? - tyiPt + 2 P i) IT-' + . . . s (y - ai s ) (y- a a J ) . . . (y - a tt »). 

The first member of this equated to zero is the required transformed equation. 

W.B. — This transformation will often enable us to determine a limit to the num- 
ber of real roots of the proposed equation. For, the square of a real root must be 
positive ; and therefore the original equation cannot have more real roots than the 
transformed has positive roots. 

2. Find the equation whose roots are the squares of tbe roots of 

*>-jc*+8j:-6 = 0. 

Ant. y* + 15y*-f 62y- 36 = 0. 

The latter equation, by Descartes' rule of signs, cannot have more than one 
positive root; hence the former must have a pair of imaginary roots. 
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3. Find the equation whose roots are the squares of the roots of the equation 

x s + x» + x» + 2x + 3o0. 

Am. y s +2y« + 5y 3 +3y«-2y-9 = 0. 

It followi from Descartes' rule of signs that the original equation must have 
four imaginary roots. 

4. Verify by the method of Ex. 1 the Examples 1 and 3 of Art. 39. 
6. Form the equation whoso rooU are the cubes of the roots of 

x»+j>ix»- , +j>ix»- , + . . . +pn-iz+p* = 0. 

It will be observed that in Ex. 1 the process consists in multiplying together 
/(*), the given polynomial, and/(- x) : the variables involved in these being those 
which are obtained by multiplying x by the two root* of the equation x» - 1 =0. In 
the present case we must multiply together f(x), f(ttz),f[t**x) : the variables in- 
volved being obtained by multiplying x by the roots of the equation x* — 1 = 0. The 
transformation may be conveniently represented as follows : — 

Write tho polynomial /(x) in the form 

On+/VjX 3 +. • .)+z{p n . l +p n ^X*+ . . .) + X* (pnA + fW*X S +. . .), 

which we represent, for brevity, by 

P+xQ+x*R, 

where P, Q f and S are all functions of X s . 
We have then 

P+xQ + xiR^iz-axKx-m) (x-a n ). (1) 

Changing, in this identity, x into «x and «*x succeasively, we obtain 

P+ ttxQ + w 2 * 3 It = (wx - oi) (*»x - a 2 ) . . . («x - an), (2) 
i>+ w'xQ + mx*R = («»x - a x ) («'x - a,) . . . («'x - a,), (3) 

since P, Q, and It, being functions of x 3 , are unaltered. 

Multiplying together both members of (1), (2), (3), and attending to the results 
of Art. 26, we obtain 

P5+x»Q» + x«JP-3x»P(yj = (x« -o 1 «)(x»-o,») . . . (x» -a»»). 

The first member of this identity contains x in powers which are multiple* of 3 
only. We can, therefore, substitute y for x* and obtain the required transformed 
equation. 

6. Find^the equation whose roota are the cubes of the roota of 

x*-x» + 2x 3 + 3x + l=0. 

Ant. y« + My » + 50y» + 6y + 1 = 0. 

7. Verify by the method of Ex. 6 the result of Ex. 2 of Art. 39. 

8. Form the equation whose roots are the cubes of the roota of 

ox 8 + 3*x J +3«r + rf = 0. 
Ant . «» y • + 3(o»rf + 9*« - 9 abc) y» + 3 (a* + 9* - 9M) y + rf» = 0. 
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41. Transformation In General. — In the general prob- 
lem of transformation we have to form a new equation in y, 
whose roots are connected by a given relation <p (x, y) = 0 with 
the roots of the proposed equation f(x) = 0. The transformed 
equation will then be obtained by substituting in the given 
equation the value of x in terms of y derived from the given 
relation <f> (x, y) = 0 ; or, in other words, by eliminating x be- 
tween the two equations f(x) = 0, and <p (x, y) = 0. For example, 
suppose it were required to form the equation whose roots are 
the sums of every two of the roots (a, j3, y) of the cubio 

x* - px* + qx-r = 0. 

"We have here 

y = |3 + 7 = o + /3 + 7- o=/)-a. 

The equation <f> (x, y) = 0 is in this case y =p - x; for when x 
takes the value a, y takes one of the proposed values ; and when 
x takes the values (5 and y, y takes the other proposed values. 
The transformed equation is therefore obtained by substituting 
p - y for x in the given equation. 



1. If a, fi, y be the roots of the cubio 

x 3 -pz i + q*-r = Q, 
form the equation whose roots are 

. 1 1 n 1 

Here 

a a a 

and the given relation is xy «= 1 + r ; the transformed equation is then obtained by 
substituting l -y- for x in/(x) = 0. 

Ant. ry»-j(l+iV+/>(l+r)*y-(l+r)» = 0. 

2. Form, for the same cubic, tho equation whose roots are 

afi + ay, afi + fiy, $y + ay. 
Substitute — ^— for x. Ant. y» - 1qy % + (pr+ q t )y + r*-pqr = 0. 
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3. Form, for the same cubic, the equation whose root* are 

q y 

B + y-a y+a-fi' a + 0-y 

Substitute for*. 
1 + 2y 

Ans. (^-4 W +8r)y+(p>-4 W + 12r)y« + (6r- W )y+r = 0. 

4. If a, ($, y be the roots of the cubic 

«*» + Zbx* + 3«r + if = 0 ; 
prove that the equation in y whose roots are 

fl y -a' ya-P 2 «fl - y 2 

0 + 7-2a' y + a-2/3' o+/3-2y 
is obtained by the homographic transformation 

axy + 6(x + y) + e = 0. 

42. Equation of Squared Differences of a Cubic. — 

We shall now apply the transformation explained in the preced- 
ing Article to an important problem, viz. the formation of the 
equation whose roots are the squares of the differences of every 
two of the roots of a given cubic We shall do this in the first 
instance for the cubio 

+ qx + r - 0, (1) 

in which the second term is absent, and to which the general 
equation is readily reduoible. Let the roots be a, /3, 7. We 
have to form the equation in y whose roots are! 

03-7)'. (*-■)■, (■-»'• 

We may here observe that the method of Art. 39 can be 
applied in general to the solution of this problem, viz. the for- 
mation of the equation whose roots are the squares of the 
differences of every two of the roots of a given equation ; for 
when the product 

\y - (a, - a,)*) \y - (ai - a 3 )») {y - (ai - a*)') [y - (a, - a 3 ) a j . . . 

is formed, the coefficients of the successive powers of y will bo 
symmetrio functions of a lt c„ a 3 , 04, &c, and may, therefore, be 
expressed in terms of the coefficients of the given equation Tn 

Ci 



Digitized by Google 



82 Transformation of Equations. 

the present instance, however, the method of Art. 41 leads more 
readily to the required transformed equation. This equation 
may be called for brevity the " equation of squared differences " 
of the proposed equation. Assuming y equal to any one of the 
roots of the transformed equation, e. g. (/3 - 7)', we have 

y=(/3- 7 )» = «» + /3* + 7 »-a 1 -^ ; 

also 

a' + f¥ + y % = -2q t a/3y«-r. 
The equation <j>(x, y) = 0 of Art. 41, becomes, therefore, 

y = -2q-x* + - f 

or 

X s + (y + 2q) x- 2r = 0 ; 

subtracting from this the proposed equation, we get 

3r 

(y + q)x-3r = 0, or x= ; 

y + q 

hence the transformed equation in y is 

y> + 6yy l + 9fy + 4? + 27r* = 0. (2) 

If it be proposed to form the equation whose roots are the 
squares of the differences of the roots (a, 7) of the oubio 

a 0 x* + 3a iX* + 3a 2 x + a 3 = 0, (3) 

we first remove the second term ; the resulting equation is 

, 3JB- O . 

and the required equation is the same as the equation of squared 
differences of this latter, since the difference of any two roots 
is unaltered by removing the second term. We can therefore 
write down the required equation by putting 

3J3" G 
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in the above. The result is 

i 18/Z" , 81/P 27,,^, . _,. ... 

+ — x+- % {GP + 4H*)-0, (4) 

which has for roots 

»-7)'. (7-a)\ («-£)'. 
The equation (4) can be written in a form free from fractions 
by multiplying the roots by a 0 *. It becomes then 

x* + 18Ha> + 81J3-** + 27 ((P + 4# 3 ) = 0, (5) 

whose roots are 

*o l (/3-7) a , Oo 3 ( 7 -a)', a 0 '(a-/3)\ 

We can write down from this an important funotion of the 
roots of the cubio (3), viz. the product of the squares of the dijfe- 
rences, in terms of the coefficients : — 

O " 7) a (7 - «)•(« " 0) 9 = - 27 (CP + 4#»). (6) 

It is evident from the identity of Art. 37 that + 4iP 
contains a 0 s as a factor. We have in fact 

CP + 4IP » «o' {«o'«>' - 6ax>«i«a«a + 4<W + - 3a ,W) . 

The expression in brackets is called the discriminant of the 
cubic, and is represented by A ; giving the identities 

CP + AS 1 - flo'A, HI-aoJ=&. 



1. Form the equation of squared difference* of the cubio 

*>-7x + 6 = 0. 

^n*. *»-42*»+441*- 400 = 0. 

2. Form the equation of squared differences of 

* s + 6j* + 7*+2 = 0. 
Fir9t removo the second term. 

Ant. x»-30* J + 226x-68 = 0. 

3. Form the equation of squared differences of 

*» + 6x J + 9* + 4 = 0. 

Ant. *>-18x» + 81* = 0. 

4. What conclusion with respect to the roots of the given cubic can be drawn 
from the form of the resulting equation in the last Example ? 

o2 
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43. Criterion of the Nature of the Root* of a Coble. 

— We can from the form of the equation \of differences obtained 
in Art. 42 derive criteria, in terms of the coefficients, of the na- 
ture of the roots of the algebraical cubic. For, if the equation 
(5) of Art. 42 has a negative root, the cubic ((3) Art. 42) must 
have a pair of imaginary roots, in order that the square of their 
difference should be negative ; and if (5) has no negative root, 
the cubio (3) has all its roots real, since a pair of imaginary roots 
of (3) would give rise to a negative root of (5). 

In what follows it is assumed that the coefficients of the 
equation are real quantities. Four cases may be distinguished : — 

(1) . When G 1 + 42P is negative, the roots of the cubic are all 
real — For, to make this negative H must be negative (and AH 3 
> G*) ; the signs of the equation (5) are then alternately positive 
and negative, and, therefore (Art. 20),' (5) has no negative root ; 
and consequently the given cubic has allots roots real. 

(2) . When G* + 4M 3 is positive, the cubic has two imaginary 
roots. — For the equation (5) must then have a negative root. 

(3) . When G* + 4 TP = 0, the cubic has two equal roots. — For 
the equation (5) has then one root equal to zero. In this case 
A « 0, it being assumed that a 0 does not vanish. We may say, 
therefore, that the vanishing of the discriminant (see Art. 42) ex- 
presses the condition for equal roots. 

(4) . When G = 0, and M = 0, the cubic has its three roots equal. 
— For the roots of (5) are then all equal to zero. These equa- 
tions may also be expressed, as can be easily seen, in the form 

(h _ (t\ _ (h 
<?i a% a% 

which relations among the coefficients are therefore the conditions 
that the cubic should be a perfect cube. 

44. Equation of Differences In General. — The general 
problem of the formation, by the aid of symmetric functions, of 
the equation whose roots are the differences, or the squares of the 
differences, of the roots of a given equation, may be treated as 
follows : — Let the proposed equation be 

f[w) - [x - oi) (# - a,) (* - a,) (x - a n ) » 0. 
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Substituting x + a r for ar, and giving r the values 1, 2, 3, 
. . . w, in succession, we have the equations 

f(x + a l )=z[z + ai-at)(x + a l -a i ) (* + <n-a n ), 

f{x + a,) =a?(a? + a, - ai)(a? + a 2 - a,) (s + a, - a*), 



/(a? + an) *x(x+ a n - Oi) (a? + o» - Ci) ....(* + 0,-0*.,). 

Also, employing the expansion of Art. 6, and observing that 
/(or) = 0, we find the equation 

\a* + -r) -/w + i^/'w + rtt rM + *""- 

Denoting the seoond side of this equation by a,), and 
multiplying both sides of the identities (1), we obtain 

<p (ar, a,) <p {x t a,) 0 (a-, a„) ■ («* - (a, - a,)*) {ar* - (m - a,) 1 ) • • . 

. . . ^-(a^i-an)*}. 

To form the equation of differences, therefore, we can mul- 
tiply together the n factors 9 ai), 9 (a:, a»), &c, and substitute 
for the symmetrio functions of the roots which ooour in the pro- 
duct their values in terms of the coefficients. Or we may, as 
already explained in Art. 42, form directly the product of the 
\n (n - 1) factors on the right-hand side of the above identity, 
and express the symmetrio functions involved in terms of the 
coefficients. The roots of the resulting equation of the n (n - 1)** 
degree in x are equal in pairs with opposite signs. Since the 
variable in this equation occurs in even powers only, we may 
substitute x for ar 9 , and thus obtain the equation of the 
in(n — l) tk degree whose roots are the squared differences. 

For equations beyond the third degree the formation of the 
equation of differences becomes laborious. We shall give the 
result in the case of tho general algebraio equation of the fourth 
degree in a subsequent Chapter. 




a) 
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1. The roots of the equation 

*»-«*»+ ll*-6 = 0 

a, 0, y ; form the equation whose root* are 

Ant. y» - 2Sy» + 246y - 660 = 0. 

2. The root* of the cubic 

*» + 2** + 3*+l»0 
are a, /9, y ; form the equation whose roots are 



11 1 11 1 1 1 1 

^ru. y> + 12y* - I72y - 2072 = 0. 



0* + y» a*' t» + a> 0»' a> + /9 s y»* 



3. The roots of the cubic 

x 3 + qx + r = 0 

are a, 0, 7 ; form the equation whose roots are 

0* + 0y + y\ -f + ya+a*, a* + a0 + /B». 

^w*. (y + }) 3 = 0. 

- 4. The root* of the cubic 

x* + jw 3 + qx + r = 0 

being a, 0, y; form the equation whose roots are 

0» + 7»-a«, y* + «»-0t, a» + **-7». 

.4m. y> - (j>* - 2q) y* - - j + 8^r) y + - 6>« q + 8A 

+ &y^-l« W r + Sr» = 0. 

6. If a, 0, 7 be the roots of the cubic 

*3-3(l+a + a')«+l + 3a + 3a« + 2*» = 0; 

prore that 0 - y) (7 - a) (a - 0) is a rational function of a. 

ufcw. ± 9(1 + « + «*). 

6. Find the relation between 0 and H of the cubic 

oc* 8 + 3ai*» + 3a,« + a, = 0 
when its roots are so related that (0 - 7)*, (7 - «)*, (a - j8)« are in arithmetical 

ProKrCMi0n * ^. tf» + 22P-0. 

7. f «, ft 7, « be the roots of 

- 2«»*» + 2* - 1 * 0, 

find the value of 

(0» - 7*)» («• - Ji)» + (7* - «*)* - 8 s ) 1 + (•' - /8 1 )' (7* - **)'• 
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8. Prove that, if 

fiy + ya + mfi + a8 + 05 + 78 = 0, 

{ 03 - 7)' (« - «)' + (7 - •)« 09 - U» + (« - *)« (yt- 8)« } * 

= 18 { 0B» - y«)« («» - 8»)« + (y» -«')> (*» -8«)H(a*- 3 W " W 

9. Solve the equation 

**-** + 8*» - 9* - 15 = 0, 
which has one root of the form 1 4- en/^T. 

Diminish the root* hy 1 ; substitute ai/^Tiorx ; we find that « must satisfy 
o* - 3a 1 - 4 = 0, and a« - 6a* + 8 = 0 ; hence a = ± 2. Hence the factors* -2* + 6. 
The other factors are {x + 1) and (at* - 3), as is evident. 

10. The roots of the cuhic 

ao*» + 3«i*» + Za%x + <ij = 0 
are a, P, y ; form the equation whose roots are 

fi + % 7 + «. « + 
This question has been already solved in Art. 41. We give here another solu- 
tion which, although in this particular instance it is not the simplest, will be 
found convenient in many examples. Let the roots of the given equation be dimi- 
nished by A. The transformed equation is (Art. 35) 

«oy» + ZA\y* + 3^ 8 y + A t = 0, 

whose roots are a — A, 0 — A, y — h. We express the condition that this equation 
should have two roots equal with opposite signs. This condition is (see Ex. 17, 
Art. 24) 

This equation is a cubic in A whose roots are 

i(£ + 7)» i(7 + «)» *(« + /*); 

for the above condition is 

<*-A) + (y-A)=0, 
2A = fi + y t 

where ($, y represent indifferently any two of the roots. From the equation in A 
th required cubic can be formed by multiplying the roots by 2. 

11. The roots of the biquadratic 

oo* 4 + Aa\z* + 6aj*» + 4a s x + a« = 0 
are «, /3, 7, 8 ; form the sextic whose roots are 

0 + 7f 7 + «» • + Pt « + 8, 0 + 8, 7 + 8. 
Employing the method of Ex. 10, the required equation can be obtained from 
the condition of Ex. 20, Art. 24. 
The condition is in this case 

6AiA 2 J 3 - A^Ai - «o J 3 » ■ 0. 

This is a sextic in A whose roots are J(/3 + 7), &c, from which the required 
equation can be obtained as in the last example. 
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■12. Farm, for the oubio of Ex. 10, the equation whoee roota are 

$y - a* . ya - 0* a$ - y* 
3 + 7-2** 7+0-2/8* a + 0 - 2y* 

Diminiah tho roota by h, and express the condition that the resulting cubic 
hould have its roota in geometric progression (see Ex. 18, Art. 24). The con- 
dition is 

Mi'^s - «o^t» = o. 

Thia will bo found to reduce to a cubic in A ; whoee roots are the valueB above 
written, ainco 

(«-*)»= (£-A)(7- *), 0Th = ^y^2a' 

13. Form for the eame cubic the equation whose roota are 

2&y - a$ ~ ay 2ya - fiy - 0a 2a$ - ya - yfi 
& + y-2a 9 7 + a- 23 » « + 0 - 2y 

Diminish the roots by A, and express the condition that the transformed cubic 
should have its roots in harmonic progression (see Ex. 19, Art. 24). We have 

2 1 1 

+ 



a - A 0 - A 7 - A' 
x 207-a3-n7 

The equation in A is 

a 0 ^i a -3^iu< s ^a + 2^,» = 0, 

which will be found to reduce to a cubic 
14. The roots of the biquadratic 

«o«* + 4a!* 5 + 6a 2 x J + ia 3 x + a« = 0 

are o, /3, 7, 9 ; find the cubic whoso roots are 

07- 08 ya-06 a& - yS 

fi + y-a-tf 7 + 0-/3-5' a + /3 - 7 - 8* 

Diminish tho roots by A, and employ the condition of Ex. 22, Art. 24. The 
condition is in this case 

which reduces to a cubio in A whose roots are the values above written. 
16. Find the equation whose roots are the ratios of the roota of the cubio 

+ qz + r = 0. 

The general problem can be solved by elimination. Let /(*) = 0 be the given 

Q 

equation, and p = - = the ratio of two roots ; then since /(/3) « 0, we have 
/(pa) = 0, also /(a) = 0 ; and the required equation in p is obtained by 
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these two latter equations. For the cubic in the present example the 

i-V + f + l)» + ?V(/>+ i)«=o. 
16. If o, $, y be the roots of 

*» + px* + qs + r = 0, 



J**. x a -2(j»»-2^)jf»+(y-4^ + 6 ? »-2pr)x-(^V-2i» s '- + ^-V-' J )=0. 

17. Form for the same cubic the equation whose roots are 

P,7 7 , a » , ^ 
y 0 a y 0 a 

r t x*-(pqr-3r*)x* + (p i r-5pqr+Zr* + q')x 

_ - 2j>»r + 4pqr - If - f 3 ) = 0. 

18. If a, 0, y be the roots of the cubic 

z*+qz + r = 0, 
form the equation whose roots are 

/a+mfr, 10 + my., ly + ma0. 
-4n*. y> - way* + + Zlmr)y + Pr-lhnq*- 2/m'f r -« s r» = 0. 

19. If a, /?, 7 be the roots of the cubic 

aojf 3 + 3a! + 3a a x + a s = 0, 
find the equation whose roots are 

{a-0)(a-y) t &-y)(0-a), (y-o)(y-0). 

20. Form, for the cubic of Ex. 19, the equation whoee roots are 

(0- y )*(2*-0-y)\ ( 7 -a)M2^-7-«)^ (— 3) l (27 -«-*)». 

The required equation can be obtained by forming the equation of squared diffe- 
of the cubic (4) of Art. 42, since 

(7_«)»_ (a _^ =( 3_ 7) (2.-/B-7). 

21. Form, for the cubic of Ex. 16, the equation whose roots are 

«(0-7) J , 0(7-«) J , 7(«-*)». 
Let the transformed equation be x* + Fx 3 + Qr + S = 0. 

^»*. r = pq-9r, Q = q>- 9pqr + 27f» + J>»r, 
J2 = - r (4o' + 27 r' + 4^r - p*o> - 18/»yr). 

22. Form, for the same cubic, the equation whose roots are 

a' + 2/3y, 0> + 27a, y* + 2aj3. 

. J>— j* f <2 = *(2j>'-3 ? ), -i? = 4^r-18^r + 2^ + 27r». 



CHAPTER V. 

SOLUTION OF RECIPROCAL AND BINOMIAL EQUATIONS. 

45. Reciprocal Equations. — It has been shown in Art. 32 
that all reciprocal equations can be reduced to a standard form, 
in which the degree is even, and the coefficients counting from 
the beginning and end equal with the same sign. We now 
proceed to prove that a reciprocal equation of the standard form 
can always be depressed to another of half the dimensions. 
Consider the equation 

a^x** + a x a** -1 + . . . + a m &* + . . .+a x x + a 0 - 0. 

Dividing by af, and uniting terms equally distant from the 
extremes, we have 

Assume x + - = s, and let of + ~ be denoted for brevity by 

X XT 

V,. We have plainly the relation 

Giving p in succession the values 1, 2, 3, &o., we have 

r 4 - r,<-r.-s 4 -4s* + 2, 

V* => ViZ ~ V s = z* - 5*» + 5s ; 

and so on. Substituting these values in the above equation, we 
get an equation of the m th degree in s ; and from the values of 
i those of x can be obtained by solving a quadratic. 
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Examples. 

1. Find the roots of the equation 

#* + ** + ** + * , + *+ l«0. 

Dividing by x + 1 (see Art. 32), we hare 

** + *» + l=0. 
lay be depressed to the form 

i 3 - 1 = 0, giving z = ± 1 ; 

* + - = 1, * + - = - 1, 

and the roota of these equations are 

1 ±V~* -ltv/"3 
2 ' 2 ' 

2. Find the roots of the equation 

* w - 3x« + 6*« - 6x* + 3*» - 1 = 0. 

Binding by x» - 1, which may be done briefly aa follows (see Art. 8), 

1 - 3 6 - 5 3 -1 
1-2 3-2 1 



-2 3-2 1 0, 
we hare the reciprocal equation 

*«-2x« + 3**-2x» + l=0, (1) 

Substituting for Vi, ** - 4* 1 + 2 ; and for F», s* - 2, wc have the equation 
i* — 6** + 9 = 0, or («»-3)*o0, 
**= 3, and * = ±y/z, 

jf + i = -/3, * + i = -v/3; 
the roota of these equations are 



roots are double roots of the equation (1). 
3. Solre the equation 

x» - 1 = 0. 

Dividing by x - 1 we hare 

jr* + *> + *» + *+ l«0; 

which we obtain 

«» + »-l~0. 
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Solving this equation, we hare the quadratics 

* s + i(I-</6)* + l = 0, 

from which we obtain 

where f»=l. 

This expression gives the four values of *. 

4. Find the quadratic factors of 

*« + 1 = 0 

Transforming tbia, we have 

f> - a* = o, 

whence * - 0, and s = ±i/3. 

The quadratic factors of the given equation are, therefore, 

**+l = 0, Jt^/Zx + l = 0. 
6. Solve the equations 

(1). (1 +*)•-. (1 + z*) t (2). (1 + *)» = « (I + *•). 
6. Reduce to an equation of the fourth degree in s 

1 -r ** 1 -a* 

Am. (1 - o)s* + (7 + 3a)i« - (4 + a) = 0. 

46. Binomial Equations. General Properties. — 

In this and the following Articles will he proved the leading 
general properties of Binomial Equations. 

Prop. I. — If a be an imaginary root of of 1 - 1 = 0, then a m 
alto will be a rooty m being any integer. 

Since a is a root, 

a* = 1, and therefore (a") m = 1, or (a m ) n = 1 ; 

that is, a" is a root of of 1 - 1 = 0. 

The same is true of the equation <e" + 1 = 0, except that in 
this case m must be an odd integer. 

47. Prop. II. — If m and n be prime to each other t the 
equation* x™ - 1 » 0, *" - 1 = 0 have no common root except 
unity. 
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To prove this we make use of the following property of 
numbers : — If m and n be integers prime to each other, integers a 
and b can be found such that mb - na = ± 1. For, in fact, when 

™ is turned into a continued fraction, ^ is the approximation pre- 
ceding the final restoration of ^. 

Now, if possible, let a be any common root of the given 
equations; then 

a m = 1, and a" = 1 ; 
also a m * = 1, and a"° = 1 ; 

whence a ("*-"•) - 1, or a ±l = 1, or a = 1 ; 

that is, 1 is the only root common to the given equations. 

48. Prop. III. — If k be the greatest common measure of two 
integers m and n, the roots common to the equations - 1 = 0, 
and a* - 1 = 0, are roots of the equation - 1 = 0. 

To prove this, let 

m = km', n — kn. 

Now, since m' and n' are prime to each other, integers b and 
a may be found such that mb - na = ± 1 ; hence 

mb - na = ± k. 

If, therefore, a be a common root of of* - 1 = 0, ands" -1 = 0, 

0 («*-na ) = 1> or a* = 1 ; 

which proves that a is a root of the equation ar* - 1 = 0. 

49. Prop. IV. — When n is a prime number, and a any 
imaginary root of sf* - 1 = 0, all the roots are included in the series 

1, a, a*, . . . a**'. 
For, by Prop. I., these quantities are all roots of the equa- 
tion. And they are all different ; for, if possible, let any two 
of them be equal, a? = a*, 
whence a ^ = 1 ; 

but, by Prop. II., this equation is impossible, since n is neces- 
sarily prime to (p - }), which is a number less than n. 
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50. Prop. V.— When n is a composite number formed of the 
factors p, q, r, &c, the roots of the equations a* - 1 = 0, a* - 1 = 0, 

- 1 = 0, &c, all satisfy the equation x* - 1 = 0. 
For, consider a root a of the equation a* - 1 = 0 ; then o p = 1 ; 
from which we derive 

(o^)^--=l; or a"- 1 = 0; 
which proves the proposition. 

51. Prop. VI. — When n is a composite number formed of the 
prime factors p, q y r, &c, the roots of the equation x* - 1 - 0 are 
the n terms of the product 

(1 + a + a* + . . .+aT l ) (1 +/3+ . . . +/3*" 1 ) (1 + y + . . . +7 r " 1 ) . . . , 

where a is a root of if - 1 = 0, j3 ofsfl -1 = 0, yofsf -1=0, &c. 

We prove this for the case of three factors p y q, r. A similar 
proof applies in general. Any term, e.g. a a j3 6 y c t of the product 
is evidently a root of the equation x* - 1 = 0, since a an = 1, fi b * = 1, 
7™ = 1, and, therefore, (a°/3V) n = 1- -Ajid. no two terms of the 
product can be equal ; for, if possible let a°/3V 06 M^ud to 
another term a? fiP y e ' ; then a = /3^' The first mem- 

ber of this equation is a root of x* - 1 = 0, and the second 
member is a root of xF - 1 = 0. Now these two equations cannot 
have a common root since p and qr are prime to each other 
(Prop. II.) ; hence a°/3V cannot be equal to a 0 'j3*V. 

52. Prop. VII. — The roots of the equation ;r" - 1 = 0, where 
n = p a q b r e t and p, q, r arc the prime factors ofn y are the n products 
of the form a/3y, where a is a root ofxP* = 1, /3 a root ofx* h -\, 
and y of of" = 1. 

This is an extension of Prop. VI. to the C&SO wlioro the prime 
factors ocour more than once in n. The proof is exactly similar. 
Any such produot a/3y must be a root, since a n = 1, /3 n = 1, 7" = 1, 
n being a multiple of p a , q b , r" ; and a proof similar to that of 
Art. 51 shows that no two such products can be equal, since 
P a t Q b t are prime to one another. "We have, for convenience, 
stated this proposition for three factors only of «. A similar 
proof can be applied to the general case. 

From this and the preceding propositions we are now able 
to derive the following general conclusion : — 
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The determination of the n tk roots of unity is reduced to the case 
where n is a prime number, or a power of a prime number. 

53. The Special Root* of the Equation x» - 1 = 0. — 
Every equation - 1 = 0 has certain roots which do not belong 
to any equation of similar form and lower degree. Suoh roots 
we call special roots* of that equation, or special n th roots of unity. 
If n be a prime number, all the imaginary roots are roots of this 
kind. If » = where p is a prime number, any n th root of a 
lower degree than n must belong to the equation a* 0-1 -1 = 0, 
since every divisor of p* is a divisor of p* -1 (except n itself) ; 

hence there are p a ^1 - -\ roots whioh belong to no lower degree. 

If, again, n=p a a*, where p and q are prime to each other, there 

are p a ^l-^,and?*^l- ^ special roots of x* a - 1 = 0, and 

a** -1 = 0, respectively. Now, if a and /3 be any two special 
roots of these equations, a(3 is a special root of x? - 1 = 0 ; for if 
not, suppose (a/3)"* = 1, where m is less than n ; we have then 
a m = fi'* 1 ; but a m is a root of xP a -1 = 0, and /3~"* is a root of 
a? 9 * - 1 = 0, and these equations cannot have a common root 
other than 1, as their degrees are prime to each other ; conse- 
quently m cannot be less than «, and a/3 is a speoial root of 
x* - 1 = 0. Also, as there are 

'('-M'-;M'-3(-& 

such produots, there are the same number of special n th roots. 
This proof may be extended without difficulty to any form of n. 

All the roots of x" -1 = 0 are given by the series 1, a, a*, . . a"~ l ; 
where a is any special n th root. For it is plain that a, a*, &c, are 
all roots. And no two are equal ; for, if aP = a 9 , a^ = 1 ; and 
therefore a is not a speoial n th root, since p - q is less than n. 

When one special n th root a is given, we may obtain all the other 
special n ,k roots of unity. 

• The term " special root " is hero used in preforonco to tho usual term " pri- 
mitiTe root," since the latter has a different signification in the theory of numben . 
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Since a is a special root, all the roots 1, a, a*, . . . a"" 1 are 
different n th roots, as we have just proved ; and if we select a 
root a? of this series, where p is prime to n, the roots 

a", a*, . . . at"- 1 )*, a"'(= 1) 

are all different, since the exponents of a when divided by n give 
different remainders in every case ; that is, the series of numbers 
0, 1, 2, 3, ...» - 1 in some order ; whence this series of roots is 
the same as the former, except that the terms occur in a different 
order. To each number />, prime to n and less than it (1 in- 
cluded), corresponds a special n th root of unity ; for a mp cannot 
be equal to 1 when m is less than n, for if it were we should 
have two roots in the series equal to 1, and the series could not 
give all the roots in that case ; therefore a? is not a root of any 
binomial equation of a degree inferior to n : that is, a* is a special 
n th root of unity. What is here proved agrees with the result 
above established, since the number of integers less than n and 

prime to it is, by a known property of numbers, n [\ - ^ j ^1 - ^ 

when n = p"q i t which is also, as above proved, the number of 
special roots of a* - 1 = 0. 



Examples. 

1. To determine the special roots of j* — 1 = 0. 

Here, 6 = 2x3. Consequently the roots of the equations x* — 1 = 0, and 
x 3 - 1 = 0 are roots of ifi - 1 =0. Now, dividing z* — 1 by r 3 — 1 we hare x 3 + 1 ; 

x-- 1 

and dividing x 3 + 1 by or x + 1, we have x 2 - x + 1 = 0, which determines 

x — 1 

the special roots of x* - I = 0. 

Solving this quadratic, the roots are 

1 + y^z i _ /ITS 
° — ' ° 1= 2 ; 



also since ooi = 1 = a*, 

ai = «r\ 

which may be easily verified. 

The special roots are, therefore, 

a, a 5 : or ai 6 . ai : or a. 
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2. To discuss the special roots of x 11 - 1 = 0. 

12 12 

Since 2 and 3 are the prime factors of 12, and — = 6, — = 4, the roots of 

* 3 

- 1 = 0, and r» - 1 = 0, are roots of x w - 1 = 0 ; now, dividing x ,J - 1 by x 4 - 1, 
and x« - 1, and equating the quotients to zero, wo have the two equations 
z* + x* + 1 = 0, and x« + 1 = 0, both of which must bo satisfied by the special roots 
of x li - 1 = 0 ; therefore, taking the greatest common measure- of x* + x* + 1, and 
x* + 1, and equating it to zero, the special roots are the roots of the equation 
x* - x 2 + 1 = 0. 

The same result would plainly have been arrived at by dividing x li - 1 by tho 
least common multiplo of x* - 1 and x* - 1. Now, solving the reciprocal equation 

x* - x J + 1 = 0, we have x + ~ = + <SH ; whence, if a and ai be two special roots, 

/ 1\ V T i±V~\ / 1\ -y/3 + y/~ 
Taj- 2 ' P'aij- 2 

are tho four special roots of x 12 - 1 = 0. 

We proceed now to express tho four spocial roots in terms of any one of them a. 

Since a + - + a, + - = 0, or (o + ai) ( 1 + — \ = 0, 

a ai \ aai/ 

we take aa\ =* - 1 (as consistent with tho values we have assigned to a and a x ) ; and 

since a and a x arc roots of x 6 + 1 = 0, a 8 = - 1, and o 5 = = ai. The roots 

a 

a, ai, — , - may therefore bo expressed by tho scries a, a 5 , a 7 , a", since a 12 = 1. 

Further, replacing a by a 5 , a 7 , a", wo have, including the scries just determined, 
the four following series, by omitting multiples of 12 in the exponents of a : — 





« 5 , 


a 7 . 


a", 


a», 


a, 


a", 


a 7 , 


- 7 , 




a, 


«\ 


a", 




a», 


a ; 



where the same roots are reproduced in every row and column, their order only 
being changed. We have therefore proved that this property is not peculiar to any 
one root of tho four special roots ; and it will be noticed, in accordance with what 
is above proved in general, that 1, 6, 7, and 11 are all the numbers prime to 12, 
and less than it. We may obtain all the roots of x" - 1 = 0 by the powers of any 
one of the four special roots a, a 6 , a 7 , o 11 , as follows :— 



a, 


a\ 


«\ 




« 6 , 


a«, 


« 7 , 


««, 


a» 




a", 


1, 


a & , 


a 10 , 


a\ 


a', 


«» 


a«, 




a«, 


«», 


a 3 > 


« 7 , 


1, 


« 7 , 


a', 






a", 




a, 


a*, 


« s , 


a", 


a», 


I, 


a", 


« : '\ 






«', 




« 5 , 


«\ 


a 3 , 


a', 


«» 


I, 
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3. Trove that the special roots of x Xi - 1 = 0 are root* of the equation 

4. Show that the eight roots of the equation in the preceding example may be 
obtained by multiplying the two root* of + x + 1 = 0 by the four root* of 

54. Solution of Binomial Equations by Circular 
Functions.— We take the most general binomial equation 

jr" = a + b v/-~l» 
where a and b are constants. 

Let a = R cos a, b = R sin a ; 

then j" = R (cos a + y/ - 1 sin a) ; 

now, if r (cos 0 + sin 0) 

be a root of this equation, we have, by De Moivre's Theorem, 

r" (cos w0 + v/"^ Bm "0) = ( cos o + v^- 1 sin a) ; 
and, therefore, 

r* cos nd = R cos a, 
r" sin nO = R sin a. 
Squaring these two equalities, and adding, 

r 2n = iP, giving r" = i2 ; 

where we take 72 and r both positive, since in expressions of the 
kind here considered the factor containing the angle may always 
be taken to involve the sign. 
We have then 

cos nO = cos a, sin nS = sin a ; 
and, consequently, 

nO = a + 2kw f 

k being any integer ; whence the assumed n tk root is of the 
general type 

V R cos + v/ - 1 sin . 

Giving to k in this expression any n consecutive values in the 
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series of numbers between - go and + go , we get all the n th roots ; 
and no more than «, since the n values recur in periods. 

We may write the expression for the n th root under the 
form 

If we now suppose It « 1, and a = 0, the equation x" = a + b y/- 1 
becomes ar" = 1 + 0 ; the general type, therefore, of an «' A 
root of 1 + 0 -v/-l> or unity, is 

2kir / — r . 2A"7T 

cos + */- 1 sin . 

n n 

If we give k any definite value, for instance zero, 

is one w 1 * root of a + 6 

The preceding formula shows, therefore, that all the n th root* 
of any imaginary quantity may be obtained by multiplying any one 
of them by the n th roots of unity. 

Taking in conjunction the binomial equations 

x* = a + b v/-^, and & = a-b v/-l> 
we see that the factors of the trinomial 

ar 2 " - 2R oos a . of 1 + B* 

a + 2*ir /— ; . a + 2A?r ) 



ysjeos 



± »/ - 1 sin 



where k has the values 0, 1, 2, 3 .../<- 1. 



h2 
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Examples. 

1. Solve the equation x' — 1 ■» 0. 

Dividing by x - 1, this is reduced to tho standard form of reciprocal equation. 
Assuming z = x + i, we obtain the cubic 

t> + *» - 2z - 1 = 0, 

from whose solution that of the required equation is obtained. 

2. Resolve {x + 1)* - x 1 - 1 into factors. 

Am. TxOr+lK^ + x+l) 2 . 

3. Find tho quintic on whose solution that of the binomial equation x 11 - 1 = 0 
depends. 

Ant. r 5 + t* - 4r» - 3z a + 3z + 1 =0. 

4. When a binomial equation is reduced to the standard form of reciprocal 
equation (by division by x - 1, x + 1, or x 5 - 1), show that the reduced equation 
has all its roots imaginary. (Cf. Examples 16, 16, p. 33.) 

5. When this reduced reciprocal equation is transformed by tho substitution 

; = x + - ; show that the equation in z has all its roots real, and situated between 
- 2 and 2. 

For the roots of the equation in x are of the form cos a + \/ — 1 sin a (see 
Art. 54) ; henco x + ^ is of the form 2 cos o, and tho value of this is real and be- 
tween - 2 and 2. 

6. Show that tho following equation is reciprocal, and solve it :— 

4(x'-x+l) 3 -27x*(x-l) 2 =0. 

Ant. Roots: 2, 2, -J, - 1, - 1. 

7. Exhibit all the roots of the equation x* - 1 = 0. 

The solution of this is reduced to the solution of the three cubics 

x*-l=0, x»-« = 0, x^-w^O; 

where w, ur are the imaginary cube roots of unity. The nine roots may be repre- 
sented as follows :— 

1, u>\, »?, w, ul, wz, «% «tl, »J. 

Excluding 1, «, u- ; tho other six roots are special roots of the given equation ; 
and are tho roots of the soxtic 

A* r J 3 + 1 = 0. 

8. Reducing the equation of the 8'* degree in Ex. 3, Art. 63, by the substitution 
; = x + we obtain 
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prove that the roots of this equation are 

2» „ 4» n 8ir o 14» 

2C08 16' 2COfl 16' 2 008 16* 2 008 

9. Reduce the equation 

4z* - 86X 3 + 367x» - 340* + 64 = 0 

to a reciprocal equation, and solve it. 

x 2 

Assume * = -+- An$. Roots: \, 1, 4, 16. 

10. Solve the equation 

x 4 + mpx 3 + m'fx* + rn'pz + m* = 0. 

Dividing the roots by m, this reduces to a reciprocal equation. 

11. If a be an imaginary root of the equation x" - 1 = 0, where n is a prime 
number ; prove the relation 

(1 - a) (1 - a') (1 - o 3 ) ... (1 - a- 1 ) = «. 

12. Show that a cubic equation can be reduced immediately to the reciprocal 
form when the relation of Ex. 18, Art. 24, exists amongst its coefficients. 

13. Show that a biquadratic can bo reduced immediately to the reciprocal form 
when the relation of Ex. 22, Art. 24, exists amongst its coefficients. 

14. Form the cubic whose roots are 

o + a 8 , a s + o 4 , a' + «\ 
where a is an imaginary root of x 1 - 1 = 0. 

Ann. x 3 + x 2 -2x- 1=0. 

16. Form the cubic whose roots are 

a + o« + o» + a J , aP + aP+a^+a}", o« + « 8 +a 9 + o 7 , 

where o is an imaginary root of x ls - 1 = 0. 

Am. x 3 + x J -4x + 1 =0. 

16. If ai, 02, as . . . a* be the roots of the equation 

+fhx"-* + . . . +pi x + />« = 0, 

show how to form the equation whose roots are 

1 1 1 

oi ai a. 

We have here the identity 

x* x"" 1 +j*x»- 1 +.. . +/>*.! x +ju = (x - oi) (x -«)... (x -an) ; 

and changing x into i (see Art. 32), 

/>»«»+f-iX- , + ...+^x»+/nx+l=/?» (*-^) ' * * [ X ~a~n)' 
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Multiplying together these identities, and dividing by *», the factors on the 

right-hand side take the form x + - — (a + -\ ; and assuming * + - = the left- 

x \ aj x 

hand side can be expressed as a polynomial of the « tt degree in z by means of the 
relations of Art 45. 

17. Find tho value of the symmetric function Xa t $ , (y — 8) J of the roots of the 
equation 

«o*» + layx* + 6ai*» + \a 3 x + a 4 = 0. 
This can be derived from the result of Ex. 19, p. 52, by changing the roots into 

^ , (I - L) ' » f a,. — ^ .a »« s 

by a'/Py'S 2 , which is equal to ^-j. 

-<f»M. a 0 8 2a , /8'(7-*) , = 48(fl 3 »-tf i a 4 ). 



From the values of tho symmetric functions given in Chapter III. several other* 
be obtained by the process here indicated. 

18. Find the value of the symmetric function S{oi - 02) J os J a4 a . - . a** of the 
roots of the equation 

n(n - I) 

ffox" + «aix*- 1 + ^ 2 a 2 x"- 3 + . . . +na». l x + a n = 0. 

We easily obtain <*,«2(ai - a 2 ) a = 1) ~ «o«a) ; and changing the roots 

into their reciprocals we have 

^.^(oj-aO'aa'o* 1 . . . o„ 3 = n s (n- l)(a n .i i -a*. i Q»). 

19. 8how that the five roots of the equation 

x 6 + 6JWP 3 + 5p>* + ^ = 0 

are ^0+^?, 9Z/Z+#Z/b> 6*1/1+ 9*Z/b, 

when- ab — — p, a + b = — q, and 0 is an imaginary fifth root of unity. 

N.B.— A quintic reducible to this form can consequently be immediately solved 

20. Form the biquadratic equation whoso roots aro 

a + 2a«, a l + 2a 3 , a 5 + 2a ? , a 4 + 2a, 
where a is an imaginary root of ** - 1 = 0. 

An. ** + 3*»-*»-3*+H =0. 



CHAPTER VI. 



ALGEBRAIC SOLUTION OF THE CUBIC AND BIQUADRATIC. 

55. On the Algebraic Solution of Equations. — Before 
proceeding with the solution of cubio and biquadratic equations 
we make some introductory remarks, with a view of putting 
clearly before the student the general principles on which the 
algebraic solution of these equations depends. With this object 
we give in the present Article three methods of solution of the 
quadratic, and state as we proceed how these methods may be 
extended to cubic and biquadratic equations, leaving to subse- 
quent Articles the complete development of the principles 
involved. 

(1). First method of solution : by resolving into factors. 
Let it be required to resolve the quadratic x* + Px + Q into 
its simple factors. For this purpose we put it under the form 

a* + Pz + Q + 0-0, 

and determine 0 so that 

x* + Px+ Q + 0 
may be a perfect square, •'. e. we make 

whence, putting for 0 its value, we have 



Thus wo have reduced the quadratic to the form u* - 1>* ; and 
its simple factors are u + v t and u - v. 
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Subsequently we shall reduce the cubic to the form 

(Ix + ro)' - (fx + m')', or u s - 0 s , 

and obtain its solution from the simple equations 

w - r = 0, u — u)t> — 0, u - cuV = 0. 

It will be shown also that the biquadratic may be reduced to 
either of the forms 

[Ix* + nix + n)* - [fx* + mx + n')\ 

(a? + px + (ar a + p'x + 9'), 

by solving a cubic equation ; and, consequently, the solution of 
the biquadratic completed by solving two quadratics, viz., in the 
first case, Ix 2 + mx + n = ± (fx* + m'x + ri) ; and in the second case, 
x 2 +px + q « 0, and x* + p'x + q' = 0. 

(2). Second method of solution : by assuming for a root a general 
form involving radicals. 

Since the expression p + *Sq has two, and only two, values 
when the square root involved is taken with the double sign, this 
is a natural form to take for the root of a quadratic. Assuming, 
therefore, x = p + Yq, and rationalizing, we have 

x* - 2px + p % - q = 0. 
Now, if this equation be identical with x* + Px + Q = 0, we have 

2p = -P, p*-q=Q, 



-p± yp' - 4Q 

giving x = p + Sq , 

which is the solution of the quadratic equation. 

In the case of the cubic equation we shall find that 

Vp+^= f and VpVq{Yp+yq) 
vp 

are both proper forms to represent a root ; these formulas having 
each three, and only three, values when the cube roots involved 
are taken in all generality. 

In the case of the biquadratic equation we shall find that 

- A 

Yi> + </</ + y;;^r> y/\ Y'r + y~y Yv * Yp <A 
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are forms which represent a root; these formulas each giving 
four, and only four, values of x when the square roots receive 
their double signs. 

(3). Third method of solution : by symmetric functions of the 
roots. 

Consider the quadratio equation X s + Px + Q = 0, of which the 
roots are a, /3. We have the relations 

a + 0 => - P, 

a/3= Q. 

If we attempt to determine a and /3 by these equations, we 
fall back on the original equation (see Art. 24) ; but if we 
could obtain a second equation between the roots and coefficients, 
of the form la + mfi = /(P, Q) t we could easily find o and /3 by 
means of this equation and the equation a + /3 = — P. 

Now in the case of the quadratio there is no difficulty in 
finding the required equation; for, obviously, 

(o - j8) a = F 1 - 4Q ; and, therefore, a-fi = */ F 1 - 4Q. 

In the case of the cubio equation x 3 + Px 2 + Qx + R = 0, we 
require two simple equations of the form 

la + mP + ny=f(P, Q, R) y 

in addition to the equation a + /3 + y = -P, to determine the 
roots a, /3, y. It will subsequently be proved that the functions 

(a + w/3 + w 2 y) 3 , (a + w l /3 + <oy) s 

may be expressed in terms of the coefficients by solving a quad- 
ratic equation ; and when their values are known the roots of 
the cubio may be easily found. 

In the case of the biquadratic equation 

x i + Px s +Qx i + Ilx + S = 0 

wo require three simple equations of the form 

la + m/3 + n y + rS =/(P, Q, R t S), 

in addition to the equation 

a+/3 + 7 + S = -P, 
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to determine the roots o, /3, 7, S. It will be proved in Art. 66, 
that the three functions 

(/3 + 7 _ a -$)', ( 7 + a _^_g)* > ( a + 0_ 7 _S)t 

may be expressed in terms of the coefficients by solving a cubic 
equation; and when their values are known the roots of the 
biquadratic equation may be immediately obtained. 

In applying the principles here explained to the solution 
of the cubic and biquadratic the order of the present Article is 
not followed. The student will have no difficulty in perceiving 
under which of the methods here described any such solution 
should be included. 

56. The Algebraic Solution or the Cubic Equation. — 
Let the general cubic equation 

ax* + 3bx* + 3cx + d= 0 

be put under the form 

z 3 + ZHz + G = 0, 
where z = ax + b, H^ac-b\ G^aV- 3afo + 2& s (Art36). 

To solve this equation, assume* 

hence, cubing, 
therefore 

2 3 -3v^v^.*-(^ + g) = 0. 

Now, comparing coefficients, we have 

Vp Y~q = -H, p + q = -G; 
from which equations we obtain 

i> = i(-G + v /G p + 45' s ), q = ±(-G- </G* + 41I 3 ); 



■ This solution is usually called Cardan 1 ! tolution of the cubic. See Note A at 
the end of the rolume. 
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3 - -H 
and/substituting for s/ q its value -5— we have 

VP 
3 — H 

as the algebraio solution of the equation 

z 3 + SHz + G = 0. 

It should be noticed that if p be replaced by q this value of 
z is unchanged, as the terms are then simply interchanged ; also, 

since Vp has the three values \/p, P, **?V p, obtained by 
multiplying any one of its values by the three cube roots of 
unity, we obtain three, and only three, values for s, namely, 

_ — J£ — — J J — — H 

yp+-r/> <oyp+<M>*—> w'v/jp+w— ; 

VP VP VP 

the order of these values only changing according to the cube 
root of p selected. 

Now, if z be replaced by its value ax + b we have, finally, 

ax + b =y/p + yj= 
VP 

(where p has the value previously determined in terms of the 
coefficients) as the complete algebraic solution of the cubic equation 

ax* + 3 for* + Sex + d = 0, 

the square root and cube root involved being taken in their entire 
generality. 

57. Application to Numerical Equation*.— The solu- 
tion of the cubic which has been obtained, unlike the solution of 
the quadratic, is of little practical value when the coefficients of 
the equation are given numbers ; although as an algebraio solu- 
tion it is complete. 

For, when the roots of the cubio are all real, (P + = - JST 2 , 
an essentially negative number (see Art. 43) ; and, substituting 
for p and q their values 
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in the formula \/p + \/q, we have the following expression for 
a root of the oubio : — 

Now there is no general arithmetical process for extracting 
the cuhe root of such complex numbers, and consequently this 
formula is useless for purposes of arithmetical calculation. 

But when the cubic has a pair of imaginary roots, an ap- 
proximate numerical value may be obtained from the formula 

/- G + y G> + 4H 3 V f~ G-*/G* + 42T 3 V 

l — 2 — ) + 1 — » — > 

since CP + 427 3 is positive in this case. As a practical method, 
however, of obtaining the real root of a numerical cubic, this 
process is of little value. 

In the first case; namely, where the roots are all real, we 
can make use of Trigonometry to obtain the numerical values of 
the roots in the following manner : — 

Assuming 2R cos<p = - G, and 2R sin <p = K % 
we have p = Re* tT \ g = Re-^ ; 

also tanf = -^, and R = b(G' + ]P)* = (- Hf ; 

and finally, since w = cos ^ ± sin y - e*?^, 

the three roots of the cubic equation 

s 3 + ZHz + G = 0, 

viz. 'Sp + l/q, wy/p + to 2 Vq f t») 2 \/p + <oi/q, 

become 



2(--ff)icos|, -2(-J7)icos^p; 
from whioh formulas we obtain the numerical values of the roots 
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of the oubio by aid of a table of sines and cosines. This process 
is not convenient in practice ; and in general, for purposes of 
arithmetical calculation of real roots, the methods of solution of 
numerical equations to be hereafter explained (Chap. X.) should 
be employed. 

58. Expression of the Cable as the Difference of two 
Cubes* — Let the given oubio 

ax 3 + 3fa* + Sex + d = <j>(x) 

be put under the form 

where s « ax + b. 
Now assume 

2 S +352 + {?= { p ( z + v) 5 - v (z + n)> ) , ( 1 ) 

fx V 

where u and v are quantities to be determined : the second side 
of this identity becomes, when reduced, 

£* - SpvZ-flV (fi + v). 

Comparing coefficients, 

l*v = - II, liv(li + v) = - G ; 

therefore 

O a/a 
« + * = M -v=-^; 

where a'A = CP + 4J5P, as in Art 42 ; 

also (z + tt)(« + v) = *' + ^2-ir. (2) 

Whence, putting for z its value, ax + 6, we have from (1) 
. , x fO + aM\f L G-atf\> {G-atf\f _ G + aA*V 

which is the required expression for <p(x) as the difference of 
two cubes. 

By the aid of the identity just proved the cubic can be re- 
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solved into its simple factors, and the solution of the equation 
completed. We proceed to obtain expressions for the roots of 
the equation tf>(x) = 0 in terms of ju and v. Solving as a bino- 
mial cubic the equation 

we find the three following values for z = ax + b : — 

llV V {(0^/ fX + <i?V l»)> 

v'/u Vv n + w Vv)' 

If now V fx and \Vv be replaced by any pair of cube roots 
selected one from each of the two series 

it will be easily seen that we shall get the same three values of a, 
the order only of these values changing aooording to the cube 
roots selected. It follows that the expression 

V ix V^> (\V fx +V v) 

has three, and only three, values when the cube roots therein are 
taken in all generality. This form therefore is, in addition to 
that obtained in the last Artiole, a form proper to represent a 
root of a cubic equation (see (2), Art. 55). 

The function (2) given above when transformed and reduced 
becomes, as may be easily seen, 

~ { (ac - V) x* + (a4-bc)x + {bd -c 7 )). 

XZ 

This quadratic, therefore, contains as factors the two binomials 
ax + b + /u, ax + b + v, whioh oocur in the above expression of <p (x) 
as the differences of two cubes. 
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59. Solution of the Cubic by Symmetric Functions 
of the Roots.— Since the three values of the expression 

^ {a + /3 + y + 0(a + w/3 + w'y) + 0* (a + w 2 /3 + toy) j , 

when 0 takes the values 1, u>, w*, are a, /3, y, it is plain that if 
the functions 



were expressed in terms of the coefficients of the cubic, we could, 
by substituting their values in the formula given above, arrive 
at an algebraical solution of the cubic equation. Now this cannot 
be done directly by solving a quadratic equation ; for, although 
the product of the two functions above written is a rational 
symmetric function of a, j3, y, their sum is not so. It will be 
found, however, that the sum of the cubes of the two functions 
in question is a symmetric function of the roots, and can, there- 
fore, be expressed by the coefficients, as we proceed to show. 
For convenience we adopt the notation 

L a a + w/3 + w'y, M a a + w l /3 + wy. 

We have then 



^=a 3 +/3 3 + y 3 +6a/3y, B= 3(a'/3 + j3 a y + y'a), C- 3 (a/3» + 0y 1 + ya') ; 
from which we obtain 



0 (a + W /3 + w'y), 0* (a + 6> J /3 + <oy) 



whero 



\ (0*Jf) 3 = ^ + £a, a +Ca,, 




(Cf. Ex. 5, p. 44 ; Ex. 15, p. 50.) 



Again, 




(BL) (O'iO = LM = a a + (¥ + y a - /3y - ya - a/3 = 
whence (a + w]3 + w'y) s , (a + w'/3 + vy)* 

are the roots of the quadratic equation 



O ZP 



Denoting the roots of this equation, viz. 
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by ti and U, the original formula expressed in terms of the coef- 
ficients of the cubio gives for the three roots the expressions 

* 

7 + ^to*\/7, + utVi^j. 

It will be Been that the values of a, /3, y here arrived at are 
of the same form as those already obtained in Art. 56. 
It is important to observe that the functions 

(a + a>/3 +w 2 7)\ (a + to 2 /3 + wy) 3 

are remarkable as being the simplest functions of three variables 
wliich have but (wo values when the variables are interchanged 
in every way. It is owing to this property that the solution 
of a cubic equation can be reduced to that of a quadratic equa- 
tion. Several functions of a, /3, y of this nature exist, and it 
will be proved in a subsequent Chapter that any two such func- 
tions are conncctod by a rational linear relation in terms of the 
coefficients. 

Having now completed the discussion of the different modes 
of algebraical solution of the cubic, we give some examples in- 
volving the principles contained in the preceding Articles. 

Examples. 

1. Resolve into simple factors the expression 

OS - 7 ) 2 (* " «) 5 + (7 " «)' (* " *) 2 + (« ~ «' (* - 7) J - 
Let U=(0-y)(x-a), r=(y-a)(z-0), Jr=(a-i8)(jf-y). 

2. Prove that the several equations of the system 
have two factors common. 
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Making use of the notation in the last Example, we have 

TP = V* = W*; 

ip - v* =(u - v) (u* + uf+ v*) **\{u -V)(u* + r»+ w*), 

since If+F+JFsO; 

therefore (* - 7 )« (x - «)' + (7 - «)> (x - 0)> + (« - <x - 7 ) s 

is the common quadratic factor required. 

3. Re&olve into factors the expressions 

(1) . (0 - 7}' {x - «)' + (y - «)» (x - + (« - *)» (X - 

(2) . 05 - 7> 4 (* ~ «) 4 + <7 " «) 5 (* - *) S + (« - *) 5 (* " 7) 5 . 

(3) . (0 - 7 ) 7 <* - a) 7 + ( 7 - a)' (x - fi)i + (« - (x - 7)'. 

These factors can be written down at once from tho results established in Ex. 40, 
p. 59. Using the notation of Ex. 1, and replacing 01, $i, 71, in the example referred 
to, by TJ, V, 7F, we obtain the following :— 

Ans. (1) 3PTJF; (2) f {TP + r-+ Jf^TJVW; (3) i{TP + FH W*)* TJVW. 

4. Express 

(x-«) {x-0){z-y) 

as the difference of two cubes. 



(x- «)(x-/B)(x-7)= TJf- F,'; 

whence 

tr, - r, = *(x-«), 

• J7,-« J r, = M (x-/B), 
« 3 tfi - wFi = *(x - 7). 

Adding, we have 

A + M+ r = 0, Aa + ^0 + ry = 0 ; 



X = p{^- y ), n=p(y- a), v=p(«-3); 
but am* = 1 ; whence 

^ = (/8-7)(7-«)(«-*). 
Subetituting these values of A, m, w ; and using the notation of Ex. 1, 
fi-F, = *r/, »T7x - **V X = P V, **»J7, -«r, -pJT; 

whence 

3TJ l =p(TJ+ « 5 r+ « TT), 

-3Fi=p(CT+« f+»-jf)-, 

and Ti and V\ are completely determined. 

5. Prove that X and M are functions of the differences of the roots. 

We have L = a + »0 + w J 7 = a - A + »(0 - A) + (7 - h) 

for all values of h, since 1 + w + •»* = 0 ; and giving to h the values a, 0, y, in sue* 
cession, we obtain three forms for L in terms of the differences 0-y, y— a, a - 0. 
Similarly for if. 

I 
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6. To express the product of the aquarca of the differences of the roots in terms 
of the coefficients. 

We hare 

Z + Jf«=2a-0-7, L + u t M={20-y-a)w, Z + mM = {'ly -a- 0)ur ; 
and, again, 

Z-Jf=08-7)(«»-» ? ), m m -L-*X = {y-u)(w-t**), mL - « ? J/= (o - $)(* - a/-), 
from which wo obtain, as in Art. 26, 

Z 3 + Jf 3 = (2« - $ - y) (2/3 - y - a)(2y -a-0). 

I, ' - .IP = - 3 (0 - 7) (7 " a)(a - 0) ; 

und since 

(Z» - if 3 ) 3 = (Z 3 + AP) 5 - 4Z 3 JP, 
we hare, Hubstituting the values of Z 3 + J/ 3 and ZJf obtains! in Art. 59, 
« e (iB ~ 7)M7 - a)'(a-3) 5 = - 27<G* + 4/F). 

(Cf. Art. 42.) 

7. Prove the following identities : — 

Z 3 + JP = i{(2a- /3 - 7 ) 3 + (23 - 7 - a) 3 + (2 7 - a - /3) 3 }. 

v - jp - v^u* - 7) s + (7 - «) 3 + (« - m- 

These arc easily obtained by tubing and adding tho values of 

Z + If, &c\ ; Z - if, &c, 

in the preceding example. 

8. To obtain expressions for L' 1 , M 7 , &r., in torn™ of a, 0, y. 
The following forms for Z 2 and JP are obtained by subtracting 

(o« + B* + 7 2 ) ( 1 + « + • a ) s 0 (a + «/3 + w l 7) J , and (a + ^0 + w?)* :— 

- Z* = (/3 - 7)'+ " a)» + • (a - 0Y, 

- JP - (0 - 7) 1 + <- {7 - a)« +•'(«- 0) 3 - 
In a similar manner, we find from these expressions 

- L* - (0 - 7 ■» (2a - 0 - 7 3 + - (7 ~ «) 2 (2* - 7 - «) ; + « : (« - *) 2 [2y - a - /8)», 
-if* =(0-7)-'(2a -3- 7)» 1 w*{7-o)*(2i3-7-«) 3 ^ - (a - 0) 1 (2 7 - a - 0)*. 
Alao, without difficulty, we have the following forms for ZJ/, and I 1 AT- : — 
2ZJf = 0 - 7)- + ( 7 - a) 2 T (a - 0; 2 , 

Z 3 JP = (a - 0)» -a - 7) J + (3 - 7> 2 (* " «)' + (7 - < <7 - 0)\ 
U. There are six functions of the type of Z or Jf, viz., 

a + u>0 + *»»7, «a + m*0 + 7, to * a + 0 + «ry, 
« + « : 0 + «7, »a + 0+«*7, « a + «/3 + 7, 
to foim the equation whose roota are these six quantities. 
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The** functions may be expressed as follows :— 

3f, w Jf, «'Jf; 
hence they are the roots of the equation 

(? - L)(+ - mZ)[f - *L) (+-M)(1>- »M) (+ - „*JO = 0, 
Substituting for Z and M from the equations 



a 



we hare this equation expressed in terms of the coefficients as follows :— 

10. To form, in terms of L and M, the equation whose roots are the squares of 
the differences of the roots of tho general cubic equation. 
Let 

♦ = («-*) 2 ; 

hence, by former results, 
Rat jonali/ing this, we obtain 

which is the required equation. 

In a similar manner, by the aid of the results of Ex. 8, the equation of 
squared differences of this equation, or the equation whose roots are 

(0-7W2. (7-«) 2 (2*-7-«)', <«-*)*(2 y -.-0)«, 

is obtained by substituting - I? and - JP for M and i, respectively, in the last 
equation ; and this process may be repeated any number of times. Finally, all 
these equations may be easily expressed in terms of the coefficients of the runic hy 
means of the relations 

LM=-9~, and V + M 3 = - 27 ^. 
For instance, the first equation is 

<Cf. Art. 42.) 

12 
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11. If «, 0, 7 and a', 0\ y' be the roots of the cubic equations 

or* + 3*** + Zex + d = 0, 
a';r»+34'jr»+ 3*'jc + rf' = 0; 
to form the equation which has for roots the nix rallies of the function 

<p m aa + 0& + yy'. 

The easiest mode of procedure is first to form the corresponding equation for the 
t ubics deprived of their second terms, vis., 

*H3J?i + 0 = O, r» + 2H'z + 0' = 0, 

and thence deduce the equation in the general case ; for in the case of the cubic* so 
! ninaformed the corresponding function 

*o - (<« + *)<«V + V) + (afi + A) + A') + (« 7 + *) («V + *0 
s aa'<p - 3W. 

Substituting for the roots of the transformed equations their values expressed by 
radicals, we have 

<p<> = (l/p + 1/~ ) (t/p- + Vq') + (ml/ p + «* y y) (« + .» yj) 

which reduces to 

^o = 3 {^/ + */ p'q)- 

Cubing this, wo find 

*o s - iiVpqpW <fr - 27 ( n' + p'q) = o. 

Now, substituting for p and f, p' and their values given by the equations 
z* + Ox - E* = 0, ** + G'x-Ht^O, 
we have the six values of given by the two cubic equations 

V - '27 II If <p 0 - ~' } (OG' ± an' = 0, 

where 

fl 2 A = 0 2 + 4 77\ and a' 1 *' = + 4iP. 

Finally, substituting for <^o its value o<i'$> - 3W, and multiplying these cubics 
together, we have the required equation. It may be noticed that if one of the cubics 
l*> -t J - 1=0, = a + »jB 4 u 7 y, &c, which case has been already considered in 
Ex. 9. Mr. M. Roberta, Dublin Exam. Paper; 1855. 
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12. Form the equation whose roots are the several values of p, where 

a -£ 
'"^ 

Since 

a- (I +f>)0 + fry = 0; 
substituting for a, $, y, their values in terms of p, q t and putting 
A = l-(l+p)o> + pw 3 , /i = 1 - (1 + p)m* + pm, 

we have 

Cubing, and substituting for p, q their values, 

G r (A' + /i s ) + 8 v / A(A , -/i') = 0. 

and by previous results 

A M = 3{l + p + p a ), X»+M'--27p(l + p); 
substituting these values, we have the required equation 

a»A (1 + p + p 1 )* - 27Jr*0> 4- - 0. 

13. Find the relation between the coefficients of the cubits 

ax* + Zbx 1 + Zex -yd = 0, 
a'x' 5 + 3AV* + 3oV + d' = 0, 

when the roots are connected by the equation 

«(tf-70 + *(7'-«') + 7(a -/n = 0. 

Multiplying by w - this equation becomes 

LM'=L'M. 
Cubing, and introducing the coefficients, we find 

the required relation. 

14. Determine the condition in terms of the roota and coefficients thut the 
cubics of Ex. 13 should become identical by the linear transformation 

x' = px + q. 

In this case 

a' = pa + q, & = pfi + q, y' = py + y. 
Eliminating p and q, we have 

fiy' - ffy + 7 a' -y'a + a&- *'» = 0, 

which is the function of the roots considered in the last example. This relation, 
moreover, is unchanged if for a, $, y ; a, fS, y', we substitute 

la + m, 1$ + »i, ly + m, 
Ta'-rm', W+m', ty' + m'; 
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whence we may consider the cubics in the last example under the simple forms 

z*+ZHz+ Q = 0, s> + 3flV+ GT=0, 

obtained by the linear transformations z = ax + t = <*V + V ; for if the condition 
holds for the roots of tho former equations, it must hold for the roots of the latter. 
Now putting / = kz, these equations become identical if 

H' = l~H, G'^&G; 

whence, eliminating *, 

GT- H' 2 = G n H* 

is the required condition, the same as that obtained in Ex. 13. It may be observed 
that tho reducing quadratics of the cubics necessarily become identical by the same 
transformation, viz., 

60. nomographic Relation between two Roots or a 

Cubic. — Before proceeding to the discussion of the biquadratic 
we prove the following important proposition relative to the 
cubic : — 

The roots of (lie cubic are connected in pairs by a tomographic 
relation in terms of the coefficients. 

Referring to Exs. 13, 14, Art. 27, we have the relations 

«<>'( (P-7) 3 + (7-«)'+ (« -£)') = 18(««* -«.*»), 
\a {fi - yf + /3 (y - a) 2 + y (a - /3) 1 ) = 9(ff t ,r/ 3 - flr.a,), 

< {cr(/3 - yf + p(y - a) 3 + 7 '(a - /3) 3 } = 18(<tf - a, a,). 

Using the notation 

a 0 a 2 - a{ => H, - ffifl* = 2R Xi a x a z - a<? = jET 2 ; 

multiplying the above equations by a/3, - (a + /3), 1, respectively, 
and adding ; since 

a 2 -a(a + /3) + a/3 - 0, 0' - |3(a + j3) + a/3 = 0, 
we have 

"o 2 (P - 7) (7 - «)(« - £)' = 18(#a/3 + #,(a + /3) + # 5 j; 

but 

O - 7) s (7 - <0 3 (« - /3) 1 = - 27 A - 108 (S# 2 - J5f?) 
(see Art. 42) ; whence 

- \~ f (it) = ^ + 7ii (a 4 P) + 
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and, therefore, 

which is the required nomographic relation. It is to be ob- 
served that the coefficients in this equation involve one irrational 
quantity, the second sign of which will give the relation be- 
tween a different pair of the roots. 

61. First Solution by Radicals of the Biquadratic. 
Ruler's Assumption.— Let the biquadratic equation 

ax* + 4bx* + 6cx* + \dx + e = 0 

be put under the form (Art. 37) 

*«+ 6Jfz*+4Gz + a'l- ZH' = 0, 
where s ■ ax + b, 

H=ac-b\ I*ac- 4W + 3c J , G = a 2 d - 3abc + 26'. 

To solve this equation (a biquadratic wanting the second 
term) Euler assumes as the general expression for a root 

s = v/p + y/7 + v/r. 

Squaring, 

Squaring again, and reducing, we obtain the equation 

s < -2(/)+?+r)a , -8z/j» v /y </r + (p + q + ry-4c(qr + rp+p(i)=Q. 
Comparing this equation with the former, we have 

a*I - G 

p + q + r=-3H, qr + rp+pq = ZH*-—, -/pJ~qV>' = - 2 ; 

and consequently p, q, r are the roots of the equation 

f + 3J5B" + - ?Pjt-?l=0; (1) 

or, since 

- & « 4H* - a'HI + «V, (Art. 37), 

where 

J s ace + 2bcd - ad* - eb* - c\ 
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this equation may be written in the form 

4 (/ + HY - (flit + H) + aV= 0 ; 

and finally, putting t + H = a s 0, we obtain the equation 

4i*P-IaO + J-0. (2) 

This is called the reducing cubic of the biquadratic equation ; and 
will in what follows be referred to by that name. When it is 
necessary to make a distinction between the cubics (1) and (2), 
we shall refer to the former as Euler's cubic 

Also, sinoe t = b 2 -ac + a 7 0; if0„0 2 ,0, be the roots of the 
reduoing cubio, we have 

p = b* - ac + a s 0„ q a b % - ac + a'0,, r = b % - ac + a'0, ; 

and, therefore, 

a = v/6 J -ac + a a 0, + SV-ac + <fi$ t + </ b* - ac + a* B*. 

If this formula be taken to represent a root of the biquadra- 
tic in z, it must be observed that the radicals involved have not 
complete generality ; for if they had, eight values of z in place 
of four would be given by the formula. The proper limitation 
is imposed by the relation 

which (lost sight of in squaring to obtain the value of pqr) 
requires such signs to be attached to each of the quantities 

«/p> V <I> that their product may maintain the sign deter- 
mined by the above equation ; thus, 

S? <A <A= y/HSq) {-yA) = (- V~P) -A (- V7) 

are all the possible combinations of -y/ p, y/q, r fulfilling 
this oondition, provided that p, </q, retain the same signs 
throughout, whatever those signs may be. "We may, however, 
remove all ambiguity as regards sign, and express in a single 
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algebraic formula the four values of s, by eliminating one of the 
quantities */p f ^fq, v/ r from the assumed value of x by means 
of the relation given above, and leaving the other two quanti- 
ties unrestricted in sign. The expression for z becomes therefore 

s = + </~q- — %— , 

a formula free from all ambiguity, since it gives four, and only 
four, values of z when p and */ q reoeive their double signs : 
the sign given to each of these in the two first terms deter- 
mining that which must be attached to it in the denominator of 
the third term. And finally, restoring to />, q, and % their values 
given before, we have 

ax + b = */b* - ac + a'0, + */b % - ac + a a 0, 

G 

as the complete algebraic solution of the biquadratic equation; 
0i and 02 being roots of the equation 

To assist the student in justifying Euler's apparently arbi- 
trary assumption as to the form of solution of the biquadratic, 
we remark that, the second term of the equation in x being 
absent, the sum of the four roots is zero, or c, + + s 3 + s 4 = 0 ; 
and consequently the functions (si + 2i)', &c, of which there are 
in general nix (the combinations of four quantities two and two), 
are in this case reduced to three ; so that we may assume 

(«, + z>y = (s, + 3 4 )' = 4p, 

(*j + = (s, + 4q, 
(s, + = (s, + 2 4 )'= 4r; 

from which we have s„ c„ z 4 , included in the formula 

yp + y/q + y/r. 
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We now proceed to express the roots of Euler's cubic (1), 
and also those of the reducing cubic (2), in terms of the roots 
a, /3, y, $ of the given biquadratic in x. Attending to the re- 
marks abovo made with reference to the signs of the radicals, we 
may write the four values of z = ax + b as follows : — 

aa + b = y/p - </q - y/r, 
a$ + b = -yp + yq- v/r, 
ay + b = - </p - y q + <//•, 

a$ + b « y/p + y/ q + v/r ; 

from which may be immediately derived the following expres- 
sions for p, q, r the roots of Euler's cubic : — 

;> = ^(/3 + 7-«-S)% 

? = ^(7 + «-0-S)% (4) 

Subtracting in pairs the equations (3), and making use of 
the relations above written between p, q, r and 0 t , 0 2 , 0 5 , we 
easily establish the following useful relations connecting the 
differences of the roots of the oubics (1) and (2) with the diffe- 
rences of the roots of the biquadratic :- 

4 fa - r) = 4a'(0 2 - 0,) = - - y) (a- S), 

4(r - /i) - 4a'(0 3 - 0.) « - " «) O " *), (5) 

4(p- ?) = 4a 2 (0 1 - 0 ? ) = - a 2 (a - /3)(y -«). 

Finally, from these equations, by aid of the relation 
0! + 0a + 0a = 0, we derive the values of 0„ 6 2 , 0, in terms of 
a, /3, 7, By viz., 

120, = (y - a )(/3-S)-(a-f3)(y-S), 

120, = (a _0)( 7 -.S)-(/3-y)(a-$), (6) 

12fc«Q3-y)(«-«)-( T -a)(0-8). 
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Examples. 

1 . Show that the two biquadratic equations 

A 0 x* + SAtx* ± 4A 3 x + ^4 = 0 

have the same reducing cubic. 

2. Find the reducing cubic of the two biquadratic equations 

x 4 - 61X 2 ± 8x v//5 + »i» + w'- 3/»m + 3(4»im - 7 s ) = 0. 

/fw*. 6° - 3m»0 - (»>' + w') = 0. 

3. Prove that the eight roots of the equation 

{x* - 6U* + 3 (4m» -/*)}'= 64 (/* + m a + « 3 - 3/»ih) .» 2 
are given by the formula 

(Compare Ex. 20, p. 34.) 

4. If the expression 

y/l + m + » t \// + «rn f «-m -r / -t- « 2 w 4 
be a root of the equation 

s« + GHz* + 4(7* + aU - 377 2 = 0, 

determine 77, 7, / in terms of /, m, n. 

//--/, 7 = 12miw, / = - 4 (m» + n 5 ). 

5. "Write down the formulas expressing the root of a biquadratic in tho parti- 
cular cases when 7 = 0, and J — 0. 

6. If the biquadratic has two equal roots, prove that the reducing cubic has two 
equal roots, and conversely. 

7. If the biquadratic has three roots equal, prove that all tho roots of the 
reducing cubic vanish, and consequently 1=0, J =0. 

8. If the biquadratic has two distinct pairs of equal roots, prove that two of the 
roots of Eulor's cubic vanish, and consequently O = 0, a l I - 127/ 2 = 0. 

9. Provo the following relations between the biquadratic and Euler's cubic with 
respect to the nature of the roots :— 

(1) . When the roots of the biquadratic are all real, the roots of Eulcr's cubic 
are all real and positive. 

(2) . When the roots of the biquadratic arc all imaginary, the roots of Euler's 
cubic are all real, two being negative and one positive. 

(3) . When the biquadratic has two real and two imaginary roots, Euler's 
cubic has two imaginary roots and one real positive root. 

These results follow readily from equations (4) when the proper forms are sub- 
stituted for a, 0, y, S in the values of p, q, r. It is to be observed that all possibli 
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caBes are here comprised, the biquadratic being supposed not to have equal roots. 
It follows that the converse of each of these propositions is true. Hence, if Euler's 
cubic has all its roots real and positive, we may conclude that all the roots of the 
biquadratic are real ; if Elder' s cubic has negative roots, we conclude that all the 
roots of the biquadratic are imaginary ; and if Euler's cubic has imaginary roots, 
we conclude that the biquadratic has two real and two imaginary roots. 

10. Prove that the roots of the biquadratic and the roots of the reducing cubic 
are connected by the following relations :— 

(1) . When the roots of the biquadratic are either all real, or all imaginary, 
the roots of the reducing cubic are all real ; and, conversely, when the roots of 
the reducing cubic are all real, the roots of the biquadratic are either all real or 
all imaginary. 

(2) . When the biquadratic has two real, and two imaginary roots, the reduc- 
ing cubic has two imaginary roots ; and, conversely, when the reducing cubic has 
imaginary roots, the biquadratic has two real and two imaginary roots. 

These results follow readily from the preceding example, Bince the roots of 
the two cubics (1) and (2) are connected by a real linear relation. 

11. If IT is positive, the biquadratic must have imaginary roots. 

For in that case the roots of Euler's cubic cannot be all positive. 

12. If /is negative, the biquadratic has two real and two imaginary roots. 
For the reducing cubic has in that case two imaginary roots (Ex. 12, p. 33). 

13. If E and / are both positive, all the roots of the biquadratic are imaginary. 

For, since / is positive, the reducing cubic has a real negative root ; there- 
fore also Euler's cubic has a real negative root, since t = a 3 0 — 27, and 27 is posi- 
tive ; and this is case (2) of Ex. 9. It is implied in this proof that the leading 
coefficient a is positive ; if aj be substituted for /in the statement of the proposition 
no restriction as to the sign of a is necessary. 

14. Express, by the aid of the reducing cubic, /and / in terms of the differences 
of the roots a, /3, y, 8. {See Exs. 16, 18, Art. 27.) 

16. Express the product of the squares of the differences of the roots o, 0, y, t 
in terms of / and /. 

By means of the equations (6) above givan, and the equation (2), p. 82, we ob- 
tain the result as follows :— 

(0 - 7) ? (7 " «)' (■ " « f (« - 8)» (* - «)* <T - *)' = 256 (P - 27/*). 

16. What is the quantity under the ptal square root (viz., that which occurs 
under the cube root in the solution of the reducing cubic) in the formula expressing 
a root ? An: 27 J* - I\ 

17. Prove that the coefficients of the equation of squared differences of the 
biquadratic equation a 0 «* + 4ai*» + 6«jx* + 4a,x + a< = 0 may be expressed in 
terms oq, 27, /, and /. 
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Removing the second term from tho equation, wo obtain 

62T AO ajl- 3 IP n 

and changing the signs of the roots, we have 

These transformations leave the functions (a — £) 3 &c, unaltered ; but G 
becomes — O, the other coefficients of tho bitter equation remaining unchanm *! . 
therefore O can enter the coefficients of the equation of squared differences in even 
powers only. And by aid of tho identity of Art. 37, CP may be eliminated, intro- 
ducing <t 0 , Jff, I, J. In a similar manner wo may prove that every even function 
of tho differences of tho roots a, 0 t y, 9 may be expressed in terms of oo, H, I, J, 
the function G of odd degree not entering. 

62. Second Solution by Radicate of the Biqua- 
dratic. — Let the biquadratic equation 

ax A + 4bz* + 6cx* + 4dx + e = 0 

be put, as before, under the form 

** + 6ifV + 4Gz + a'J- - 0, 

where z a ax + b. 

We now assume as the general expression for a root of tlii* 
equation 

s = V~r + Jr s/v + -/]> v/7, 

a formula involving three independent radicals, y/p, </</, </r. 
Squaring twice, and reduoing, we have 

(z* - qr - rp - pq)* = 4pqr(2z + p + q + r) y 

or 

z K - 2 (qr + rp+pq) s a - Spqrz + (qr + rp + pq) 2 -4(p + q + r)pqr = 0. 

Comparing this equation with the former equation in r, we 
easily find 

nTr O rt'/-12^' 
qr+ rp+pq = -3Il, pqr = --, p + q + r = — ; 

whence p, q, r are the roots of the equation 

2 Gt> + (12 Jf - a'/) t 1 - 6HGt + G* - 0. 
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This equation maybe readily transformed into Euler's oubic, 
or making directly the substitution 



and putting for Q 9 its value in terms of H, 7, and J, we may 
reduce it to the standard form of the reducing cubic, viz., 

It is important to observe that in the present method of so- 
lution we meet with no ambiguity corresponding to that of 
Art. 61 ; for the expression here assumed as the value of s has, in 
virtue of the double signs of the radicals contained in it, only 
four values, while the form assumed for s in the preceding Article 
has eight values. This appears from the identical equation 

2(\/?v / '*+\/' , v^ + yp\/'/) * (v/>+ v/</ + </r)*-p-Q-r 9 

which shows that the number of distinct values of the radical 
expression of the present Article is the same as the number of 

values of (\/ p + •/ q + */ r) 9 , namely four. 

In order to express p, g, r in terms of the roots a, /3, 7, 8 of 
the biquadratic, we have, giving to x the four values a, |3, 7, S, 

z x aa + b = -/q</r - % /r y/ p - y/p q, 

2, - a/3 + b = - y/q */ r + y/r y/p - y/p y/q, 

2s ^ a y + b - - y q v/7- </r y P + yp y~q, 

Zi - aS + b = y q y/r + /r//) + y/p */q. 

The student may easily satisfy himself that no combination 
of the signs of the radicals can lead to any value different from 
these four. 

From the values of 2, + s, - s, - s 4 , and z,z 3 - z,z 4 , we obtain 
a(j3 + y-a-S) = -4</qy/r, 
a 9 ifiy - aS) + ab(fi + y - a - S) = 4p y/q y/t\ 
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From these and similar equations we have, employing the rela- 
tion G = - 2pqr, the following modes of expressing p, q> r in 
terms of the roots a, j3, 7, 8 : — 

gy-aS 8(7 
P a /3+ 7 -a-S rf^ + y-a-S) 1 ' 

* a y + a -P-$ +t> i»( 7+ a-0-8)»» 

a/3 - 7S . 8G 
a+tf-7-S *r(a +/3- 7- S) 1 

63. Reflation of the Uaartlc Into Its Quadratic 
Factors. — Let the quartio 

ax* + 4bx> + 6cx z + 4dx + e 

he supposed to be expressed as the difference of two squares* in 
the form 

(«* + 2&r + r + 2aBy - (2Mx + 

Multiplying the given quartic by and comparing it with 
this expression, we have the following equations to determine 
M, iV, and 0 :— 

M*= b* -ac + a>$ t MN = bc-ad + 2abt), = (c + 2a0)« - ae. 

Eliminating M and iV from these equations, we find 

4a s P - (ae - 4bd + &*) «0 + n«> + 26crf - rtrf 5 - - c» = 0, 

whioh is the reducing cubic before obtained. 

From this equation we have three values of 0 (0i, 0 2 , 0 3 )> 
with three corresponding values of if 1 , IfZV, N* ; and thus all 
the coefficients of the assumed form for the quartio are deter- 



* The reduction of the quartic to the difference of two squares was the method 
first employed for the solution of the equation of the fourth degree. This mode of 
solution is duo to Ferrari, although by some writers ascribed to Simpson (see Note A). 
The method explained in the following Article, in which the quartic is equated 
directly to the product of two quadratic factors, is duo to Dttcarttt. 
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mined in three distinot ways; moreover, it should be noticed 
that to each value of M corresponds a single value of N, since 

MN=bc-ad + 2ab0. 

The qnartio 

(ax* + 2bx + c + 2a$y - (2Mx + N) % 

may plainly be resolved into the two quadratic factors 

ax* + 2(b-M)x + c+2ae-N, 

ax* + 2(b + M)x+c + 2aO+N. 

When 9 receives the three values 0 if 0 2 , 0 3 , we obtain the three 
pairs of quadratio factors of the original quartic, and the problem 
is completely solved. 

In order to make clear the connexion between the present 
solution and the solution by radicals, let us suppose that the 
roots of the quadratio factors in the order above written are 
/3, 7 and a, S ; and that the roots of the remaining pairs of qua- 
dratic factors are similarly 7, a and /3, 8 ; a, /3 and 7, S. We 
have, therefore, 

0 + 7= -?(&_j£), y + « — ?(6-jf s ), « + /3 = -?(&-if 3 ), 

«+8--?(6 + Jfi), /3 + S=-^(6+Jf 2 ), 7 + S = -^(6 + iT s ), 
where 

M x *S&-ac + a*Bx 9 M 2 =y/b 2 -ac + a*6 2i M % ^ y/b* -ac + <i a 0 3 . 
Subtracting the last equations in pairs, we find 

/3 + y-a-8 = 4^\ 7 + a -/3-S = 4^, a+ P-7-S = 4^; 
and since 

a + /3 + 7 + 5 = -4-, 

a 

we obtain 

aa + b = - if, + M 3 + J/" 3 , 
a/3 + b = M x -M* + J/j, 
ay + 6 = if, + i/j - 
aS + A = - M x - M 3 - M 3 . 



■ 
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It appears, therefore, that the roots of the biquadratic are here 
expressed separately by formulas analogous to those of Art. 61. 
The values of M % > viz. JIT,', Jf,*, Jf,*, are in fact identical with 
the roots of Eider's ci^o in the preceding Artiole. There 
exists also with regard to the signs of the radicals involved in 
M it M 3l Mi a restriction similar to that of Art. 61 ; since, in 
virtue of the assumptions above made with respect to the roots 
of the quadratic factors, we have the equation 

a s (/3+y-o-S) {y + a-P-h)(a + P-y-$) = 64M l M t M 3t 
whioh implies the following relation (see Ex. 20, p. 52) : — 

and by means of this relation the signs of Jfi, M 2 , Ms are re- 
stricted in the manner explained in the previous Article. 

By aid of the equation last written we can eliminate M s 
from the expressions for the roots, and thus obtain, as in Art. 61, 
all the roots of the biquadratic in a single formula, viz., 

G 



ax + b = Mi + Mi - 



in whioh the radicals M { ■ */b % -ac + a % d ly and M t a ^/P-ac + tfdt 
are taken in complete generality. 

Examples. 

1. Form the equation whose roots are A, ^ viz., 

/3y + ai, ya + S8, «J8 + yt- 
Adding the last coefficients of the quadratic factors of the quartie, we hare 

fly + aS = 49i + 2 
ya + fl«=4« a + 2 
afl+y« = 46,+ 2 

where di, 0j, <b are the roots of the reducing cubic ; hence the rcquirod equation. 

Ant. (ax - 2«) s - il(ax - 2c) + 16 /= 0. 

(Compare Exs. 4, 5, Art 39.) 

K 
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2. Express, by means of the equations of the preceding example, the roots of 

the reducing cubic in terms of the roots of the biquadratic. 
2c 

Substituting for — its value in terms of a, 0, y, 8, we find immediately 
a 

120, = 2 A - M - 9 a (7 - <0 {0 - «) - (a - 0) (y - 8), 

1 2 *, = 2 M - y - x = (a - P) (y - 8) - (3 - 7) (« - 8), 

120, = 2* -X-m M/3- 7 )(a - 8) - (7 - a) (j8 -8). 
(Of. (6), Art. 61.) 

3. Verify, by means of the expressions for 0i, 0a, *3 in Ex. 1, the conclusions of 
Ex. 10, Art. 61, with respect to the manner in which the roots of the biquadratic 
and reducing cubic are related. 

4. Form the equation whose roots are the functions 

i (/3>-o8)(3 + 7-a-8), (?a - 08) (7 + a-0-8), ^{afi-yS) (a + 0-y- 8). 

From the quadratic factors of the quartic we find 

iM x 2N X 

-- = £ + 7-0-8, - — - = £7 - a8 ; 

also 

M } jV, *sbe-ad + 2ab$i = - a 2 £i, 

th<> roots of the required cubic being represented by ^1, ^j, 

We obtain, therefore, the required equation by a linear transformation of the 
reducing cubic. 

Am. (<i'f + be - ad)* - b*I(a*<f> + & - ad) - 24V = 0. 
0. Form the equation whose roots are 

$y - 08 ya- j8» a/3 - 78 



0 + 7 - a - 8' 7 + a - 0 - 8' a + £ - 7 - 8' 

If $ denote any one of these functions indifferently, and 6 the corresponding root 
of the reducing cubic, we have, employing former results, 

MX_ be -ad + 2ab$ 

f _ _ _ ^_ ; 

and thus we obtain the required equation by a nomographic transformation of the 
reducing cubic. This formula may bo put under the more convenient form 

by means of which we obtain the required cubic in the following form :— 

2(7 [af + b)* + {aU- 12W) (** + b)* - 6HG (af + b) - G* = 0, 
which, expanded and divided by a 9 , becomes 

2G<pfi + {a*e 4 6*'c - 9ae* + 2abd) + 2 + 26«<f - 3«rf) 4. + b*e - ad* = 0. 
(Cf. Ex. 14, p. 88.) 
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C. Form the equation whoso roots aro 

j(3y-«8) 2 , j(7—W, j(aB-yt)*. 

These are the three values of JV" 2 in the foregoing Article. Representing, as 
before, one of these values by ^, we find that the required equation may be obtained 
from the reducing cubic by means of the nomographic transformation 

2bcd-ad*-eb» + 4abd6 

7. Form the equation whose roots are 

By -ah ya -fit aB-yt 

05 + 7) a* - (a + 8) By {y + a) 05 - (fl + 8) 7 a' (a + fl) 78 -(7 + 8)0^ 

The required equation is obtained from the reducing cubic by the homographic 
transformation 

_ td - be + 2ad6 

This result may be derived from Ex. 5 by changing the roots into their recipro- 
cals, and making the corresponding changes in the coefficients. 

64. The Resolution of the Quartic Into Quadratic 
Factors. Second Method. — Let the quartio 

ax 1 + ±bx z + 6car* + 4dx + e 

be supposed to be resolved into the quadratic factors 

a (z* + 2px + q) (z* + 2px + q'). 

We have, by comparing these two forms, the equations 

p+/=2^, q + q'+4pp'=6^ i>/ + //<7 = 2^, w'=*. (1) 

If now we had any fifth equation of the form 

■ 

F(p, <i* p'> q') - 

we could eliminate p, p\ q, q'\ and thus find an equation giving 
the several values of <p. 

The fifth equation might be assumed to be pp = <p, or 7 + 7' 
= $ ; and in each case <f> would be determined by a cubic equa- 
tion, since each of these functions, when expressed in terms of 

k2 
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the roots of the biquadratic, has three values only. It is more 
convenient, however, to assume 



the two functions of p, p', q, q' here involved being equal by the 
second of equations (1). We easily find, by the aid of those 
equations, 



and eliminating p,p' t ?> 4* by means of the identical relation 



which is the reducing cubio obtained by the previous methods 
of solution. 

Having thus found pp\ or q + q\ we may complete the 
resolution of the quartio by means of the equations (1). 

The reason for the assumption above made with regard to 
the form of the fifth equation is obvious. From a comparison 
of the assumed values of <p with the equations of Ex. 1, Art. 63, 
it appears that <p is the same as 0 in the preceding Article ; and 
therefore we foresee that the elimination of p, p\ q, q\ must lead 
to an equation in <f> identical with the reducing cubic before 
obtained. In general, if <p represent any function of the differ- 
ences of A, ft, v, and consequently an even function of the differ- 
ences of a, & 7, 8 (see Ex. 18, Art. 27), the equation whoso 
roots are the different values of <p cannot involve any functions 
of the coefficients except a, H, I> and J. 

If 0 be assumed equal to any of the expressions in the second 
of the following examples, the equation in <f> whose roots are the 
different values of this expression is formed as in the above in- 
stance by the elimination of p t p\ q, q\ 




pq+p'tf 



4abc - 2a*d M<b 



{f + f)(f + f) - ( P q - p'qY + (PQ + ft*)*, 
there results the equation 

4 flfy 3 - Ia<p + J = 0, 
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1. Resolve into quadratic factors 

** + 6JW + 40* + «V- ZE*. 
Comparing this form with the product 

(z* + 2pt + g)(*-2pz + g), 
ire find the following equation for p :— 

4p*+ \2Bp* + n{H*-^p*-G* = Q; 

i\nd putting 

o>* + JTa i fa + q' - 2-ff), 
this equation, when divided by a J , becomes 

4a 3 <p s - 7a$> +/ = 0. 

2. If a quartic be resolved into the two quadratic factors 

z*+pz + q t x' + p'x + q', 

prove that <p ia determined by a cubic equation when it has all possible values corre- 
sponding to each of the following types :— 

q-q pq'- pq pq' - p'q 

(p-p')\ iP-Plte-*)* to-*) 2 , iPi'-p'g) 1 ; 

and by an equation of the sixth degree when it has all values corresponding to 

P,9,P- P\ 9 ~ 9', M'-fa, or p* - 4q. 
Expressing these functions in terms of the roots, the number of possible values of 



65. Transformation of the Biquadratic Into the 
Reciprocal Form. — To effect this transformation we make 
the linear substitution x = ky + p in the equation 

ax' + Uz* + 6caf" + 4dx + e = 0, 
which then assumes the form 

a*Y + 4*7, AY + 6U 2 ky + 4U 3 ky + U t = 0, 

where 

Ui-ap + b, Ut = ap* + 2bp + c, U 3 3 a/» 3 + 3bp % + 3cp + d, &c. 

(Of. Art. 35.) If this equation be reciprocal, we have two equa- 
tions to determine k and p, viz., 
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eliminating k 9 we have the following equation f or p : — 

am - £77.-0; 

and sinoe 

„ TT* ap* + 3fy>* + 3cp + 

ap + b 9 

there are two values of k, equal with opposite signs, correspond- 
ing to each value of p. 
The equation 

when reduced by the substitutions (Arts. 36, 37) 
a*U t m m + ZHUt + G, 

a*u< - m + eircr, 1 + 4<m + a*I- SH\ 

becomes 

2Gtfi' + (a*I - 122P) - 6GHU X - CP = 0, (1) 
which is a cubic equation determining Ui^ap + b; and if we put 

S is determined by the standard reducing cubic 

4a*(P - IaO + J = 0. 

This transformation* may be employed to solve the biqua- 
dratic ; and it is important to observe that the cubic (1) which 
here presents itself differs from the cubic of Art. 62 only in 
having roots with contrary signs. 

We proceed now to express k and p in terms of a, /3, 7, S, the 
roots of the biquadratic equation. Sinoe the equation in y, 
obtained by putting x = ky + p, is reciprocal, its roots are of the 

form y lt y it — , — ; hence we may write 

a = ky x + p t (5 = ky 3 + p, y=k-+p, 8 = k — + p ; 



• This method of solving the biquadratic by transforming it to tho reciprocal 
forai was given by Mr. S. S. Greathecd in the Camb. Math. Journ., vol. i. 



Digitized by 



Transformation of Biquadratic into Reciprocal Form. 135 
and, therefore, 

(■-ri(*-ri-0-p)( 7 -ri-A», 

from which we find 

py — ao 
9 = 0 + y - a -~? 

( y -«)(0-a)(.-0)( 7 -«) 

An important geometrical interpretation may be given to 
the quantities k and p which enter into this transformation. 
Let the distances OA, OB, OC, OB, of four points A, B, C, B, 
on a right line from a fixed origin 0 on the line be determined 
by the roots a, /3, 7, B, of the equation 

ax* + 46^ + 6 car + 4<fa + e = 0 ; 

also let Ox, 0 2 , 0, be the centres ; and Fx, Fx'; F 2 , F t ' ; F 3 , F 3 ', 
the foci of the three systems of involution determined by the 
three following pairs of quadratics : — 

(*-/3)(*- 7 ) =0, (*-a)(*-8)-0; 
(*- 7 )(*-a) = 0, (*-0)(*-S)«O; 
(* - a )(* - 0) = 0, (*- 7 )(* - 8) - 0. 

We have then the equations 

OxB. OxC = OxA . OxB = OxF x \ &c, 
which, transformed and compared with the equations 

03 - p){y - p) = (« - p)( 8 - = * J » &c -» 

prove that the three values of p are OO lt 00 2 , 00„ the distances 
of the three centres of involution from the fixed origin 0. Also 
8inoe OxFi 2 - k has six values represented geometrically by 
the distances 

OxFx, OxFx' ; OtF if 0,F/ ; O^, 0^', 

where OxFx + OxFx = 0, &c, as the distances are measured in 
opposite directions. 
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We can from geometrical considerations alone find the posi- 
tions of the centres and foci of involution in terms of a, /3, 7, 5, 
and thus confirm the results just established, as follows : — 

Since the systems {F X BF X 'C\ and [F X AF X 'D] are harmonic, 

2 1 + — - — + 1 



F X F X ' F X B FC F V A F X D* 

and if x represent the distance of F x or F( from the fixed origin 
0, we have 

1 1 1 1 



*-/3 X-y x -a x - 8* 
Solving this equation, we find 

or a: « /o ± k, 

, + of: _ of, - o^,' „ _ 

whence p = ^ , A- = ± = ± O x F x . 



Transform the cubic 

ax 3 + 3*** + Us + d 

to the reciprocal form. 

The assumption x = ky + p leads to the equation 

+ 3 IP Pi* + JT* = 0, where Pi a ap + 4. 
The values of p arc easily seen to be 



ftr-q* *fl-y* 

fl + 7-2o' 7+ a- 2/3' a + & - 2y 

The geometrical interpretation in this caae is, that if three points A', tf, C be 
taken on the axis such that A' is the harmonic conjugate of A with respect to 
B and C, B* of B with respect to C and A, and C of C with respect to ^ and B ; 
then we hare the following values of p and * :— 

0,4 + OA' _ 0^ - 0.4' 
f> = 2 ' * = ^ 

For the values of OA', OB, OC, in terms of a, $, 7, see Ex. 13, p. 88. 
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66. Solution of the Biquadratic by Symmetric 
tlons of the Roots. — The possibility of reducing the solution 
of the biquadratio to that of a cubic by the present method de- 
pends on the possibility of forming functions of the four roots 
a, j3, y, $, which admit of only three values when these roots are 
interchanged in every way. It will be Been on referring to Ex. 2, 
Art. 64, that several functions of tins nature exist. These, like 
the analogous funotions of Art. 59, possess an important pro- 
perty to be proved hereafter, viz., any two suoh sets of three are 
so related that any one function of either set is connected with 
some one function of the other set by a rational nomographic 
relation in terms of the coefficients. 

For the purposes of the present solution we employ the 
functions already referred to in Art. 55, since they lead in the 
most direct manner to the expressions for the roots of the bi- 
quadratio in terms of the coefficients. We proceed accordingly 
to form the equation whose roots are the three values of 



when the roots are interchanged in every way, and d- - 1. 
These values are 

^tr^y, ^(H-^ 1 . <,,(°±<^)\ 

and since 

(0 + y-a-S)* S 2a' + 2A-2/u-2v, 

2 (a - ft* = 32a* - 2A - 2fi -2v = -48 

we find the following values of t x% U : — 

2A-/i-v H 2fi-v-X H 2v-\- n H 
12 a" 12 a" 12 a 1 ; 

whence U + U + U = - 3 — . 
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Again, since 

2(2 / i-v-A)(2y-X-^)=-3(A , + M a + v , - A iv-vA-A M )=-^2(/Lc- v)\ 

and S ( M ^ v) »,24^, 
we have 

cr 

also / ' / ' / ' =s 4^.* 

Hence the equation whose roots are /„ f 3 becomes 

(any + 32? + (32?' - ^) («v) - £ - o ; 

or, substituting for G* its value from Art. 37, 

4 (a 3 * + Ilf - a 5 /(n s / + U) + aV= 0, 

which is transformed into the standard reducing cubic by the 
substitution a*t + J2"= « a 0. 

To determine a, |3, 7, S we have the following equations : — 

-a + /3 + 7-S = 4v//;, a-/3 + 7 -8 = 4v/S, a + /3- 7 -S = 4 y^T, 

along with a + /3 + y + S = -4^; 

from which we find 

a = a/^i + v/^ + \/ ti> 

a 

/3 = - 1 + </£ - Vu - -A, 

7 = - 5 + vA + - 
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We have also from the above values of ^/T if 1 2 , 1 3 the 
equation 

by means of which one radical can be expressed in terms of the 
other two, and the general formula for a root shown to be the 
same as those previously given. 

It is convenient, in connexion with the subject of this Article, 
to give some account of two functions of the roots of the biqua- 
dratic which possess properties analogous to those established in 
Art. 59 for corresponding functions of the roots of a cubic. 
Adopting a notation similar to that of the Article referred to, 
we may write these functions in terms of A, v in the follow- 
ing form :— 

L = (0 7 + ac) + o, (ya + 08) + u>* («0 + 78), 

M - (/3 7 + aS) + o>* {ya + 08) + o> (a0 + 78). 

By means of the equations of Ex. 1, Art. 63, these funotions 
can be expressed in terms of the roots of the reducing oubio in 
the form 

\L = 0i + O)02 + O»*0j, i M = 0i + 01*02 + 0)03. 

They may also be expressed, by aid of the equation of the pre- 
sent Article connecting t and 0, in terms of the values of t x> t„ t it 
aB follows : — 

\L = t x +o>*2 + oi l / 3 , IM = ti + Ufti + toti. 

The funotions L and M are as important in the theory of 
the biquadratic as the funotions of Art. 59 in the theory of the 
cubic. The cubes of these expressions are the simplest functions 
of four variables which have but two values when the variables 
are interchanged in every way ; they are the roots of the re- 
ducing quadratic of the reducing cubic above written, and 
underlie every solution of the biquadratic which has been given. 
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ExAMTLES. 

1 . Show that L and M are function* of the differences of a, 0, y, 8. 
Increasing a, $ f y, 8 by A, L and M remain unaltered, since 1 + = 0. 

2. To find in terms of the coefficients the product of the squares of the difier- 
encee of the roots a, $, y, 8. 

From the values of X and M in terms of 9\, 02, 0s, we find easily 

120i = L + M, L- M = 08 - 7) (a - 8) («' - <*), 

120} = + « Jf, - wAT ■ (7 - a) - 8) (»' - 

120s = »L + »»»jr, - t»'Jf = (a - 0) (7 - 8) («* - «). 

Again, from these equations, multiplying the terms on both sides together, and 
remembering that 0i, 0 3 , 0 3 are the roots of 

4a s 0»-/«0 + /=O, 

we find 

X» + Jf» = -432 ~, 

a 3 

:Z>-J/» = 3v/^3(fl-7)(7-«)(«-^)(«-8)(3-8)(7-8); 
also, adding the squares of the same terms, we have 

2Zlf = 24 I = 0 - 7) 1 (« " 3J» + (7 - «)' 0 - 8) s + (. - *)* (7 - •)» i 
and, since 

(Z> - Jf »)» = (Z» + JP)» - 4Z' JP, 

substituting for these quantities their values derived from former equations, we have 
finally 

«' 08 - 7)* (7 ~ «)* (a - 0? (a - 8)» (fl - 8)» (7 - 8)' = 256 (/» - 27 

3. Show by a comparison of the equations of the present Article and Art. 59 that 
the results of the previous Article may be extended to the biquadratic by changing 

0-y, y-a, a-0 into - (0- 7) (a -8), -{y-a)(0-9), - (a - 0) (7 - 8), 
respectively ; and, consequently, H into - ^ I, and G into 18/. 

67. Equation of Squared Difference* of a Biqua- 
dratic. — In a previous ohapter (Art. 44) an account was given 
of the general problem of the formation of the equation of dif- 
ferences. It was proposed by Lagrange to employ this equa- 
tion in practice for the purpose of separating the roots of a 
given numerical equation ; and with a view to such application 
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he calculated the general forms of the equation of squared dif- 
ferences in the cases of equations of the fourth and fifth degrees 
wanting the second term (see Trait 6 de la Resolution des Equa- 
tion* Numtriques, 3rd ed., Ch. v., and Note m.). Although for 
practical purposes the methods of separation of the roots to be 
hereafter explained aro to be preferred ; yet, in connexion with 
the subjects of the present Chapter, the equation of squared 
differences of the biquadratic is of sufficient interest to be given 
here. We proceed accordingly to calculate this equation for a 
biquadratic written in the most general form. It will appear, 
in accordance with what was proved in Ex. 17, Art. 61, that 
the coefficients of the resulting equation can all be expressed in 
terms of a, H y I, and J. 

The problem is equivalent to expressing the] following product in terms of the 
coefficients of the biquadratic 

{♦-(*-7) a H*-<T— r}{*-(*-m{4>-(*-*) s }i*-(»-*m+-(y-w}. 

The moat convenient mode of procedure is to group these six factors in pairs, 
and to express the three products (which we denote by ni , n a , II3) separately in terms 
of the roots of the reducing cubic, and finally to express the product ni nj rij in 
terms of a, H, J, /. 

n,-^-{{fl-7)*+ (■-«)*} ♦ + (0-r) i («-«)'; 

and, by aid of the results of Art. 61 we easily derive the following expressions for 
<*- 7 )*, («-8)*:- 

hence, without difficulty, 

Introducing now for brevity the notation 

16J5T= a 8 P, 4/sa»Q, 167= a»R, ^ + P^ + Q= Yt 

Ux becomes W + %9if - 480!*. 

Reducing the product ni n 2 IIj by the result of Example 18, page 89, wo obtain 

V« + 3Q*« - (4<ft» + 18Jty) V - (SB? + 12Q V + 360** + 27J2») = 0. 

Finally, restoring the value of % we have the equation of squared differences ex- 
pressed in terms of P, Q, B, as follows :— 

+ 3P*» + (3P 9 + 2Q) + (P» + 8PQ - 26P) $ 3 

+ (6P*Q - 7G 1 - 18Pft) f > + 9Q {PQ - 6B)ip + 4Q» - = 0. 
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We give for convenience of reference the result also in terms of a, H, I, J 9 : — 
+ 48a»/fy* + 8 a* (96/7* + a*7)*« + 32 (l'28ZT s + 16a*J37- 13 a 5 /) 
+ 16(3847^7- 7fl^-288fl7fy)^+ 1152(2/77- 3ay)/^ + 256(7' -27/ , )=0. 

It should be observed that the value above obtained for n» can be expressed as a 

quadratic function of 8i by aid of the equation 0 2 03 = Oi 2 - and the subsequent 

calculation might have been conducted by eliminating 0\ between this quadratic and 
the reducing cubic. 

68. Criterion or the Nature of the Roots of the 

Biquadratic. — Before proceeding with this investigation it is 
necessary to repeat what was before stated (Art. 43) , that when 
any condition with respect to the nature of the roots of an 
algebraic equation is expressed by the sign of a function of the 
coefficients, these coefficients are supposed to represent real 
numerical quantities. It is assumed also, as in the Article re- 
ferred to, that the leading coefficient does not vanish. 

Using as before A to represent that function of the coef- 
ficients (called the discriminant) which, when multiplied by a 
positive numerical factor, is equal to the product of the squares 
of the differences of the roots, we have, from the results estab- 
lished in preceding Articles, the equation 

«' 0 " 7)'(7 " ■)'(■ - /3)'(a - W - - «)« = 256A, 

where A = P - 27 J 1 . 

It will be found convenient in what follows to arrange the 
discussion of the nature of the roots under three heads, 
according as — (1) A vanishes, or (2) is negative, or (3) is positive. 

(1) Wlien Evanishes, the equation has equal roots. This is evident 
from the value of A above written. Four distinct cases may be 
noticed — (a) tchen ttco roots only are equal, in which case / and J 
do not vanish separately ; (/3) when three roots are equal, in which 
case 1=0, and J = 0, separately (see Ex. 7, Art. 61) ; \y) when 



• The equation of squared diffirences was first given in this form by Mr. M. 
ltoberta in the Noux elkn Annalet de Mathcmatiqtm, vol. xyi. 
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two distinct pairs of roots are equal, in which case we have the 
conditions O = 0, a* I-12H* = 0 (Ex. 8, Art. 61). It can be 
readily proved by means of the identity of Art. 37 that these 
conditions imply the equation A = 0 ; hence these two equations, 
along with the equation A = 0, are equivalent to two indepen- 
dent conditions only. Finally, wo may have — ($) all the roots 
equal; in which case may bo derived from Art. 61 the three 
independent conditions H = 0, 1=0, and J = 0. These may 
be written in a form analogous to the corresponding conditions 
in case (4) of Art. 43. 

(2) When A is negative, the equation has ttco real and two ima- 
ginary roots.— This follows from the value of A in terms of the 
roots ; for when all the roots are real A is plainly positive ; and 
when the proper imaginary forms, viz. h±k y/ - 1, A' ±U 

are substituted for a, /3, y, 8, it readily appears that A is positive 
also when all the roots are imaginary. 

(3) Wlien A is positive, the roots of the equation are either all 
real or all imaginary. — This follows also from the value of A, for 
we can show by substituting for a, /3 the forms h ± k «/ -1 that 
A is negative when two roots are real and two imaginary. 
In the case, therefore, when A is positive, this funotion of the 
coefficients is not by itself sufficient to determine completely the 
nature of the roots, for it remains still doubtful whether the 
roots are all real or all imaginary. The further conditions 
necessary to discriminate between these two cases may, however, 
be obtained from Euler's cubio (Art. 61) as follows :— In order 
that the roots of this cubio should be all real and positive, it is 
necessary that the signs should be alternately positive and 
negative ; and when the signs are of this nature the cubio can- 
not have a real negative root. We can, therefore, derive, by the 
aid of Ex. 9, Art. 61, the following general conclusion appli- 
cable to this case : — When A is positive the roots of the biquadratic 
are all imaginary in every case except when the following conditions 
are fulfilled, viz. H negative, and a*I - 122P negative ; in which 
case the roots are all real. 
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Examples. 

1 . Show that if E be positive, or if E = 0 (and 0 not = 0), the cubic will have> 
a pair of imaginary root*. 

2. Show that if E be negative, the cubic will have its roots— (1) all real and 
unequal, (2) two equal, or (3) two imaginary, according as 0 J is— (1) leas than. 
(2) equal to, or (3) greater than - 42P. 

3. If the cubic equation 

aosfi + 3C1* 3 + Zatz + a 3 = 0 
have two roots equal to a ; provo 

E* E x 
~ a ° E = E' 

where ao«i - of ~ E, «,<» - = 2#i, «» «3 - «*" s s *- 

4. If ax» + 34* s + 3c* + rf+A(*-r)» 
be a perfect cube, prove 

(at - P) r* + (ad - be) r + (bd - e*) - 0. 

5. Find the condition that the cubic 

ax* + 3J* 8 + 3<?x + 

may be capable of being written under the form 

/(*-ai)» + fii(*-/8i)S+»i(*-iri)», 

where ai, 0i, yi are the roots of the cubic 

+ 3Ai* a + 3n* + d x = 0. 
Comparing the forms, we have 

a = I + m + «, 

- J ■ /oi + m/3i + «7j, 

c = lai* + *w/3i a + nyv, 

— d = ^»i s -+■ »m/3i s + «7i 3 . 
Also fli ai* + 3Ai oi 2 + 3d oi + di = 0, &c. 

Whence, multiplying these equations by rfi, 3fi, 3*i, a u respectively, and adding, 
we find the required condition 

(adi - aid) -3 {bfii - bic) = 0. 

6. If a, fi, y be the roots of the cubic equation 

•or 3 + Zoxx 1 + 3n,jc + flj = 0; 

rationalize the equation 

j/z-a + y/x-P + \/ x - y = 0 ; 

and express the result in terms of the coefficients ao, a lt at, aj. 

^n*. 125 17i« + 360iri7i\+ 1280 ft - 48//* = 0. 
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7. If at, fii, and a 2 , /3? be the roota of the quadratic equations 

+ 23,* + *! = 0, «j*»+2*,* + <* = 0; 

find the equation whose roots are the four values of ai a 2 . 
Let Hi =a\a- *i J , J? 2 s <, 2 t 2 - 

(ajc^ 3 - 2Ms^ + tfi<*) 2 - 42Ti2fs$* = 0. 

N.B. — This and the two following Examples may be solved by expressing <p by 
radical; involving the coefficients. 

8. Employing the notation of Ex. 7, form the equation whose roots are the four 
values of a -i±^ 3 . 

Let 2J, 2 = a\c% + 03c, + 2*i$a. 

Ana. (2s, aa^ + 2 («, + otbx) <p + ^a)* - H X H % = 0. 

In this Example the resulting biquadratic is such that <? = 0. 

9. In the same case, if <p = $ (o, - u 2 )*, form the equation whose roots are the 
several values of +. 

Let M^aih- «a*i, 2J7, a s a,** + ^c, - 2*,fc. 

Am. {(a,Oa4> + flu)'- 2Jf > + ir,2T 2 } 2 = 4JT,ir 2 (a,^ + 1T 12 )». 

10. Show that when the biquadratic has a double root, the cubio whose roots 
are the values of p (Art. 65) has the tame double root ; and find what this cubic 
becomes when the biquadratic has three roots equal. 

11. If H and J are both positive, prove directly (without the aid of Euler's 
cubic) that the roots of the biquadratic are all imaginary. 

It appears from the expression for if in terms of the roots (Ex. 19, p. 62) that 
when JJ is positive there must be at least ono pair of imaginary roots A ± k V^T. 
Now diminishing all the roots by h, and dividing them by k (which transformations 
will not alter the character of the othor pair of roots y, 8, nor the signs of If and J) t 
the biquadratic may be put under the form 

(*' + 4/>* + *)(*» + 1), 
or x* + 4/jjc 3 + 6«x* + ipx + q, where 6c = q + 1 ; 

whence E=c-p>, I=q-ip*+&, 

J=qt+2ptc-p 1 (q+l)-<* = c{q-4p'-<*), 

and therefore 

proving that y and 8 are imaginary if JET and / are both positive (cf . Ex. 13, p. 124). 

L 
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12. If the biquadratic has two distinct pairs of equal roots, prove directly the 
relations 

«o'/ = 12ff», a 0 V=8JT'. 
In this case the biquadratic divided by «o assumes the form 

* a-/5 

where s = «o* + <*i, and — = _ ; 

ao 2 

whence, comparing the forms 

r* - 2*»z» + k* 

and s* + 6Hi 2 + AOs + oo J 7 - 32P, 

we find 32T=-* 2 , G = 0, «<>*/- 3ff* = *«, 

from which the above relations immediately follow. The student will easily estab- 
lish the identity of these relations with those of Ex. 8, Art. 61. Also it should be 
noticed that in this case only one square root is involved in the solution of the 
biquadratic (coming from the solution of the quadratic (x — a) (x — fi) ). 

13. Find the condition that the biquadratic may be capable of being put under 
the form 

l(x* + 2px + g) 2 + mix 2 + 2px + }) + ». 

In this case the second and fourth coefficients are removed by the same trans- 
formation, and the general solution involves only two square roots. 

Am. 0 = 0. 

14. Prove that / vanishes for the biquadratic 

m(x - w)* - n(x - m)*. 

15. If the roots of a biquadratic, a, (3, y, 8 represent the distances of four 
points from an origin on a right line ; prove that when these points form a harmonic 
division on tho lino the roots of Euler's cubic are in arithmetic progression, and the 
roots of the cubic of Art. 62 in harmonic progression. 

16. Form the equation whose roots are tho six anharmonic functions of four 
points in a right line determined by the equation 

aox* + 4c ix 3 + 6««** + ia 3 x + a 4 = 0. 

The six anharmonic ratios are 
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where ^1 

4n 



(a - /3) (7 - 8) _ X - m = fli ~ ft ? 
(7 - «) (0 - 8) " A - * 01 - 03 

Q8 - 7) (a - 8) _ M - v _ 02-9) 
(a - fi) (7 - 8) " m - X " 0a - «i* 



(7 - a) (j8 - 8) » - A _ 0 3 - 0i 
*~ (J8-7)(g-8) S y -/l"03-0a , 

also the equation whoso roots are 

(P -7) (•-«), (7 -■)(*-«), (a-/8)(7-8) 
is one of the cuhics 

Ao 3 < 3 - 12a«i7 + 16 s/l^Tij^ = 0. 

The equation whose roots are the ratios, with sign changed, of the roots of lither 
of these cubics is 

4A(<p 2 - * + l) 3 - 27JV(* - 1)*= 0 (see Ex. 15, p. 88), 
where As P -27/'. 

The roots of the equation in <p are the six anharmonic ratios. This equation can 
in a more expressive form, as will appear from the following propo- 



(a). The six anharmonic ratios may be expressed in terms of any ono of them, 
as follows :— 

1 1 1 <p 



1 - f <p * <p - r 

From the identical equation 

(0 - 7) (« - «) + (y - a) 0 - 8) + (« - fi) (7 - 8) = 0 
we have the relations 

which determine all the anharmonic ratios in terms of any one of them. 

(*). If two of the anharmonic ratios become equal, the six values of <p are 
- « and - «*, each occurring three times ; and in this case 1=0. 

For suppose < p i = <p 2 ; we have then from the second of the above relations 

*i s - <pi + 1 = 0, 
whence (pi = - «, or - w* ; 

and substituting either of these values for <p in (a), we find all the anharmonic ratios. 
Also, since 

^— - + ^— = 0, or 2(^-^ = 0, 
A - K A -M 

we have 

1 2 aoa< - 4<*i flj + 3a» 2 = 0. 

l2 
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(e). If one of the ratio* i* harmonic, tho six values of * are - 1,2,-, each 
occurring twice; and in this case / = 0 ; for if 



*i = - 1»^T7=- 1 . or2*- M -r = 0, 

one of the factors of / (see Ex. 18, p. 62). 

(d). These results, as well as tho converse propositions, may he proved by 
writing tho sextic in <p under the following form :— 

iP { (+ + " 2)(^ - W = 27^{ (* + .)(♦ 4- «') } s . 

17. Solve the equation 

/^+Hx+_1\ S x(x- 1)« 

18. Express 2(a - /3)«(r - 8)» as a rational function of to , to, 0s ; and ultimately 
in terms of the coefficients of the quartic. 

(2H\ 96 

19. Express 

(P ~ T 2 ) V ~ *V + (7 l " - + (a* - /JW - «*) S 

as a rational function of to. to. to- 

This symmotric function is equivalent to 

{p? - *')' + - X 5 ) 1 + (\ 3 - m 2 ) 2 = 256 5 (to - to) 2 - 0 ? 

20. Form tho equation whose roots are the several products in pairs of the roots 
of a biquadratic. 

The required equation is the product of three factors of the type 

(<p - (Sy)(l>- «8) =* 2 - \* + \ = <f>* - 2 £ * + - 4^i. 

Ant. {a<? -2c<p + «) 3 - 4/<f> 1 (a* 3 - 2«t> + e) + 16\7* 3 = 0. 

a + 0 

21. Form the equation whose roots are tho several values of , where 
o, 0, 7, 8 are the roots of a biquadratic. 

Tho required equation is tho product of three factors of the typo 

(♦- -y% -'-y 5 ) -f 

-4w«. 4 («** + 2ty + p) 3 - + 2ty + c) + /= 0. 
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22. Prove 

1 91 t ZaJ-2HI \ 
*(«-fi)*' = 2 \I*-27J*)' 

From the expressions for a, fi, y, 8 in terms of 0i, «», 0 3 , we have 

which may be expressed in terms of a, H, J, J, as above. 

if / = 0, and m of the form 3p or 3/> + l,p being a positive integer. 

24. Prove that 

17s a* 8 + cy 2 + « 5 + 2<fy« + 2czx + 2&ry 
can be resolved into the sum or difference of two squares if 
/= ace + 2bed - ad 2 - e& - c 8 = 0. 

Here aU m (*r + Jy+<«) l + (<w- * J )y» + 2(aa*-&)yr + (a*-c*)**» 
and (ac-P)?+2(ad-bc)yz+ (a^-e 3 )*' 

is a perfect square if 

or / = 0. 

25. If a, 0, y, 8 be the roots of the equation 

oox* + 4a!* 3 + 6a a x 2 + 4a s x + a 4 = 0, 
solve, in terms of the coefficients a<>, «i, &c, the equation 

i/x-a+<\/x-fi+^x-y + y/ x - 8 = 0. 

When + \/£" + V^7 + a/* = 0 

is rationalized, and tho coefficients substituted for a, /3, y, 8, we have 

(3aofl* - 2ai>) s = a^m. 

Now, substituting Uq, U u U 2t U 3 , U k for ao, «i, «a, a h a it and reducing, we find 
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26. To express the solution of the biquadratic in terms of a single root of the 
reducing cubic. 

Substituting x* + p for x in the equation 

ax* 4 ibx* + 6<s* + 4rfx + <■ = 0, 

we have 

*r* r 4 C x x'* + 6f 2 ^ + 4 r,x + r 4 = 0. 

As there are here two independent variables at our disposal, it is allowable to 
make the assumptions 

ax** + GU2XI + l\ = 0, Uix' 1 + C = 0. 

Eliminating X*, and reducing as in Art. 65, we have 

4P 3 »-/P 2 + / = 0; 

whence Pa = aO, where 9 is a root of the reducing cubic, and therefore 

[ r, = + b = v/fl-0 - j/. 

A fain, 

* , ~£:~5(* ,+ur+ £)' 

whence, finally, since * « x* + p, or ax + 4 = Pi + ax*, we haTo 

ox + A = «/<i*0 + J- 0*6-111 ■ - ? , 

^ a 2 6- H 

an expression which has only four values. 

This expression might of course be obtained from the resulting formula of Art .61, 
or Art. 63. The method of arriving at it in the present Example is a distinct method 
of solving the biquadratic. 

27. Prove that every rational algebraic function of a root 9 of a given cubio 
equation can in general be reduced to the form 

Co + d e 

Let tho given function be , whore <p (6) and * (0) are rational integral func- 
tions of 0 of any order. By successive substitutions from the given cubic each of 
these may be reduced to a quadratic. Hence the given function is reducible to the 
form 

Equating this to tho form written above, and reducing by the given cubic, we ob- 
tain an identical equation, vix., 

where Zo, Zi, Li are linear functions of Co, Pi, Z>o, A. Wo have, therefore, the 
three equations Zo = 0, L\ - 0, Za = 0, to determine the ratios of Co, Pi, Z>o, Di. 



Digitized by Google 



Examples. 151 

28. Proxe that tho solution of tho biquadratic docs not involve the extraction 
of a cube root when any relation among the roota a, 8, y, 8 exists which can be ex- 
pressed by the vanishing of a rational function of a root 6 of the reducing cubic. 

Any rational function of 6 can always be depressed to the second degree, as in 
the preceding example. Hence the determination of 0 will not involve the extrac- 
tion of a cube root ; and the formula of Ex. 26 shows that tho expression for the 
root of the biquadratic will not then involve any cube root. 

29. Find the relation which connects tho roota of the biquadratic when tho 
equation 

V - Ip + / = 0 

is satisfied by each of the following values of p : — 

0)f, (2)*, (3)0,(4)^—'. (6)^, (6) JI, (7)g, (8)^. 

Ans. (1) 0+7-a-8 = O, (2) /8 + 7 = 0, (3) (y-a) (0- 8) - (a-/3) (y - 8) = 0, 
(4), (8) j8y-«8=0, (6) ( 7 -«) (0- 8)--<« -/B)(y- 8)=0, (6), (7) 3-7 = 0. 

30. Provo the identity 

< (/a- 27J') - (ao s /- ZE*)(a*I- 122TV + 270 a (0"+2*V). 

This may be proved as follows :— Putting <?i = 0 in the values of / and /, and ex- 
panding, it readily appears that the part of A independent of <n may be thrown into 
the form 

*o«4 (a 0 o 4 - Wf + 27flo<U a (2aoaa«4 - «o«a a - 2a, s ). 

Now, replacing a it « 3 , a* by A3, A%, At, and substituting for the hitter quanti- 
ties the values of Art. 37, we obtain the result. — Mr. M. Roberts. 

31. When a biquadratic has two equal roots, provo that Euler's cubic has two 
equal roota whose common value is 

3 aJ- 2EI 
21 : 

and hence show that the remaining two roots of the biquadratic in this case are real, 
equal, or imaginary, according as 22?/- 3a J is negative, zero, or positive. 

32. Prove that when a biquadratic has — (1) two distinct pairs of equal roota the 
last two terms of the equation of squared differences (Art 67) vanish, giving the 
conditions A = 0, 2HI - ZaJ = 0 ; and when it has — (2) three roots equal, the last 
throe terms of this equation vanish, giving tho conditions / = 0, J = 0 ; and show 
tho equivalence of the conditions in the former case with those already obtained in 
Ex. 8, Art. 61, and Ex. 12, p. 146. Provo alao that the equation of squared dif- 
ferences reduces in the former case to <p? (c s ^ + 1220*, and in the [latter case to 
*»(a>+ 16J?)'. 
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PROPERTIES OF THE DERIVED FUNCTIONS. 

69. Graphic Representation of the Derived Fi 
tlon.— Let APB be the 

curve representing the po- 
lynomial f(x), and P the 
point on it corresponding' 
to any value of the varia- 
ble x = OM. We proceed to 
determine the mode of re- 
presenting the value oif(x) 
at the point P. Take a se- 
cond point Q on the curve, 
corresponding to a value of 
x which exceeds OM by a small quantity A. Thus 

OM=x, MN = //, ON = z + h; 
also PM =/(*), QN =/{x + h). 

The expansion of Art. 6 gives 

/(* + h) -/(*) + /» h *■+.... 




Fig. 6. 



or 



But 



f(x + h) -f{x) QS Q8 
h MN~ PIS 



(1) 



= tan QPS = tan PRN. 



Now, when k is indefinitely diminished, the point Q approaches, 
and ultimately coincides with, P; the chord PQ becomes the 
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tangent PT to the curve at P ; the angle PRN becomes PTM. 
Also all terms of the right-hand member of equation (1) except 
the first diminish indefinitely, and ultimately vanish when h = 0. 
The equation (1) becomes therefore 

tan PTM=/(x); 

from which we conclude that the value assumed by the derived 
function f{x) on the substitution of any value of x is represented by 
the tangent of the angle made with the axis OX by the tangent at 
the corresponding point to the curve representing the function f{x). 

70. Maxima and Minima Values of a Polynomial. 
Theorem. — Any value of x which renders f(x) a maximum or 
minimum is a root of the derived equation f{x) = 0. 

Let o bo a value of x which renders f{x) a minimum. We 
proceed to prove that f(x) = 0. Let h represent a small incre- 
ment or decrement of x. Wo have, since /(a) is a minimum, 

/(a) </(a + h), also /(a) </(a - h) ; 

hence /(a + h) -/(a), and /(a - h) -/(a) are both positive, t. e. 
the following two expressions are positive : — 

r«A + ^A' + 

Now, when h is very small, we know (Art. 5) that the signs 
of these expressions are the same as the signs of their first terms ; 
hence, in order that both should be positive, f (a) must vanish ; 
and, moreover, f[a) must be positive. An exaotly similar proof 
shows that when f[a) is a maximum f\a) = 0, and f'{a) is nega- 
tive. Thus, in order to find the maximum and minimum values 
of a polynomial/^), wo must solve the equation /*(.r) = 0, and sub- 
stitute the roots in f(x). Each root will furnish a maximum or 
minimum value, the criterion to decide between these being the 
sign of f'{x) when the root is substituted in it— w/ien f"(x) is 
negative, the value is a maximum; and whenf(x) is positive, the 
value is a minimum. 
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The theorem of this Ar- 
ticle follows at once from 
the construction of Art. 69 ; 
for it is plain that when the 
value of f{x) is a maximum, 
as at P, P (Fig. 6), or a mi- 
nimum, as at p, p'y the tan- 
gent to the curve will be 
parallel to the axis OX, 
and, consequently, Fl 8- 6 - 

tanPr,V=/» = 0. 

Fig. 6 represents a polynomial of the 5th degree. Correspond- 
ing to the four roots of f'{x) = 0 (supposed all real in this case), 
viz. OMj Om t OM\ On\\ there are two maxima values, MP, 
M'P, and two minima values, mp, mp\ of the function. 

Examples. 

1. Find the max. or min. value of 

f(x) = 2x* + z - 6. 
/(x) = 4x+l, />) = *• 

x = - i makes f(x) = — a minimum. 

(See fig. 2, p. 16.) 

2. Find the max. and min. values of 

/(x) = 'ix 3 - 3-r 2 - 36x + 14. 

/-(x) = 6(**-*-6), /"(x) = 6(2x-l). 

x = — 2 makes f(x) = 68, a maximum. 

x = 3 makes f(x) = - 67, a minimum. 

3. Find the max. and rain, values of 

f(x) = 3x* - 16x» + 6x» - 48x + 7. 

Here f(x) - 0 has only one real root, x = 4 ; and it gives a minimum value, 
/(x) = - 345. 

4. Find the max. and min. values of 

/(x) = 10x»- 17x3 + * + 6. 

The roots of f{r) are, approximately, *0302, 1*1031. The former gives a 
maximum value, the latter a minimum. (See flg. 3, p. 16.) 
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71. Rolle's Theorem. — Between two consemtire real roots 
a and b of the equation f{x) = 0 there lies at least one real root of 
the equation f(x) = 0. 

For as x increases from a to b, f(x), varying continuously 
from f(a) to f(b), must begin by increasing and then diminish, 
or must begin by diminishing and then increase. It must, 
therefore, pass through at least one maximum or minimum 
value during the passage from f{a) to f{b). This value (/(a), 
suppose) corresponds to somo value a of x between a and b t 
which by the Theorem of Art. 70 is a root of the equation 

/(*) - o- 

The figure in the preceding Article illustrates this theorem. 
"We observe that between the two points of section A and B 
there are three maximum or minimum values, and between the 
two points B and C there is one such value. It appears also 
from the figure that the number of such values between two 
consecutive points of section of the axis is always odd. 

Corollary* — Two consecutive roots of the derived equation may 
not comprise between them any root of the original equation y and 
never can comprise more than one. 

The first part of this proposition merely asserts that between 
two adjacent zero values of a polynomial there may be several 
maxima and minima values ; and the second part follows at once 
from the above theorem ; for if two consecutive roots oif(x) = 0 
comprised between them more than one root of f(x) = 0, we 
should then have two consecutive roots of this latter equation 
comprising between them no root of f(x) = 0, which is contra- 
dictory to the theorem. 

72. Constitution of the Derived Functions — Let the 
roots of the equation f{x) = 0 be a lf a a , a 3 , ... a„. We have 

f(x) => (x - a,) (x - a t )(x - a 3 ) . . . (x - a„). 
In this identical equation substitute y + x for x ; 
f(y + *) = (y + *-aO(y + *-a 2 ) . . . (y+^-a„) 
= y" + qip^ x + q^ + • • • + q»-\y + q*> 
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where 

qi = x - ai + x - as + x - a s + . • . + x - a», 

q% = (x - ai )(x -a a ) + (a; - ai)(s - a,) + . . . + (a: - a«_i)(* - a»), 

tfn-i = (z - a 2 )(a?-a 9 ) . . . (x - a„) + [x - a x )(x -a 3 ) . . . fa? - a») + . . . 

+ (*-a 1 )(s-a,)...(a?-a )l . l ), 

«= (a? - a,) (a? - a*)(x - a*) . . . (x - a n ). 

We have, again, 

Equating the two expressions for/(y + a?), we obtain 
f(x) = (a?- Ql )(x - at) ... (a? - a„), 

/(a?) « (a;-a a )(a? - a.) ... (a?- a«) + ...., as above written, 
fix) 

Yo = the similar value of in terms of x and the roots, 



The value of f(x) may be conveniently written as follows :— 

X- ai X-a 2 X-a n 

73. Multiple Roots. Theorem.— ,4 multiple root of the 
order m of the equation /(a?) = 0 is a multiple root of the order m-l 
of the first derived equation f'{x) = 0. 

This follows immediately from the expression given iorf(x) 
in the preceding Article ; for if the factor (x -a x ) w occurs in f(x) 9 
i. e. if ai = a 3 = . . . = a M ; we have 

a* - a, # - a w+1 £ - a„ 

Each term in this will still have (a; - ai) m as a factor, except 
the first, which will have (x - ai)™' 1 as a factor ; hence (x - ai)"* -1 
is a factor in f'(x). 
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Cor. 1. — Any root which occurs m times in the equation f{x) = 0 
occurs in degrees of multiplicity diminishing by unity in the first m-1 
derived equations. 

Since f(x) is derived from f (x) in the same manner ssf(x) 
is from/(ic), it is evident by the theorem just proved that f (x) 
will oontain (x - a i ) m ~* as a factor. The next derived function, 
/"'(#), will contain (x - ai)"*"* ; and so on. 

Cor. 2. — Iff[x) and its first m-1 derived functions all vanish 
for a value a of x, then (x - a) m is a factor in f(x). 

This, which is the converse of the preceding corollary, is 
most readily established directly as follows : — Representing the 
derived functions by/ (a?), /-(#), . . . .fm.i{x) (see Art. 6), and 
substituting a + x - a for x, we find that/(#) may be expanded 
in the form 

/(«) +/ (.)(«-«) + £M (,_.). + ... + l f~'M l (._.) 



m-i 



from which the proposition is manifest. 

74. Determination of Multiple Roots. — It is easily 
inferred from the preceding Article that if f(x) and f(x) have 
a common factor (x - a) m ~\ (x - a) m will be a factor in f(x) ; for, 
by Cor. 1, the m - 2 next succeeding derived functions vanish 
as well as/(j?) wdf{x) when x = a ; hence, by Cor. 2, a is a 
root of f(x) of multiplicity m. In the same way it appears that 
if f(x) and f(x) have other common factors 

(x - ®r\ (x - y )f» f (x - 5)-, &c, 

tlie equation f{x) = 0 will have p roots equal to /3, q roots equal 
to y, r roots equal to 8, &c. 

In order, therefore, to find whether any proposed equation 
has equal roots, and to determine such roots when they exist, 
we must find the greatest common measure of f[x) and f(x). 
Let this be $(x). The determination of the equal roots will 
depend on the solution of the equation 0 [x) = 0. 
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Examples. 

1. Find the multiple root* of the equation 

x 3 + x 2 - 16x + 20 = 0. 

The G. C. M. of f(x) and f'(x) is easily found to be x - 2 ; hence {x - 2) 3 is a 
factor in /(x). The other factor is x + 5. 

"Whenever, after determining the multiple f actors of /(x), wo wish to obtain the 
remaining factors, it will bo found convenient to apply by repeated operations the 
method of division of Art. 8. Here, for examplo, wo divido twice by x - 2, the 
calculation being represented as follows :— 

1 1-16 20 

2 6-20 

1 3-10 0 

2 10 

1 5 0 

Thus 1 and 5 being tho two coefficients left, the third factor is x + 5. This 
operation vcriiios the previous result, tho remainders after each division vanishing 
as they ought. 

2. Find the multiple roots, and the remaining factor, of the equation 

x 6 - lOx* + Ibx - 6 = 0. 

The G. C. M. of /(x) and/"(x) is found to be x» - 2x + 1. Hence (x - l) 3 is a 
factor in/(x). Dividing throe times in succession by x - 1, we obtain 

<*-!)» (x» + 3* + 6). 

3. Find the multiple roots of the equation 

**-2x»- 11*5+ 12x + 36 = 0. 

The G. C. M. of f(x) and/'(x) is x» - x - 6. The factors of this are x + 2 and 
x — 3. Honco 

f(x) s (x + 2)' (x - 3)'. 

4. Find all tho factors of the polynomial 

f(x) s x 6 - 5x* + bx* + 9x> - 14x*-4x + 8. 

Am. /(*) S (x-l)(x+l)*(*-2)>. 

The ordinary process of finding the greatest common mea- 
sure of a polynomial and its first derived function may become 
very laborious as the degree of the function increases. It is 
wrong, therefore, to speak, as is customary in works on the 
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Theory of Equations, of the determination in this way of the 
multiple roots of numerical equations as a simple process, and 
one preliminary to further investigations relative to the roots. 
It is chiefly in connexion with Sturm's theorem that the opera- 
tion is of any practical value. The further consideration of 
multiple roots is deferred to Chap. IX., where this theorem will 
be discussed. It will be shown also in Chap. X., that the mul- 
tiple roots of equations of degrees inferior to the sixth can, in 
any particular instance, be determined from simple consider- 
ations not involving the process of finding the greatest common 
measure. 

75. This and the succeeding Article will be oooupied with 
theorems which will be found of great importance in the sub- 
sequent discussion of methods of separating the roots of equa- 
tions. 

Theorem. — In passing continuously from a value a-hof x 
a little less than a real root a of the equation f(x)=0toa value 
a + h a little greater, the polynomials f(x) andf{x) have unlike 
signs immediately before the passage through the root, and like signs 
immediately after. 

Substituting a - h in f(x) and f{x), and expanding, we 
have 

/(a - h) =/(a) -/(a) h + A» - . . . . , 

/(a-A)= /(«) - /'(a) h + 

Now, since /(a) = 0, the signs of these expressions, depending 
on those of their first terms, are unlike. When the sign of h is 
changed, the signs of the expressions become the same. The 
theorem is therefore proved. 

Corollary. — The theorem remains true when a is a multiple 
root of any order of the equatiouf{x) = 0. 

Let the root be repeated r times. The following functions 
(using suffixes in place of the accents) all vanish : — 

/I a )> M a )> M a )> /r-i(«). 
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In the series for f(a - h) and /'(a - h) the first terms which 
do not vanish are, respectively, 

1.2...r ( n] > 1.2...r-l^ *> ' 

These have plainly unlike signs ; but when the sign of A is 
changed they will have like signs. Hence the proposition is 
established. 

76. Extending the reasoning of the last Article to every 
consecutive pair of the series 

■ 

we may state the proposition generally as follows : — 

Theorem. — When any equation f(x) = 0 has an r-multiple 
root a, a value a little inferior to a gives to this series of r /unctions 
signs alternately positive and negative, or negative and positive ; 
and a value a little superior to it gives to all these functions the same 
sign ; and this sign is, moreover, the same sign as the sign off r (a), 
the first derived function which does not vanish when a is substituted 
for x. 

In order to give a precise idea of the use of this theorem, 
let us suppose that / 5 (a) is the first function which does not 
vanish when a is substituted, and let its sign be negative ; 
the conclusion which may be drawn from the theorem is, that 
for a value a - h of x the signs of the series of functions/,/,,/., 
/sjA/s, are 

+-+-+-; 
and for a value a + h of x they are 



for before the passage through the root the sign of / 4 must be 
different from that of /» ; the sign of / 3 must be different from 
that of /«, and so on ; and after the passage the signs must be all 
the same. It is of course assumed here that h is so small that 
no root of f{x) = 0 is included within the interval through 
which x travels. 
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Examples. 

1. Find the multiple roots of the equation 

f{x) ~ x*+ 12*> + 32s»- 2iz + 4 = 0. 

Am. f(x) s (x* + 6* - 2)'. 

2. 8how that tho binomial equation 

t-- o 

cannot have equal roots. 

3. Show that tho equation 

«• - nqx + (« - 1 ) r = 0 

will have a pair of equal roots if q* = r" -1 . 

4. Prove that the equation 

x 5 + ojw 3 + bp*z + q = 0 

has a pair of equal roots when q* + Ap* = 0 ; and that if it have one pair of equal 
roots it must have a second pair. 

6. Apply the method of Art. 74, to determine the condition that the cubir 

e 3 + 3fls + 0 = 0 

should have a pair of equal roots. 

The last remainder in tho process of finding the greatest common measure must 
vanish. An*. & + 4 IP = 0. 

6. Apply the samo method to show that both 0 and H vanish when the cubic 
has three equal roots. 

7. If o, 0, y, 8 be the roots of the biquadratic f(x) = 0, prove that 

/'(«) +/'(/*) +/'( 7 )+/'(8) 

can be expressed as a product of three factors. 

Am. (a + fi-y-9)(a hy-0- 8) (a + 8-/3- 7 ). 

8. If a, 0, y, 8, &c, be the roots of /(*) = 0, and a', ff, y\ &c, of f'{x) = 0 ; 
prove 

/'(«)/'(/3)/'(7)/(8) • • . . = «"/(a')/(/n/(7') 

and that each is equal to the absolute term in the equation whose roots are the 
squares of the differences. 

9. If the equation 

r»+j»ix»- 1 +/»ax»- a + +p n -ir + />» = 0 

have a double root a ; prove that a is a root of the equation 

pi x*~ x + 2pa«*- a + ZpiX** + .... + np n = 0. 

M 
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10. 8how Out the 



and min. values of the cubic 



ax 3 + Zbx 1 + Zcx + d 



are the roots of the equation 



«V - 2Gp + A = 0, 



where A is the discriminant. 

If the curvo representing the polynomial / [/) be moved parallel to the axis of y 
(see Art. 10) through a distance equal to a max. or min. value p f the axis of x will 
become a tangent to it, i.e. the equation f{x) — p = 0 will have, equal roots. Hence 
the max. and min. v;ilues are obtained by forming the discriminant of / (r) - p, or 
by putting d - p for p in tf» + 42/ 3 = 0. 

11. Prove similarly that the max. and min. values of 

ax 1 + 4kr 3 + 6rx I + 4<ix + <? 
are tho roots of the equation 

aV - 3(a J 7 - OIP) p 1 + 3 (a/- - 18///) p - A - 0, 

where A is the discriminant of the quartic. 

12. Apply tho theorem of Art. 70 to tho function 



Here f 3 (?) is the first function which does not vanish whon x = 1 ; and / 9 (1) is 
negative. What tho theorem proves is, that for a value a littlo less than 1 the signs 
of /, /i, f >, /j aro + — + - , and for a value a littlo greater than 1 they are all 
negative. We are able from this series of signs to trace the functions f f f\, &c, in 
the neighbourhood of tho point x = 1. Thus the curvo representing / (x) is above 
the axis before reaching the multiple point* = 1, and is bolow the axis immediately 
after reaching the point, and the axis must be regardod as cutting the curve in three 
coincident points, since (x - 1)» is a factor in / (x). Again, the curve corresponding 
to/i (x) is below the axis both before and after tho passage through the point * = I . 
It touches the axis at that point. The curvo representing f% [x) is above tho axis 
before, and below the axis after the passage, and cuts the axis at the point. 



f(x) = x 



:« - 7x> + 15.r- - 13x + 4. 



We have 



/i(*) = 4x»-21** + 30x- 13, 
/i(x) = 2(6x' -21x + 16), 
/,(x) = 2(12x-21), 



/«(*> = 24. 
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LIMITS OF THE ROOTS OF EQUATIONS. 

77. Definition of Limits. — In attempting to discover the 
real roots of numerical equations, it is in the first place advan- 
tageous to narrow the region within which they must be sought. 
"We here take up the inquiry referred to in the observation at 
the end of Art. 4, and proceed to prove certain propositions 
relative to the limits of the real roots of equations. 

A superior limit of the positive roots is any greater positive 
number than the greatest of them ; an inferior limit of the posi- 
tive roots is any smaller positive number than the smallest of 
them. A superior limit of the negative roots is any greater ne- 
gative number than the greatest of them ; an inferior limit of 
the negative roots is any smaller negative number than the 
smallest of them : the greatest negative number meaning hero 
that nearest to - oo . 

When we have found limits within which all the real roots 
of an equation lie, the next step towards the solution of the 
equation is to discover the intervals in which the separate roots 
are situated. The principal methods in use for this latter pur- 
pose will form the subject of the next Chapter. 

The following Propositions all relate to the superior limits 
of the positive roots ; to which, as will be subsequently proved, 
the determination of inferior limits and limits of the negative 
roots can be immediately reduced. 

78. Proposition I. — In any equation 

3* + p x 3T x + p#r % + x+p n = 0, 

if the first negative term be - p r s^*, and if the greatest negative 

m2 
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coefficient be - p k , thenV~p k + 1 is a superior limit of the positive 
roots. 

Any value of x whioh makes 

z* >Pk + x*-*- 1 + . . . + x + 1) >p k — - 

X - 1 

will, d fortiori, make f(x) positive. 

Now, taking x greater than unity, this inequality is satisfied 
by the following : — 

*»>n— v 

or - x 9 > pkx n ~ r * l t \ 

or *r l [x - 1) >p k , 

which inequality again is satisfied by the following : — 

(* - l) r "' (* - 1) = or > Pk , 
since plainly x r ' 1 > {* - l) r '\ 

We have, therefore, finally 

(x - l r = or > p k , 
or x = or > 1 + V p k . 

79. Proposition II. — If in any equation each negative coef- 
ficient be taken positively, and divided by the sum of all the positive 
coefficients which precede it, the greatest quotient thus formed in- 
creased by unity is a superior limit of the positive roots. 

Let the equation be 

OoZ" + a,*-" -1 + a&?- % - a^* + tf r # n_r + ....+ a n = 0, 

in which, in order to fix our ideas, we regard the fourth coef- 
ficient as negative, and we consider also a negative coefficient in 
general, viz. - a r . 

Let each positive term in this equation be transformed by 
means of the formula 

a m x™ = a m (x- 1) (af 1 +x m ' t + . . . + x + 1) + a K 



«*M| 
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which is derived at once from 
z>» - I 

— = af*-* + af*- 3 + . . . + x + 1 ; 

x-1 

the negative terms remaining unchanged. 

The polynomial /(#) becomes then, the horizontal linos of the 
following corresponding to the successive terms of f(x) : — 

a v (x-l)x»- l + a 0 (x- a 0 (x - l)*"" 3 + . . . +a i) (x-l)x«~ r + . . . + a* 

+ a l (x-l)x n -* + a l (x-l)x n ~* + . . . + a l (x-l)x n ~ r + . .. +a Jt 

+ ff a (ar-l)af^ + . . . + a^(x-l)x n - r + ...+<*,, 

+ 

+ 

+ a n . 

We now regard the vertical columns of this expression as 
successive terms in the polynomial ; the successive coefficients of 
x"~\ ^ n ~ 2 , &c, being 

o,(s-l), (ao + ai)(a?-l), {(h + ax + eh^x-^-a^&o. 

Any value of a- greater than unity is sufficient to make positive 
every term in which no negative coefficient a,, a rt &c, oocurs. 
To make the latter terms positive, we must have 

(a 0 +a, + a a )(*-l)>a 3 , 



(« 0 + «l + «»+... + fl r-i) (* - 1) > ffr> &C. 

Hence 

x> + l,....x> -fl.&C. 

And to ensure every term being made positive, we must take 
the value of the greatest of the quantities found in this way. 
Such a value of x, therefore, is a superior limit of the positive 
roots. 
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80. Practical Applications. — The propositions in the 
two preceding Articles furnish the most convenient general 
methods of finding in practice tolerably close limits of the 
roots. Sometimes one of the propositions will give the closer 
limit : sometimes the other. It is well, therefore, to apply 
both methods, and take tho smaller limit. Prop. I. will usually 
be found the more advantageous when the first negative coef- 
ficient is preceded by several positive coefficients, so that r is 
large ; and Prop. II. when large positive coefficients occur before 
the first large negative coefficient. In general, Prop. II. will 
give the closer limit. We speak of the integer next above the 
number given by either proposition as the limit. 

Examples. 

1. Find a superior limit of tho positive roots of the equation 

x* - 6x» + 40x« - 8x + 23 = 0. 
Prop. I. gives 8 + 1, or 9, as limit. 

Prop. II. gives ^ - + 1, or 6. Hence 6 is a superior limit. 

2. Find a superior limit of the positive roots of the equation 

x 4 + 3x« + x 3 - 8* 2 - 51x + 18 = 0. 

Prop. I. gives \/.'>l + 1 ; and 6 is, therefore, a limit. 
Prop. II. gives — ^ — - + 1, and 12 is a limit. 

In tliis case Prop. I. gives the closer limit. 

3. Find a superior limit of tho positivo roots of 

x 1 + 4x» - 3x* + 5x< - 9x* - llx 2 + 6x - 8 = 0. 
Of the fractions 

3 9 11 8 

h4' 1 + 4 + 6' 1 + 4 4 6' 1 + 4 + 6 + 6' 

the third is the greatest, and Prop. II. gives tho limit 3.* Prop. I. give? 5. 

4. Find a suporior limit of tho positive roots of 

x» + 20x 7 + 4x« - llx 5 - 120x* + 13x - 26 = 0. 

Am. Both methods givo'thc limit 6. 

5. Find a superior limit of the positive roots of 

4x s - 8x* + 22s 3 + 98x* - 73x + 5 = 0. 

Ant. Prop. I. gives 20. Prop. II. gives 3. 
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It is usually possible to determine by inspection a limit 
closer than that given by either of the preceding propositions. 
This method consists in arranging the terms of an equation in 
groups having a positive term first, and then observing what is 
the lowest integral value of x which will have the effect of render- 
ing each group positive. The form of the equation will suggest 
the arrangement in any particular case. 

6. The equation of Ex. 2 can bo arranged as follows : — 

x 1 (x 3 - 8) + x (3x 3 - 51) + x 3 + 18 = 0. 

x = 3, or any greater number, renders each group positive ; hence 3 is a superior 
limit. 

7. The equation of Ex. 4 may bo arranged thus : — 

x 6 (x 3 - 1 1) + 20x* (z 3 - 6) + ix* + 13* - 25 = 0. 
x — 3, or any greater number, renders each group positive ; hence 3 is a limit. 

8. Find a superior limit of the roots of the equation 

x* - 4x* + 33x» - 2x + 18 = 0. 
This can be arranged in the form 

x'(x* - 4* + 5) + 2Sx(z-&) + 18 = 0. 

Now the trinomial x* - \x + 5, having imaginary roots, is positive for all values 
of x (Art. 12). Hence x = 1 is a superior limit. 

The introduction in this way of a quadratic whose roots are imaginary, or of one 
with equal roots, will often be found useful. 

9. Find a superior limit of the roots of the equation 

6x* _ 7*4 _ 10^3 - 23*3 - 90* - 317 = 0. 

In examples of this kind it is convenient to distribute the highest power of x 
among the negative terms. Here the equation may be written 

x* (x - 7) + x» (* a - 10) + - 23) + x(x* - 90) + jf» - 31 7 = 0, 

so that 7 is evidently a superior limit of the roots. In this case the general methods 
give a very high limit. 

10. Find a superior limit of the root* of the equation 

*» - x 3 - 2x» - 4x - 24 = 0. 

When there are several negative terms, and the coefficient of the highest term 
unity, it is convenient to multiply the whole equation by such a number as will 
enable us to distribute the highest term among the negative terms. Here, multiply- 
ing by 4, we can write the equation as follows :— 

x* (x - 4) + *' (** - 8) + x (x 3 - 16) + x*- 96 = 0, 
and 4 is a superior limit. The general methods give 26. 
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81. Proposition III. — Any number which renders positive 
the polynomial f(x) and all its dented functions /i(*),/ a (*), . . •/»(*) 
is a superior limit of the positive roots of the equation f(x)=0. 

This method of finding limits is due to Newton. It is much 
more laborious in its application than either of the preceding 
methods ; but it has the advantage of giving always very close 
limits ; and in the case of an equation all whose roots are real 
the limit found in this way is, as will be subsequently proved, 
the next integer above the greatest positive root. 

To prove the proposition, let the roots of the equation 
f(x) = 0 be diminished by h ; then x-h = y, and 

/(y + h) -/(A) +/. W y + j§ v % + • • • + iff., 

If now /* be such as to make all the coefficients 

/(*)•/.(*)•/.(*)•..■/-(« 
positive, the equation in y cannot have a positive root ; that is to 
say, the equation in x has no root greater than h ; hence A is a 
superior limit of the positive roots. 

Example. 

f{x) s x* - 2*3 - 3** - 15* - 3. 

In applying Newton's method of finding limits to any example the general mode 
of procedure is as follows : — Take the smallest integral number which renders 
/„_i(x) positive; and proceeding upwards in order to fi(x), try the effect of substi- 
tuting this number for x in the other functions of the series. When any function 
is reached which becomes negative for the integer in question, increase the integer 
successively by units, till it makes that function positive ; and then proceed witb 
tho new integer as before, increasing it again if another function in the series 
should become negative ; and so on, till an integer is reached which renders all the 
functions in tho scries positive. In the present example the sorios of functions is 

/(x) -**-2r»-3**-lo*-3, 

/i(0 = 4x»-6^-6*- 15, 
\M*) = - 6x - 3, 
i 4* -2, 
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Here x = 1 makes /j (x) positive. We try then the effect of the substitution * = 1 
in /»(x). It makes f%(x) negative. Increase by 1 ; and x = 2 makes f% (x) positive. 
Try the effect of x = 2 in /i(x) ; it gives a negative result. Increase by 1 ; and 
x = 3 makes f\ (s) positive. Proceeding upwards, the substitution x = 3 makes 
/(*) negative ; and increasing again by unity, we find that x = 4 makes /(x) posi- 
tive. Hence 4 is the superior limit required. 

It is assumed in this mode of applying Newton's rulo, that when any number 
makes all the derived functions up to a certain stage positive, any higher number 
will also make them positive ; so that there is no occasion to try the effect of the 
higher number on the functions in the series below that one where our upward 
progress is arrested. This is evident from the equation 

♦ (• + *)« *(•) + f»A + *"(«) £ a + . . • 

(taking ${z) to represent any function in the series, and using the common notation 
for derived functions), which shows that if <f>(a), <ft'(a), («), ... are all positive, 
and h also positive, <p(a + h) must be positive. 

It may be observed that one advantage of Newton's method is that often, as in 
the present instance, it gives us a knowledge of tho two successive integers between 
which the highest root lies. Thus in the present example, since f{x) is negative for 
x = 3, and positive for x = 4, we know that tho greatest root of the equation lies 
between 3 and 4. 



82. Inferior Limit*, and Limits of the Negative 

. — To find an inferior limit of the positive roots, the 

equation must be first transformed bj the substitution x = 
Find then a superior limit h of the positive roots of the equation 
in y. The reciprocal of this, viz. ^, will be the required inferior 
limit ; for since 

,11. 1 
y </i, - > y, i.e. x >-. 
y h h 

To find limits of the negative roots, we have only to trans- 
form the equation by the substitution x = - y. This transfor- 
mation changes the negative into positive roots. Let the su- 
perior and inferior limits of the positive roots of the equation in 
y be h and h'. Then - h and - /*' are the limits of the negative 
roots of the proposed equation. 
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83. Limiting Equation*.—//* all the real roots of the 
equation f\x) = 0 could be found, it tcould be possible to determine 
the number of real roots of the equation f{x) =0. 

To prove tins, let the real roots of /'(•**) = 0 be, in ascending 
order of magnitude, a', /3', y', ... A' ; and let the following series 
of values be substituted for x in/(.r) : — 

- QO , a, y', . . . A', + QO . 

When any successive two of these quantities give results 
with different signs there is a root of f(cc) ^ 0 between them ; 
and by the Cor., Art. 71, there is only one; and when they 
give results with the same sign there is, by the same Cor., no 
root between them. Thus each change of sign in the results of 
the successive substitutions proves the existence of one real root 
of the proposed equation. 

If all the roots of f(x) = 0 are real, it is evident, by the theorem 
of Art. 71 , that all the roots of f'(x) = 0 are also real, and that 
they lie one by one between each adjacent pair of the roots of 
f(x) = 0. In the same case, and by the same theorem, it follows 
that the roots of f"(x) = 0, and of all the successive derived 
funotions, are real also; and' the roots of any function lie 
severally between each adjacent pair of the roots of the function 
from which it is immediately derived. 

Equations of this kind, which are one degree below the 
degree of any proposed equation, and whose roots lie severally 
between each adjacent pair of the roots of the proposed, are called 
limiting equations. 

It is evident that in the application of Newton's method 
of finding limits of the roots, when the roots of f(x) = 0 are 
all real, in proceeding according to the method explained in 
Art. 81, the function f(x) is itself the last which will be rendered 
positive, and therefore the superior limit arrived at is the integer 
next above the greatest root. 
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Examples. 

1. Prove that any derived equation /„(*) = 0 cannot have more imaginary roots, 
but may have more real roots, than the equation f(x) = 0 from which it is derived. 

From this it follows that if any of tho derived functions be found to have 
imaginary roots, the same number at least of imaginary roots must enter the primi- 
tive equation. 

2. Apply the method of Art. 83 to determine the conditions that the equation 

x 3 - qx + r = 0 

should have all its roots real. 

3. Determine by the same method the nature of the roots of the equation 

x* - nqx + (« - 1) r = 0. 

Am. When n is even, the equation has two real roots or none, according as 
?» > or < r*- 1 . 

When « is odd, the equation has three real roots or one, according as 
q* > or < r» '. 

4. The equation x»(x - 1)» = 0 has all it* roots real ; hence show, by forming 
the »'* derived function, that the following equation has all its roots real and un- 
equal, and situated between 0 and 1 :— 

2n 1.2 2»(2»-l) 

5. Show similarly by forming the n'* derived of (x a - 1)* that the following 
equation has all its roots real and unequal, and situated between - 1 and 1 : — 

2»(2»-l) 1.2 2«(2»-l)(2n-2)(2n-3) 

6. If any two of the quantities /, w, n in the following equation be put equal to 
aero, show that the quadratic to which the equation then reduces is a limiting equa- 
tion ; and hence prove that tho roots of the proposed are all real :— 

(x - a) (x-b) (x-e)- P(x -a) - « 3 (x - c) - 2lmn = 0. 
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SEPARATION OF THE ROOTS OF EQUATIONS. 

84. By the methods of the preceding Chapter we are enabled to 
find limits between which all the real roots of any numerical 
equation lie. Before proceeding to the actual approximation 
to any particular root, it is necessary to separate the interval in 
which it is situated from the intervals which contain the remain- 
ing roots. The present Chapter will be occupied with certain 
theorems whose object is to determine the number of real roots 
between any two arbitrarily assumed values of the variable. It 
is plain that if this object can be effected, it will then be possible 
to tell not only the total number of real roots, but also the limits 
within which the roots separately lie. 

The theorems given for this purpose by Fourier and Budan, 
although different in statement, are identical in principle. For 
purposes of exposition Fourier's statement is the more con- 
venient, while with a view to praotioal application the statement 
of Budan will be found superior. The theorem of Sturm, although 
more laborious in practice, has the advantage over the preceding 
that it is unfailing in its application, giving always the exact 
number of real roots situated between any two proposed quan- 
tities ; whereas the theorem of Fourier and Budan gives only a 
certain limit which the number of real roots in the proposed 
interval cannot exceed. 

85. Theorem of Fourier and Budan. — Let two numbers 
a and />, of which a is the less, be substituted in the series formed by 
f{x) and its successive derived functions, ns., 

/(*)» • • • */«(*) ; 
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the number of real roots which lie between a and b cannot be greater 
than the excess of the number of changes of sign in the series when 
a is substituted for x, over the number of changes when b is sub- 
stituted for x ; and when the number of real roots in the interval 
falls short of that difference, it will be by an even number. 

This is the form in which Fourier states the theorem. 

It is to be understood here, as elsewhere, that, when we 
speak of two numbers a and b, of whioh a is the less, one or 
both of them may be negative, and what is meant is that a is 
nearer than b to - oo . 

We proceed to examine the changes which may occur among 
the signs of the funotions in the above series, the value of x 
being supposed to increase continuously from a to b. The fol- 
lowing different cases can arise : — 

(1) . The value of x may pass through a single root of the 
equation f(x) = 0. 

(2) . It may pass through a root occurring r times in f(x) = 0. 

(3) . It may pass through a root of one of the auxiliary 
functions fm(z) = 0, this root not occurring in either f m . x {x) - 0 
or A +1 Or) = 0. 

(4) . It may pass through a root occurring r times iaf M (x) = 0, 
and not occurring in/^i (x) = 0. 

In what follows the symbol x is omitted after / for con- 
venience. 

(1) . In the first case it is evident, from Art. 75, that in passing 
through a root of the equation f{x) = 0 one change of sign is 
lost ; for / and A have unlike signs immediately before, and 
like signs immediately after, the passage through the root. 

(2) . In the second case, in passing through an r-multiple 
root of f(x) = 0, it is evident that r changes of sign are lost ; for, 
by Art. 76, immediately before the passage the series of func- 
tions 

ft fif ff • • • fr-M fr 

have signs alternately + and -, or - and +, and immediately 
after the passage have all the same sign as f r . 
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(3) . In the third case, the root oif m {x) = 0 must give to/ w _, 
and/^i either like signs or unlike signs. Suppose it to give like 
signs ; then in passing through the root two changes of sign are 
lost, for before the passage the sign of /„ is different from these 
like signs, and after the passage it is the same (Art. 76). Sup- 
pose it to give unlike signs ; then no change of sign is lost, for 
before the passage the signs of / m , / TO+1 must bo either 
+ + - , or - - + , and after the passage these become 
+ - -, and - + 4. On the whole, therefore, we con- 
clude that no variation of sign can be gained, but two variations 
may be lost, on the passage through a root of f m (x) = 0. 

(4) . In the fourth case* passes through a value (let us say a) 
which causes not only/ w but also/ w+l ,/ TO+2 , . . . ,/ w+r -i to vanish. 
It is evident from the theorem of Art. 76 that during the passage 
a number of changes of sign will always be lost. The definite 
number may be collected by considering the series of functions 

fm-lt f M f f m+l> . . • • , ./m+r-l, J m+r- 

We easily obtain the following results : — 

(a) . When f^ (a) and./ M+r (a) have like signs : 

If r be even, r changes are lost. 
If r be odd, r + 1 changes are lost. 

(b) . When/*,, (a) and/ w+r (a) have unlike signs: 

If r be even, r changes are lost. 
If r be odd, r - 1 changes are lost. 

We conclude, therefore, on the whole, that an even number of 
changes is lost during the passage through an r-multiple root 
of/ OT 0r). 

It will be observed that (1) is a particular case of (2), and 
(3) of (4), i. e. when r = 1. Since, however, the cases (1) and (3) 
are those of ordinary occurrence, it is well to give them a sepa- 
rate classification. 

Reviewing the above proof, we conclude that as x increases 
from a to 6 no change of sign can be gained ; that for each 
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passage through a single root of f(x) = 0 one change is lost ; and 
that under no circumstances except a passage through a root of 
f(x) = 0 can an odd number of changes be lost. Hence the 
number of changes lost during the whole variation of x from 
a to b must be either equal to the number of real roots of f (x) « 0 
in the interval, or must exoeed it by an oven number. The 
theorem is therefore proved. 

86. Application of the Theorem. — The form in which 
the theorem has been stated by Budan is, as has been already 
observed, more convenient for practical purposes than that just 
given. It is as follows: — Let the roots of an equation f(x) = 0 
be diminished, first by a and then by b, where a and b are any two 
numbers of which a is the less ; then the number of real roots be- 
tween a and b cannot be greater than the excess of (he number of 
changes of sign in the first transformed equation over the number in 
the second. 

This is evidently included in Fourier's statement, for the 
two transformed equations are (see Art. 33) — 

/(«) ♦/■<-)*+ ✓ * ... ♦ j^^, *" - o, 

/w + /. (*) y 4§ * + • • • + nrh, = 0 ; 

from which, assuming the results of the last Article, the above 
proposition is manifest. 

The reason why the theorem in this form is convenient in 
practice is, that we can apply the expeditious method of dimi- 
nishing the roots given in Art. 33. 

Examples. 

1. Find tho situations of tho root* of tho equation 

z 5 - 3x* - 24X 3 + 96*= - 46* - 101 = 0. 
We shall examine this function for values of * between the intervals 

-10, -1, 0, 1 10; 

these numbers being assumed on account of the facility of calculation. Diminution 
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of the roots by 1 gives the following series of coefficients of the transformed 
equation : — 

1, 2, - 26, 15, 65, - 78. 

In diminishing the roots by 10, it is apparent at the very outset of the calculation 
that the signs of the coefficients of the transformed equation will be all positive ; so 
that there is no occ asion to complete the calculation in this case. 

In diminishing the roots by - 10 and — 1, it is convenient to change the alter- 
nate signs of the equation, and diminish the roots by + 10 and + 1 ; and then in 
the result chango the alternate signs again. The coefficients of the transformed 
equation when the roots are diminished by - 1 aro 

1, -8, -2, 139, - 291, 60. 

In diminishing by - 10 we observe in the course of the operation, as before, that 
the signs will be all positive in the result, i.e. when the alternate signs are changed 
they will be alternately positive and negative. 

Hence we have the following scheme : — 

(-10) +- + - + - 
(-1) + + - + 

(0) + __ + __, the equation itself. 

(1) + + - + +- 

(10) + + + + + + 

These signs are the signs taken by /(x) and the several derived functions /,, / 2 , 
A, ft, A on the substitution of the proposed numbers ; but it is to bo observed that 
they aro here written, not in the order of Art. 85, but in the reverse order, viz., 
A, A, A, A, fx, f 

From these we draw the following conclusions : — All the real roots must lie 
between - 10 and ( 10 ; one real root lies between - 10 and - 1, since one change 
of sign is lost ; one real root lies between - 1 and 0, since one chango of sign is lost ; 
no real root lies between 0 and 1 ; and between 1 and 10, since three changes of sign 
are lost, there is at least one real root ; but we are left in doubt as to the nature of 
the othcT two roots : whether they are imaginary, or whether there are throe real 
roots between 1 and 10. 

Wo might proceed to examine, by further transformations, the interval between 
1 and 10 more closely, in order to determine tho nature of the two doubtful roots ; 
but it is evident that the calculations for this purpose might, if the roots wore nearly 
equal, become very laborious. This is the weak side of the theorem of Fourier and 
Budan. Both writers have attempted to supply this defect, and have given methods 
of determining the nature of the roots in doubtful intervals ; but as these methods 
are complicated, we do not stop to explain them ; the more especially as the theorem 
of Sturm effects fully the purposes for which the supplementary methods of Fourier 
and Budan were invented. 
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2. Analyao the equation of Ex. 1, p. 100, vis., 

x 3 + r l -2jr-l=0. 

The roots of this are all real, and lie between - 2 and 2 (see Ex. 6, p. 100). When- 
ever the roots of an equation are all real, the signs of Fourier's functions determine 
the exact number of real roots between any two proposed integers. We obtain the 
following result :— The roota lie in the interval* 

(-2, -1); (-1,0); (1,2). 

3. Analyse the equation of Ex. 3, p. 100, viz., 

3* + x» - ix» - 3x» + 3* + 1 = 0. 

Am. Two roots in the interval (- 2,-1), and one root in each 
of tho interval* (- 1, 0) ; (0, 1) ; (1, 2). 

4. Analyse the equation 

x* - 80x» 4- 1998* 3 - 14937* + 6000 = 0. 

The equation can have no negative roots. Diminish the roots by 10 several times 
in succession till tho signs of the coefficients become all positive. We obtain the 
following result : — 

(0) + - + - + 

(10) + - + + - 

(20) + 0 - + + 

(30) + + + - + 

(40) + + + + + 

Thus, there is one root between 0 and 10, and one between 10 and 20 ; no root 
between 20 and 30. Between 30 and 40 either thero are two real roots, or there is 
an indication of a pair of imaginary roots. That the former is tho case will appoar 
by diminishing the roots of the third transformed equation by units. This process 
will separate the roots, which will be found to lie between (2, 3) and (4, 6) ; so that 
the proposed equation has a third real root in tho interval (32, 33), and a fourth in 
the interval (34, 35). 

87. Application of the Theorem to Imaginary 
Root*. — Since there exist only n changes of sign to be lost in 
the passage of x from - ao to + ao , if we have any reason for 
knowing that a pair of changes is lost during the passage of x 
through an interval which includes no real root of the equation, 
we may be assured of the existence of a pair of imaginary roots. 
Circumstances of this nature will arise in the application of 
Fourier's theorem when any of the transformed equations con- 
tain vanishing coefficients. For we can assign by the prinoiple 
of Art. 76 the proper sign to this coefficient, corresponding to 

N 
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values of x immediately before and immediately after that value 
which causes the coefficient to vanish ; the whole interval being 
so small that it may be supposed not to include any root of the 
equation f{x) = 0. 

Examples. 

1. Analyse the equation 

/(*) = x* - ix 3 - 3x + 23 = 0. 

We Bhall examino this function between the intervals 0, 1 , 10. The transformed 
equations are 

M (O)* 4 + */» W*» + i/» W* 5 +/. (0)* +/(o> = o, 

i , */*(l)* 4 +»/s(D* , + }/* (I)* 5 +/.(!)* +/(!) = <>, 

A/* (10) *• + J/3 (10)*> + |/ 2 (10)*- +/, (10) x +/(10) = 0, 

the first of these being the proposed equation itself. 

Making the calculations by the method of the preceding Article, we find that the 
coefficient / 3 (1) = 0, and we have the following scheme : — 

(0) + - o - + 

(1) + 0 4 

(10) + + + + 4 

We may now replace each of the rows containing a zero coefficient by two, the 
first corresponding to a value a little less, and the second to a value a little greater, 
thou that which gives the zero coefficients ; tho signs being determined by the 
principle established in Art. 76. It must be remembered that in the abovo scheme 
tho signs representing tho derivod functions are written in tho reverse order to that 
of tho Article referred to. The schomo will then stand as follows, using A to repre- 
sent a very small positive quantity : — 





1 - A + + 

1 + A + + - - + 



(10) f + + + + 

In this scheme the signs corresponding to - A and + A are determined by the 
condition that the sign of the coefficient which is zero when x = 0 must, when 
x o - A, be different from that next to it on the left-hand sido ; and when x = + A 
it must be the same. The signs corresponding to 1 - A and 1 + A are determined 
in a similar manner. 
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Now since a pair of changes is lost in the interval (— A, + A), and sinco the 
equation has no real root between — A and + A, we have proved the existence of a 
pair of imaginary roots. Two changes of sign are lost between 1 + A and 10, so 
that this interval cither includes a pair of real roots, or presents an indication of a 
pair of imaginary roots. Which of these is the case remains still doubtful. 

2. If several coefficients vanish, we may be able to establish the existence of 
several pairs of imaginary roots. This will appear from the following oxample :— - 

z* - 1 = 0. 

The signs corresponding to - A and + A are, by tho theorem of Art. 76, 

M) + - + - + -- 

<+/<) + + + + + + - 

Hence, since no root exists between - A and + A, and since 4 changes of sign 
axe lost in passing from a value very little less than 0 to one very little greater, we 
are assured of the existence of two pairs of imaginary roots. The other two roots 
are in this case plainly real (see Art. 14). 

The number of imaginary roots in any binomial equation can be determined in 
this way. 

3. Find the character of the roots of tho equation 

x» + lOx 3 + x - 4 = 0. 

In passing from a small negative to a small positive value of x we obtain the 
following series of signs : — 

(-A) +- + - + + - + - 
(0) +0000+0 + - 

(+ A) + + ++ + + + + _ 

Since six changes of sign are here lost, there are six imaginary roots. The 
remaining two roots are, by Art. 14, real : one positive, and the other negative. 
The negative root lies betwon - 2 and - 1, and the positive between 0 and 1. 

4. Analyse completely the equation 

_ 3*3 _ x + i = o. 

There are two imaginary roots. Whenever, as in the present instance, the roots 
are comprised within small limits, it is convenient to diminish by successive units. 
In this way we find here a root between 0 and 1, and another between 1 and 2. 
Proceeding to negative roots, we find on diminishing by - 1 that - 1 is itself a root, 
and writing down the signs corresponding to a value a little greater than - 1, we 
observe an indication of a second negative root between — 1 and 0. 

5. Analyse the equation 

x» + x* + x« - 25x - 36 = 0. 

There are two imaginary roots ; one real positive root between 2 and 3 ; and two 
real negative roots in the intervals (- 3, - 2), {- 2, - 1). 

N 2 



Digitized by Google 



180 Separation of the Roots of Equations. 



88. Corollaries from the Theorem of Fourier and 

Bud an. — The method of detecting the existence of imaginary 
roots explained in the preceding Article is called The Rule of 
the Double Sign. A similar rule, due to De Gua, was in 
use before the discovery of Fourier's theorem. This rule and 
Descartes' Rule of Signs are immediate corollaries from the 
theorem, as we proceed to show. 

Cor. 1. — De Gua's Rule for finding Imaginary Roots. 

The rule may be stated generally as follows : — When 2m suc- 
cessive terms of an equation are absent, the equation has 2m imaginary 
roots; and when 2m + 1 successive terms are absent, the equation 
has 2m + 2, or 2m imaginary roots, according as the two terms be- 
tween which the deficiency occurs hare like or unlike signs. This 
follows, as in case (4), Art. 85, by examining the number of 
changes of sign lost during the passage of x from a small nega- 
tive value - h to a small positive value h. 

Cor. 2. — Descartes* Rule of Signs. 

When 0 is substituted for x in the series of functions 
f»{ x )>fn-\{z), . . •/jWJiW./W* the signs are the same as the 
signs of the coefficients a 0 , a x , « 2 , . . . a*.,, a nt of the proposed 
equation ; and when + oo is substituted the signs are all positive. 
Fourier's theorem asserts that the number of roots between 
these limits, viz., the number of positive roots, cannot exceed the 
number of variations lost during the passage from 0 to + oo , 
that is the number of changes of sign in the series a 0f a x , a 2 . . . a n . 
This is Descartes' rule for positive roots ; and the similar rule 
for negative roots follows in the usual way by changing the 
negative into positive roots. 

Cor. 3. — Newton's Method of finding Limit*. 

When a number h has been found which renders positive 
each of the functions /«(*), /„-iM, . . . /jf^/iW, /(*) ; since 
+ oo also renders each of them positive, it follows from Fourier's 
theorem that there can be no root between h and + oo , that is to 
say, A is a superior limit of the positive roots; and this is 
Newton's proposition (Art. 81). 
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89. fcturm'H Theorem. — We have already shown (Art. 74) 
that it is possible by performing the common algebraical operation 
of finding the greatest common measure of a polynomial f (x) 
and its first derived polynomial to find the equal roots of the 
equation / (x) = 0. Sturm has employed the same operation for 
the formation of the auxiliary functions which enter into his 
method of separating the roots of an equation. 

Let the process of finding the greatest common measure of 
f(x) and its first derived be performed. The successive re- 
mainders will go on diminishing in degree till we reach finally 
either one which divides that immediately preceding without 
remainder, or one which does not contain the variable at all, 
i. e. which is numerioal. The former is, as we have already 
seen, the case of equal roots. The latter is the case where no 
equal roots exist. It is convenient to divide the discussion of 
Sturm's theorem into these two cases. We shall in the present 
Article consider the case where no equal roots exist ; and pro- 
ceed in the next Article to the case of equal roots. The per- 
formance of the operation itself will of course disclose the class 
to whioh any particular example is to be referred. 

The auxiliary functions employed by Sturm are not the 
remainders as they present themselves in the calculation, but 
the remainders with their signs changed. In finding the greatest 
common measure of two expressions it is indifferent whether the 
signs of the remainders are changed or not : in the formation 
of Sturm's auxiliary functions the change is essential. It is 
convenient in practice to change the sign of each remainder 
before making it the next divisor. 

Confining our attention for the present, therefore, to the case 
where no equal roots exist, Sturm's theorem may be stated as 
follows : — 

Theorem. — Let any two real quantities a ami b be substituted 
for x in the series of n + 1 functions 

> A*),M*),Ai*)M*), • • • >/"-i(*)>/"to, 

consisting of the giren polynomial f(r), its first da iced /,(*), and 
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the successive remainders {with their signs changed) in the process 
of finding the greatest common measure o//(x) and f(x) ; then the 
difference between the number of changes of sign in the series tchen 
a is substituted for x y and the number when b w substituted for x 
expresses exactly the number of real roots of the equation f(x)=*0 
between a and b. 

The mode of formation of Sturm's functions supplies the 
following series of equations, in which . . . represent 

the successive quotients in the operation : — 

/(*) -?■/.(*) -/»(*), ^ 



fr-x{*) = ?r/rW -fJA 



These equations involve the theory of the method of finding 
the greatest common measure ; for it follows from the first equa- 
tion that if f(x) and f(x) have a common factor, this must he 
a factor inf 2 (x) ; and from the second equation it follows, by 
like reasoning, that the same factor must occur in f 3 (x) ; and so 
on, till we come finally to the last remainder, which, when/(^) 
and f{x) have common factors, will be a polynomial consisting 
of these factors. In the present Article, where we suppose the 
given polynomial and its first derived to have no common 
factor, the last remainder f n (x) is numerical. It is essential for 
the proof of the theorem to observe also, that in the case now 
under consideration no two consecutive functions in the series 
can have a common factor ; for if they had we could, by reason- 
ing similar to the above, show from the equations that this fac- 
tor must exist also in / (x) and f(x) ; and such, according to our 
hypothesis, is not hero the case. In examining, therefore, what 
changes of sign can take place in the series during the passage 
of x from a to b, we may exclude the case of two consecutive 
functions vanishing for the same value of the variable ; and the 
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different cases in which any change of sign can take place are 
the following : — 

(1) . When x passes through a root of the proposed equation 

/(*) = 0: 

(2) . When x passes through a value which causes one of the 
auxiliary functions/,,/., . . ./„_! to vanish: 

(3) . When x passes through a value which causes two or 
more of the series//, . . ./„_, to vanish together; no two of 
the vanishing functions, however, being consecutive. 

(1) . When x passes through a root of f(x) = 0, it follows from 
Art. 75 that one change of sign is lost, since immediately before 
the passage f(x) and/(^) have unlike signs, and immediately 
after the passage they have like signs. 

(2) . Suppose x to take a value a which satisfies the equation 
f r (x) = 0. From the equation 

fr-l( X ) = Qrfr(*) -fr+x{x) 

we have /.., (a) = -/ r+1 (a) , 

which proves that this value of x gives to /r-i(#) and/ r+ i(a?) the 
same numerical value with different signs. In passing from a 
value a little less than a to one a little greater, we can suppose 
the interval so small that it contains no root of /r-i(#) or / r +i(#) ; 
hence, throughout the interval under consideration, these two 
functions retain their signs. If the sign of /#•(*) does not change 
(as will happen in the exceptional case when the root a is re- 
peated an even number of times) there is no alteration in the 
series of signs. In general the sign of f r {x) changes, but no 
variation of sign is either lost or gained thereby in the group of 
three ; because, on account of the difference of signs of the two 
extremes /._,{#) and/ r+l (#), there will exist both before and after 
the passage one variation and one permanency of sign, whatever 
be the sign of the middle function. If, for example, before the 
passage the signs were + — ; after the passage they are + + -, 
f . c. a variation and a permanency are changed into a perma- 
nency and a variation ; but no variation of sign is lost or gained 
on the whole. 
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(3). Since the reasoning in the previous oases is founded on 
the relations of the function to those adjacent to it only ; and 
since those relations remain unaltered in the present case, be- 
cause no two adjacent functions vanish together, we conclude 
that if / (x) is one of the vanishing functions, one change of sign 
is lost, and if not, no change is either lost or gained. 

We have proved, therefore, that when x passes through a 
root of f(x) = 0 one change of sign is lost, and under no other 
circumstances is a change of sign either lost or gained. Hence 
the number of changes of sign lost during the variation of x 
from a to b is equal to the number of roots of the equation be- 
tween a and b* 

Before proceeding to the case of equal roots, we add a few 
simple examples to illustrate the application of Sturm's theo- 
rem. It is convenient in practice to substitute first - oo, 0, 
+ oo in Sturm's functions, so as to obtain the whole number of 
negative and of positive roots. To separate the negative roots, 
the integers - 1, - 2, - 3, &c, are to be substituted in succession 
till we reach the same series of signs as results from the substitu- 
tion of - oo ; and to separate the positive roots we substitute 
1, 2, 3, &c, till the signs furnished by + oo are reached. 

Examples. 

1. Find the number and situation of the real roots of the equation 

/(x) = x 3 - 2x - 6 » 0. 
We find /,(x) = 3x>-2, /,(*) = 4* + 15, / s (x) = - 643. 
Corresponding to the values - *> , 0, + oo of x, we have 

(-«) - + - 

(0) - - + 

(+ « ) -r + + -. 

Hence there is only ono real root, and it is positive 

* The student often finds a difficulty in perceiving in what way a number of 
changes of sign con be lost in Sturm's series, since the only loss of sign takes place 
between the first two functions, /(x) and /i(x). It may tend to remove this diffi- 
culty to observe, that as x increases from one root a of /(x) = 0 to a second fi, 
although no alteration takes place in tho number of changes of sign, the distribution 
of the signs among /i (x) and the following functions alters in such a way that the 
signs of f (x) and f\ (x), which were the same immediately after the passage of x 
through o, becomo again different immediately before the passage through 0. 
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Again, corresponding to values 1, 2, 3 of x, wo have 

(1) - + + - 

(2) - + + 

(3) + + + 

The real root, therefore, lies between 2 and 3. 

2. Find the number and situation of the real roots of the equation 

x 3 - 7x + 7 = 0. 

We easily obtain 

/,(*) = 3**- 7, 
Mx) = 2* - 3, 

/>(*) = ! ; 

whence 

(-») - + - +, 
(0) + - - +, 

(+00) + + + +. 

Hence all the roots are real : ono negative, and two positive. 
We have, further, the following results : — 



(-*) 




+ 


- +, 


(-3) 




+ 


- +, 


(-2) 


+ 


+ 


- +, 


(-D 


+ 




- +, 


(1) 


+ 




- +» 


(2) 


+ 


+ 


+ +• 



Here - 4 and + 2 give the same series of signs as - oo and + oo ; hence we stop at 
these. The negative root lies between - 4 and - 3 ; and the two positive roots 
between 1 and 2. 

This example illustrates the superiority of Sturm's method over that of Fourior. 
The substitution of 1 and 2 in Fourier's functions gives, as can be immediately 
verified, tho following series of signs : — 

(1) + - + +. 

(2) + + + +. 

From Fourier's theorem we are authorised to conclude only that there cannot be 
more than two roots between I and 2. From Sturm's wo conclude that there are 
two roots botwoen 1 and 2. If we have occasion to separate these two roots, wo 
must, of course, make further substitutions in /(x). 

3. Find the number and situation of the real roots of the equation 

x* - 2x» - 3x» 4 lOx - 4 = 0. 
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We obtain, removing the fat-tor 2 from the derived, 

(jt) = 2X 3 - 3x J - 3x + 6, 
/ 2 (x) =9*5-27x+ II, 
/ 3 (z) =-8*- 3, 
Mr) = - 1433. 

[N.B. — In forming Sturm's functions it is allowable, as is evident from the 
equations ( 1 ), Art. 89, to introduce or suppress numerical factors just as in the 
process of finding the o. c. M. ; taking care, however, that these are potitttc, so that 
the signs of the remainders are not thereby altered.] 

We have the following scries of signs : — 

(_«,) 4- - -f + 

(0) - + + , 

+ + + _-. 

Ilonce there are two real roots, one positive, and one negative and two imaginary 
roots. To find the position of tho real roota, it is sufficient to substitute positive 
and negative integers successively in f{x) alone, since there is only arte positive and 
one negative root : we easily find in this way that tho negative root lies between 
- 2 and - 3, and the positive root between 0 and 1 . 

90. Sturm's Theorem. Equal Roots. Let the opera- 
tion for finding the greatest common measure oif{x) and/'(.r) 
be performed, the signs of the successive remainders being 
changed as before. The last of Sturm's functions will not now 
be numerical, for since f(x) and /('•*•) are here supposed to con- 
tain a common measure involving x, this will now be the last 
function arrived at by the process. Let the series of functions 
be * 

,/rW- 

During tho passage of x through any value except a multiple root 
off(x) = 0, the conclusions of the last Article are still true with 
respect to the present series, since no value except such a root 
can cause any consecutive pair of the series to vanish. When x 
passes through a multiple root of f (x) = 0, there is, by the Cor., 
Art. 75, one change of sign lost between f and J\ ; and we pro- 
ceed to prove that no change of sign is lost or gained in the rest 
of the series, viz./,,/ 2 , ... ./ r . Suppose there exists an M-mul- 
tiple root a of/{x). It is evident from the equations (1) of Art. 89, 
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that (x - a)" 1 " 1 is a factor in each of the functions/,, f, . . . .f r . 
Let the remaining factors in these functions be, respectively, 
0i, 0 3 , ... . 0 r . By dividing each of the equations (1) by 
{x-a) m ~\ we get a series of equations which establish by the 
reasoning of the last Article that, owing to a passage through a, 
no change of signs is lost or gained in the series <p it 0 2 , . . . . 0 r . 
Neither, therefore, is any change lost or gained in the series 
fit f i f • • 'fr ; for the effect of the factor {x- a) m_1 in the passage 
of x from a value a - /* to a value a + h is either to change the 
signs of all (when m - 1 is odd) or of none (when m - 1 is even) 
of the functions 0„ 0 2 , . . . . <p r ; and changing the signs of all 
these functions cannot increase or diminish the number of 
variations. 

We have therefore proved that when x passes through a 
multiple root off(x) = 0 one change of sign is lost between / and 
/„ and none either lost or gained in any other part of the series. 
It remains true, of course, that when x passes through a single 
root off (x) = 0 a change of sign is lost as before. We may thus 
state the theorem as follows for the case of equal roots : — 

The difference between the number of changes of sign when a and b 
are substituted in the series 

fju ft* • - • 'fn 

the last of these being the greatest common measure of f oiidf, is 
equal to the number of real roots between a and b, each multiple 
root counting only once. 

Examples. 

1. Find the nature of the roots of the equation 

x* - 5r* + 9* 3 - 1x + 2 = 0. 

We easily obtain 

fi(x) = 4x 3 - lox* + 18r-7, 
/,(z) = **-2x + l; 

f 2 (x) diTidea /i (*) without remainder; hence in this case Sturm's series stops at 
/ 2 (x), thus establishing the existence of equal roots. 
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To find the number of real roots of the equation, we substitute — oo and + oo 
for x in the series of functions /, f\, f%. The result is 

(" 00 ) + " +> 
(+«) + + +. 
Hence the equation has only two real distinct roots ; but one of these is a triple root, 



as is evident from the form of /a (x), which is equal to (x - 1)*. 

2. Find the nature of tho roots of the equation 

x* - Gx 3 + 13i> - 12* + 4 = 0. 

Here 

/,(*) = 4x»- 18x l + 26x- 12, 
/a(x)=x*-3x + 2; 

/a (x) is tho hut Sturmian function ; so the equation has equal roots. 

(-oo) + - +, 

(+») + + +. 

There are only two real distinct roots. In fact, since f% (x) = (x - \){x - 2), earh of 
the roots 1, 2 is a double root. 

3. Find the nature of the roots of the equation 

x 5 + 2x*+z 3 -x a -2x-l=0. 

Here 

fx - 6x* + 8x» + 3x* - 2x - 1, 
/a = 2x* + 7x» + 12x + 7, 
/ 3 = - x* - 6x - 5, 
/4=-x-l, 
/s = 0. 

Since ft, — 0, x + 1 is a common measure of / and /i, and f(x) has a double root - 1. 
Wo havo also 

(-») - + --+, 
(+«) + + + --. 

Hence there are two real distinct roots. The equation has, therefore, beside the 
double root, one other real root, and two imaginary roots. 

4. Find the nature of the roots of the equation 

x 6 - 7x* + 15x* - 40x 5 + 48x - 16 = 0. 
/, (x) = 6x* - 35x* + 60x> - 80x + 48, 
/ 3 (x) = 13x* - 84x» + 192x» - 176x + 48, 
/>(*) = x 3 - 6x ? + 12x - 8 - (x - 2) 3 . 
Am. There are three real distinct roots, one of them being quadruple. 
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91. Application of Sturm's Theorem. — In the case of 
equations of high degrees the calculation of Sturm's auxiliary 
functions becomes often very laborious. It is important, there- 
fore, to pay attention to certain observations which tend some- 
what to diminish this labour. 

(1) . In calculating the final remainder when it is numerical, 
Bince its sign is all we are concerned with, the labour of the last 
operation of division can bo avoided by the consideration that 
the value of x which causes to vanish must give opposite 
signs to/„_ 3 and/„. It is in general possible to tell without any 
calculation what would bo tho sign of the result if the root of 

= 0 were substituted in /„- 2 (x). Thus in Ex. 3, Art. 89, if 

the value - g, which is the root of / 3 (a*) = 0, be substituted 

for x in 9^ - 27a? +11, the result is evidently positive ; hence 
the sign of /„(*) is -, and there is no occasion to caloulate the 
value - 1433 given for/„(a?) in the example in question. 

(2) . When it is possible in any way to recognize that all the 
roots of any one of Sturm's functions are imaginary, we need 
not proceed to the calculation of any function beyond that one ; 
for since suoh a function retains constantly the same sign for all 
values of the variable (Cor. Art. 12), no alteration in the number 
of changes of sign presented by it and the following functions 
can ever take place, so that the difference in the number of 
changes when two quantities a and b are substituted is indepen- 
dent of whatever variations of sign may exist in that part of 
the series which oonsists of the function in question and those 
following it. With a view to the application of this observation 
it is always well, when we arrive at the quadratic function 
(ax 2 + bx + c, suppose), to examine, in case the term containing 
x 2 and the absolute term have the same sign (otherwise the roots 
could not be imaginary), whether the condition 4ac > b 2 is ful- 
filled ; if so, we know that the roots are imaginary, and the cal- 
culation need not proceed farther. 

Similar observations apply to the case where one of the 
functions is a perfect square, since such a function cannot change 
its sign for real values of x. 
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Examples. 

1. Analyse the oquation 

** + 3*» + Ix* + 10* + 1 = 0. 

We find 

/ 2 (x) = - 29x=- 78x + 14, 
f 3 (x) =- 1080* - 481, 

/#<*>- - 

Here we see immediately that the value of x given by the equation /j(x) = 0, 
which differs little from - J, makes positive; hence ft(x) is negative. 

There are two real, and two imaginary root*. The real roots lie in the intervals 
{-2,-1}, {-1,0}. 

2. Analyse the equation 

x* - 4z 3 - 3x + 23 = 0. 

We find 

Mx) = 12x 2 + 9x-89, 
/,(*) = -49Ix + 1371, 
/«(*)= - 

TT /• , v A • 1371 1371 o 6 .1 6 1 

Here /,{*) = 0 gives * = 4 ~ > — > 2-74 > -, and x = ^ makes 

/a(x) positive ; hence tho root of / 3 (x) makes it positive also. 
There are two real and two imaginary roots. 
The real roots lio in the intervals {2,3}, {3,4}. 

3. Analyse the equation 

2x* - 13x J + 10* - 19 = 0. 

Here; /, (x) = 4x* - 13* + 5, 

f.{x) = 13X 3 - 15x + 38. 

Since 4 x 13 x 38 > 15 s , the roots of fi {x) are imaginary, and we proceed no 
farther with the calculation of Sturm's remainders. 
Substituting - «e , 0, + » , we obtain 

(-oo) + - +, 

(0) - + +, 

(-foo) + + +. 

There are two real roots, one positive, the other negative. 

4. Analyso the equation 

f(x) = X s + 2r* + x 3 - 4x' - 3* - 5 = 0. 

Here 

/, (x) = 6** + 8x» + S* 3 - 8x - 3, 
/ J (x) = 6* s + 66*» + 44x + 119, 
/ 3 (x) = - 116x'- 67x- 223. 
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Sinco 4 x 1 16 x 223 > 5V, wo may stop the calculation hero. Wo find, on 
substituting - « , 0, + ao , 

(-00) - + - 

(0) - - + 

(+00) + + + -. 

There are four imaginary roota, and one real positive root. 

5. Find tho number and situation of the real roots of the equation 

x* - 2x* - 7.r 2 + lOx + 10 = 0. 

Am. The roots are all real, and are situated in the intervals 
{-3,-2}, {-1,0}, and two between {2, 3}. 

6. Analyse the oquation 

** + 3x* + 2x> - 3*» - 2* - 2 = 0. 

It will be found that the calculation may cease with the quadratic remainder. 

Am. There is only one real root : in the interval {1, 2 }. 

7. Analyse the equation 

*>+ 11**- 102x+ 181 = 0. 

We find ft (x) = 864* - 2751, 

441. 

In some examples, of which the present is an instance, it is not easy to tell 
immediately what sign the root of the penultimate function givos to the preceding 
function. We have here calculated /^{x), and it turns out to be a much smaller 
number than might have been expected from the magnitude of the coefficients in /i(x) • 
In fact when the root of /a(x) is substituted in f\ (x) the positive part is nearly equal 
to the negative part. This is always an indication that two roots of the proposed 
equation are marly equal. There are in the present instance two positive roots be- 
tween 3 and 4. Subdividing the intervals, we find the two roots still to lio between 
3-2 and 3 3 ; so that they are very close together. We see here another illustra- 
tion of the continuity which exists between real and imaginary roots. If / 3 (*) 
turned out to be zero, the roots would bo actually equal. If it turned o it to be a 
small negative number, the two nearly equal roots would be imaginary. 

8. Analyse the equation 

x s + x i + x 3 -2x* + -lx-l=0. 

The quadratic function is found to have imaginary roots. 

Am. One real root between {0, 1}; four imaginary roots. 
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9. Analyse the equation 

x* - 6*» - 30x» + 12x - 9 = 0. 

We find 

/,(x) = 5x«-r 20*»+7; 

and as this has plainly all imaginary roots, the calculation may stop here. 

Ant. Two real roots ; in the intervals {- 2, - 1 } , { 6, 7} . 

10. Analyse the equation 

2x« - 18x» + 60x« - 120*> - 30x* + 18* - 5 = 0. 

We find 

/,(x) = 5x* + 220x a + l; 

and the calculation may stop. 

Ant. Two real roots ; in the intervals {-1,0}, {5,6}. 

11. Examine how the roots of the equation 

2x»+ 15x»- 84x- 190 = 0 
are situated in tho several intervals between the numbers - oo , - 7, 6, + » . 
Here /i(x) = x 3 + 6x- 14, 

Mx) = 27x + 40, 
/s(*) = +- 

The substitution of tho above quantities gives 



(-«,) 




+ - +, 


(- 7) 


4 


o - + , 


(6) 


+ 


+ + +* 


<+•) 


+ 


+ + +. 



Whenever, as in this example, any quantity makes one of the auxiliary functions 
vanish (here - 7 satisfies fi (x) = 0), the zero may be disregarded in counting the 
number of changes of sign in the corresponding row ; for, since the signs on each 
side of it are different, no alteration in the number of changes of sign in the row 
could take place, whatever sign be supposed attached to the vanishing quantity. 

The roots are all real. There is one root between - » and - 7 ; and two be- 
tween - 7 and 6. 

12. Analyse the equation 

3x* - 6X 2 - 8x - 3 = 0. 

We find 

/,(*) = 3x»-3x-2, 

M*) = (*+ !)*• 
As /s(x) is a perfect square the calculation may cease. 

Ant. Two real roots ; in the intervals {-1,0}, { 1, 2}. 
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92. Condition* for the Reality or the Roots of an 
Equation. — The number of Sturm's funotions, inoluding 
f(x),f'(z) and the n - 1 remainders, will in general be n + 1. 
In certain cases, owing to the absence of terms in the proposed 
function, some of the remainders will be wanting. This can 
occur only when the proposed equation has imaginary roots ; for 
it is plain that, in order to insure a loss of n changes of sign in 
the series of functions during the passage of x from - oo to + oo 
(namely, in order that tho equation should have all its roots 
real), all the functions must be present. And, moreover, they 
must all take the same sign when x = + oo ; and alternating 
signs when x = - oo . Since the leading term of an equation is 
always taken with a positive sign, we may state the condition 
for the reality of all the roots of any equation (supposed not to 
have equal roots) as follows : — In order that all the roots of an 
equation of the n th degree should be real, the leading coefficients of 
all Sturm's remainders, in number n - 1, must be positive. 

Examples. 

1. Find the condition that the roots of the equation 

ax* + Ibx + e = 0 

should he real and unequal. 

Ant. & — ae > 0. 

2. Find the conditions that the roots of the cubic 

s 8 + ZH$ + 0 = 0 

should be all real and unequal. 

When this cubic has its roots all real, it is evident that the general cubic from 
which it is derived (Art. 36) has also its roots all real ; so that, in investigating the 
conditions for the reality of the roots of a cubic in general, it is sufficient to discuss 
the form here written. 

We find 

/,(*)= # + H, 
/»(«) = -2ffc-0, 
f>(z) = - (G* + 

[In calculating these, before dividing f x (z) by / 2 («), multiply the former by the 
positive factor 2J5T 1 .] 

Hence the required conditions are, H negative and Q 1 4- 4JT 5 negative. 

These can be expressed as one condition, viz., 0 % + 41T 3 negatire, since this 
implies the former (cf. Art. 43). 

O 
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3. Calculate Sturm's remainders for the biquadratic 

r 4 + GHz* + 40* + aH - 3fl* = 0. 

We find 

/,(«) = - ZR# - 3(7; - (a'J - 3JT 1 ), 
f s (z) = -{21II-3oJ)z-QI, 
/.(*) = /» -27^. 

These are obtained without much difficulty by aid of the identity of Art. 37. 
Before dividing f\ by ft, multiply by the positive factor 3JT 2 ; and when the re- 
mainder is found, remove the positive factor a 2 . Before dividing /% by /s, multiply 
by the positive factor (2HI - ZaJ)* ; and when the remainder is found, remove the 
positive factor a 1 II*. 

93. Conditions for the Reality of the Root* of a 
Biquadratic. — In order to arrive at criteria of the nature of 
the roots of the general algebraic equation of the fourth degree 
by Sturm's method, it is sufficient to consider the equation of 
Ex. 3 of the preceding Artiole. By aid of the forms of the 
leading coefficients of Sturm's remainders there calculated, we 
can write down the conditions that all the roots of a biquadratic 
should be real and unequal in the form 

H negative, 2HI- 3a J negative, P - 27 P positive. 

It will be observed that the second of these conditions is 
different in form from the corresponding condition of Art. 68. 
To show the equivalence of the two forms it is necessary to 
prove that when H is negative and A positive, the further con- 
dition 2HI - 3a J negative implies the condition a 1 / - \2IP 
negative, and oonversely. From the identity of Art. 37, 
written in the form - Hi^I '- 12H*) » a 2 {2HI - 3aJ) - 3G 2 , 
it readily appears that when H and 2 H I -3a J are negative 
a* I — 123} is necessarily negative. And to prove the converse 
we observe that when aj is positive 2HI - 3aJ is negative, 
since / is positive on account of the condition A positive ; and 
when aJ is negative 2HI - 3aJ is still negative, since the 
negative part 2HI exceeds the positive part - 3a J, as may be 
readily shown by the aid of the inequalities 122Z 2 > a*I and 
P > 21 P. 

The student will have no difficulty in verifying, by means 
of Sturm's functions, the remaining conclusions arrived at in 
the different cases of Art. 68. 
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Examples. 

1. Apply Sudan's method to separate the roots of the equation 

x* - 16r> + 69** - 70* - 42 = 0. 

Am. Roots in intervals {-1, 0}, {2, 3}, {4, 6}, {9, 10}. 

2. Apply Sturm's theorem to the analysis of tho equation 

x* - 4x* + 7x* - 6x - 4 = 0. 

In analysing a biquadratic of this nature which has plainly two real roots, when 
a Sturmian remainder is reached whose leading coefficient is negative, the calculation 
may cease, since the other pair of roots must then bo imaginary, and the positions 
of the real roots can be readily found by substitution in the given equation. 

Am. Two roots imaginary; real roots in intervals {- 1, 0}, {2, 3}. 

3. Analyse in a similar manner tho equation 

x*-bx*+ 10*3-6* -21 =0. 

An*. Two roots imaginary ; real roots in intervals {-1, 0}, {3, 4}. 

4. Apply Sturm's theorem to the analysis of the equation 

*< + 3x» - - 3* + 11 = 0. 

Ant. Roots all imaginary. 

5. Find by] Sturm's method the number and position of the real roots of the 
equation 

** - lOx* + 6x + 1 = 0. 

Ana. Roots all real; one in the interval (—4, — 3}; two in the interval 
{-1, 0}; and positive roots in the intervals {0, 1}, {3, 4}. 

6. If, in the .following, the sequences of, 'signs are those of the leading coef- 
ficients of Sturm's remainders for a biquadratic, prove 

+ + - \ 

+ + + four real roots ; + - - > two real roots ; 



+ - + j no real root; - + - cannot occur. 

- - + ) 

7. If .the signs of the leading coefficients of the first two of Sturm's remainders 
for a quintic be - + , prove that the number of real roots is determined. 

Ant. One real root only. 

8. If 11 and / are both positive, prove that all the roots of tho biquadratic are 
imaginary ; and that under the same conditions the quintic written with binomial 
coefficients hos'only one real root. Mr. M. Roberts, Dublin Exam. Taptr*, 1862. 

o2 
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9. Prove that, if c has any valuo except unity, the equation 

c*x* - 2c 8 * 3 + 2x - 1 = 0 

has a pair of imaginary roots. 

10. Prove that the roots of the equation 

xi _ ( a * + AJ + fi) x _ 2abc = 0 

are all real, and solve it when two of the quantities a, b, c become equal. 

11. Prove that when tho biquadratic 

f{x) s «* + Abx* + 6«c* + 4dx + e 
has a triple factor, it may bo expressed iu the form 

a'/W = {«* + * + V*Tff }»{«* + 6-3 V^Zf }. 

12. Verify by means of Sturm's remainders the conditions which must bo ful- 
filled when the biquadratic of the previous example is a perfect square, and prove 
in that case 

«*/(*) = {{ax + by+ZH\*. 

13. If an equation of any degree, arranged according to powers of x, have three 
consecutive terms in geometric progression, prove that its roots cannot be all real. 

These three terms must be of the form kx r + kax^ 1 -f ke?x r ~ % . Let the equation 
be multiplied by x — a. The resulting equation will have two consecutive terms 
absent, and must therefore have at least two imaginary roots ; but all the roots of 
this equation except a are roots of the given equation. 

14. If an equation have four consecutive coefficients in arithmetic progression, 
prove that its roots cannot be all real. 

This can be reduced to the preceding oxample. Writing down four terms of the 
proper form, and multiplying by x - 1, it readily appears that the resulting equation 
has three consecutive terms in geometric progression. 
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CHAPTER X. 

80LUTI0N OY NUMERICAL EQUATIONS. 

94. Algebraical and Numerical Equation*. — There is 
an essential distinction between the solutions of algebraioal and 
numerical equations. In the former the result is a general for- 
mula of a purely symbolical character, which, being the general 
expression for a root, must represent all the roots indifferently. 
It must be such that, when for the funotions of the coefficients 
involved in it the corresponding symmetric functions of the 
roots are substituted, the operations represented by the radical 
signs */ f y become practicable ; and when the square and 
cube roots of these symmetrio functions are extracted, the whole 
expression in terms of the roots will reduce down to one root : 
the different roots resulting from the different combinations 
± of square roots, and w^/, w'^/ of cube roots. 
For a simple illustration of what is here stated we refer to the 
case of the quadratio in Art. 55. In Artioles 59 and 66 we have 
similar illustrations for the cubic and biquadratic It is to be 
observed, also, that the formula which represents the root of an 
algebraio equation holds good even when the coefficients are 
imaginary quantities. 

In the case of numerical equations the roots are determined 
separately by the methods we are about to explain ; and, before 
attempting the approximation to any individual root, it is in 
general necessary that it should be situated in a known interval 
which contains no other real root. 

The real roots of numerical equations may be either com- 
mensurable or incommensurable ; the formor class including 
integers, fractions, and terminating or repeating decimals which 
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are reducible to fractions ; the latter consisting of interminable 
deoimals. The roots of the former class can be found exactly, 
and those of the latter approximated to with any degree of 
accuracy, by the methods we are about to explain. 

We shall commence by establishing a theorem which reduces 
the determination of the former class of roots to that of integral 
root* alone. 

95. Theorem. — An equation in which the coefficient of the 
first term is unity, and the coefficients of the other terms whole 
numbers, cannot have a commensurable root which is not a whole 
number. 

For, if possible, let |, a fraction in its lowest terms, be a 
root of the equation 

a* +p l tr n - 1 + +Pn-iX+p n = Q; 

we have then 

from which, multiplying by b n ~\ we obtain 
a" 

- — = ptf*- 1 + jt> a a n -' b + . . . . + pn-i<*b n -* + p n b*-\ 

Now a" is not divisible by b, and each term on the right-hand 
side of the equation is an integer. We have, therefore, a frac- 
tion in its lowest terms equal to an integer, which is impossible. 

Hence £ cannot be a root of the equation. The real roots of 
o 

the equation, therefore, are either integers or incommensurable 
quantities. 

Every equation whose coefficients are finite numbers, frac- 
tional or not, can be reduced to the form in which the coefficient 
of the first term is unity and those of the other terms whole 
numbers (Art. 31) ; so that in this way, by the aid of a simple 
transformation, the determination of the commensurable roots 
in general can be reduced to that of integral roots. 
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"We proceed to explain Newton's process, called the Method 
of Divisors, of obtaining the integral roots of an equation whose 
coefficients are all integers. 

96. Newton's Method of Divisors.— Suppose h to be an 
integral root of the equation 

a 0 ar + x"- 1 + ....+ a»-i x + a n = 0. (1) 
Let the quotient, when the polynomial is divided hy x-h, he 

b 9 Of 1 '* + b x X*- % + . . . . + bn-iX + bn-x, 

in which b a> b Xi &c, are plainly all integers. 

Proceeding as in Art. 8, we obtain the following equations : — 

a 0 = b Vf ai = b x ~ hb 0f a 2 = b* - A6,, .... 

<*n-2 = &»-2 - hb„_ 3 , a„_, - b n _ x - hb n ^ y a n = - hb^ . 

The last of these equations proves that a n is divisible by A, 
the quotient being - b^. The second last, which is the same as 

«n-l + ^ = - hb+ji, 

proves that the sum of the quotient thus obtained and the se- 
cond last coefficient is again divisible by h, the quotient being 
- b n - z ; and so on. 

Continuing the process, the last quotient obtained in this 
way will be - b 0l which is equal to - 

If we perform the process here indicated with all the divi- 
sors of a n which lie within the limits of the roots, those which 
satisfy the above conditions, giving integral quotients at each 
step, and a final quotient equal to - a 0 , are roots of the proposed 
equation. Those which at any stage of the process give a frac- 
tional quotient are to be rejected. 

When the coefficient a 0 = 1, we know by the theorem of the 
last Article that the integral roots determined in this way are 
all the commensurable roots of the proposed equation. If a n be 
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not= 1, the process will still give the integral roots of the equa- 
tion as it stands ; but to be sure of determining in this way all 
the commensurable roots, the equation must be first transformed 
to one which shall have the coefficient of the highest term equal 
to unity. 

97. Application of the Method of Divisor*.— With a 
view to the most convenient mode of applying the Method of 
Divisors, we write the series of operations as follows, in a manner 
analogous to Art. 8 : — 

On tfn_a • . • • <h «i Ao 

-6„_i -b^ - b 2 - b x - b. 



-hbn_x -hb^ -hb x -hb 9 0 

The first] figure in the second line (- Vi) is obtained by 
dividing a n by h. This is to be added to a„_, to obtain the first 
figure in the third line (- hb^). This is to be divided by A to 
obtain the second figure in the second line (— 6 n _ a ) ; this to be 
added to a M _ 3 ; and so on. If h be a root, the last figure in the 
second line thus obtained will be - a*. 

When we succeed in proving in this manner that any integer 
h is a root, the next operation with any divisor may be performed, 
not on the original coefficients a nf a^i, . . . . , but on those of the 
second line with their signs changed, for these are the coefficients 
of the quotient when the original polynomial is divided by x - h. 
When any divisor gives at any stage a fractional result it is to 
be rejected at once, and the operation so far as it is concerned 
stopped. 

The numbers 1 and - 1, which are always of course integral 
divisors of a m need not be included in the number of trial divisors. 
It is more convenient before applying the Method of Divisors to 
determine by direct substitution whether either of these numbers 
is a root. 
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Examples. 

1. Find the integral roots of the equation 

z* - 2x* - 13x* + 38x - 24 = 0. 

By grouping the terms (see Art 79) we observe without difficulty that all the 
roots lie between - 6 and + 6. The following divisors are possible roots : — 

-4, -3, -2, 2, 3, 4. 

We commence with 4 : 

- 24 38 - 13 - 2 1 
-6 8 

32 - 5 

The operation stops here, for since - 6 is not divisible by 4, 4 cannot bo a root. 
We proceed then with the number 3 : 



-24 


38 


- 13 


-2 


1 




- 8 


10 


-1 


-1 




30 


- 3 


-3 


0; 



hence 3 is a root ; and in proceeding with the next integer, 2, we mako use, as 
above explained, of the coefficients of the second lino with signs changed : 

8-10 1 1 

4 -3 -1 

- 6 -2 0; 
hence 2 also is a root ; and wo proceed with - 2 : 

-4 3 1 

2 

6; 

hence - 2 is not a root, for it does not divide 5. — 3 is plainly not a root, for it 
does not divide - 4. 

[We might at once have struck out - 3 as not being a divisor of the absolute 
term 8 of the reduced polynomial. This remark will often be of use in diminishing 
the number of divisors- 
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We proceed now to the last divisor, - 4 : 

-4 3 1 

1 - 1 

4 0 

Thus — 4 if) a root. 

Tho equation has, therefore, the integral roots 3, 2, — 4 ; and tho lost stage of 
the operation shows that when the original polynomial is divided by the binomials 
x - 3, x - 2, x 4 4, the result is * - 1 ; 60 that 1 is also a root. Hence the original 
polynomial is equivalent to 

(x-l)(x-2)(x-3)(x + 4). 

2. Find the integral roots of 

3x« - 23x» + 36x» + 31* - 30 = 0. 

The roots lie between - 2 and 8 ; hence we have only to test the divisors 
2, 3, 5, 6. 

We find immediately that 6 is not a root. 
For 6 wo have 



-30 


31 


35 


-23 


3 




- 6 


6 


8 


-3 




25 


40 


-15 


0; 



hen t e 6 is a root. For 3 we have 



6 


-6 

2 


-8 
- 1 


3 

-3 




-3 


-9 


0; 



hence 3 is a root ; and wo easily find that 2 is not a root. 

The quotient, when the original polynomial is divided by (* - 6) (x - 3), is, from 
the last operation, 

Or' + x- 2 : 

of this 1 is not a root, and - 1 is a root. Hence all the integral roots of the pro- 
posed equation are — 1, 3, 5. 

2 

The other root of tho equation is-. It is a commensurable root ; but, not being 

3 

integral, is not given in the above operation. 
3. Find all the roots of the equation 

x* + x 3 - 2x- + 4x - 24 = 0. 
Limits of the roots are - 4, 3. 

Ant. Roots - 3, 2, ± 2 \/ -^77 



i 
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4. Find all the roots of the equation 

x*-2x 3 - 19* a + 68* - 60 = 0. 
The root* lie between - 6 and 6. 

i 

Wo find that 2, 3, — 6 are roots, and that the factor left after the final division 
is x - 2 ; hence 2 is a double root. The polynomial is therefore equivalent to 

(x - 2) 3 (x - 3)(jr + 5). 

In Art. 99 the case of multiple roots will be further considered. 

98. Method or Limiting the Number of Divisors.— 

It is possible of course to determine by direct substitution 
whether any of the divisors of a n are roots of the proposed equa- 
tion ; but Newton's method has the advantage, as the above 
examples show, that some of the divisors are rejected after very 
little labour. It has a further advantage which will now be 
explained. When the number of divisors of a H within the limits 
of the roots is large, it is important to be able, before proceeding 
with the application of the method in detail, to diminish the 
number of these divisors which need be tested. This can be 
done as follows : — 

If A is an integral root of f(x) = 0 t f(x) is divisible by x - h, 
and the coefficients of the quotient are integers, as was above 
explained. If therefore we assign to x any integral value, the 
quotient of the corresponding value of / (x) by the correspond- 
ing value of x - h must be an integer. We take, for convenience, 
the simplest integers 1 and - 1 ; and, before testing any divisor h> 
we subject it to the condition that /(I) must be divisible by 
1 - h (or, changing the sign, by h - 1) ; and that/(- 1) must 
be divisible by - 1 - h (or, changing the sign, by 1 + h). 

In applying this observation it will be found convenient to 
calculate /(l) and /(- 1) in the first instance : if either of these 
vanishes, the corresponding integer is a root, and we proceed 
with the operation on the reduced polynomial whoso coefficients 
have been ascertained in the process of finding the result of 
substituting the integer in question. 
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Examples. 

1. x> - 23x* + 160** - 281* 3 - 257* - 440 = 0. 

The roots lie between - 1 and 24. 
Wo have the following divisors : — 

2, 4, 6, 8, 10, 11, 20, 22. 
We cosily find 

/(l) = - 840, and /(- 1) = - 648. 

We therefore exclude all the above divisors, which, when diminished by 1, do 
not divide 840 ; and which, when increased by 1, do not divide 648. Tho first 
condition excludes 10 and 20, and the second 4 and 22. Applying the Method of 
Divisors to the remaining integers 2, 6, 8, 11, we find that 6, 8, and II are root*, 
and that the resulting quotient is * 2 + x + 1 . Hence the given polynomial is equi- 
valent to 

(*-6)(*-8)(*-ll)(** + *+l). 

2. x» - 29*< - 31*> + 31** - 32* + 60 = 0. 
The roots lie between - 3 and 32. 

Divisors : - 2, 2, 3, 4, 5, 6, 10, 12, 15, 20, 30. 

f(\) = 0 ; so 1 is a root. 

/(— 1 ) = 1 24 ; and the above condition excludes all the divisors except — 2, 3, 30. 
We easily find that -2 and 30 are roots, and that the final quotient is *• + 1. 
The given polynomial is equivalent to (* - 1) (* - 30) (* + 2) (** + 1). 

99. Determination of Multiple Root*.— The Method 

of Divisors determines multiple roots when they are commen- 
surable. In applying the method, when any divisor of a n whioh 
is found to be a root is a divisor of the absolute term of the re- 
duced polynomial, we must proceed to try whether it is also a 
root of the latter, in which case it will be a double root of the 
proposed equation. If it be found to be a root of the next 
reduced polynomial, it will be a triple root of the proposed ; and 
so on. Whenever in an equation of any degree there exists only 
one multiple root, r times repeated, it can be found in this way ; 
for the common measure of f{x) and /'(%) will then be of the 
form (x - a) r ~\ and the coefficients of this could not be com- 
mensurable if a were incommensurable. 
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Multiple roots of equations of the third, fourth, and fifth 
degrees can be completely determined without the use of the 
process of finding the greatest common measure, as will appear 
from the following observations : — 

(1) . The Cubic. — In this case multiple roots must be com- 
mensurable, since the degree is not high enough to allow of two 
distinot roots being repeated. 

(2) . The Biquadratic. — In this case either the multiple roots 
are commensurable or the funotion is a perfect square. For^the 
only form of biquadratic which admits of two distinct roots 
being repeated is 

(• - „)•(* - 0)\ 

t. e. the square of a quadratic The roots of the quadratic may 
be incommensurable. If we find, therefore, that a biquadratic 
has no commensurable roots, we must try whether it is a per- 
fect square in order to determine further whether it has equal 
incommensurable roots. 

(3) . Tlx Quintie. — In this case, either the multiple roots are 
commensurable, or the funotion consists of a linear commensurable 
faotor multiplied by the square of a quadratic factor. For, in 
order that two distinct roots may be repeated, the funotion must 
take one or other of the forms 

(x - .)■(« - £)■(* - y) t (x - «)■(* - j3)». 

In the latter case the roots cannot be incommensurable ; but the 
former may correspond to the case of a commensurable factor 
multiplied by the square of a quadratio whose roots are incom- 
mensurable. If then a quintie be found to have no commen- 
surable roots it can have no multiple roots. If it be found to 
have one commensurable root only, we must examine whether 
the remaining faotor is a perfect square. If it have more than 
one commensurable root, the multiple roots will be found among 
the commensurable roots. 



Digitized by Google 



206 Solution of Numerical Equations. 



Examples. 
1. Find all the commensurable roots of 

2x»- 31x a + 112* + 64 = 0. 
The roots lie between the limit* - 1, 16. The divisors are 2, 4, 8. 



64 


112 


-31 


2 




8 


15 


-2 




120 


-16 


0; 



8 is therefore a root. Proceed now with the reduced oquation : 

-8 -15 2 

- 1 -2 

- 16 0; 

8 is a root again, and the remaining factor is 2x + 1. 

^ M ,/(x) s (2x+l)(x-8)». 

2. Find the commensurable and multiple roots of 

** - x 3 - 30x J - 76* - 56 = 0. 

The roots lie between the limits - 6, 12. (Apply method of Ex. 10, Art. 80). 

^u./(x) s (x + 2)>(x-7). 

3. Find the commensurable and multiple roots of 

9x* - 12x» - 71x* - 40* + 16 = 0. 
The roots lie between the limits -2, 5. 

The oquation as it stands is found to have no integral root ; but it may still havo 
a commensurable root. To test this wo multiply the roots by 3 in order to get rid 
of the coefficient of x*. We find then 

- 4x3 - 7lx 2 _ 120x + 144 = 0. 

Limits : - 6, 15. 

We find - 4 to bo a double root of this, and the function to be equivalent to 
(x 2 - 12* + 9) (x + 4) a . The original equation is therefore identical with the fol- 
lowing : — 

(x*-4x + l)(3x + 4) J = 0. 

4. Find the commensurable and multiple roots of 

x* + 12x» + 32** - 24x + 4 = 0. 
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The root* lie between - 12 and 1. The only divisors to be tested are, therefore, 
- 4, -2, - 1. We find that the equation has no commensurable root. We pro- 
ceed to try whether the given function is a perfect square. This can be done by 
extracting the square root, or by applying the conditions of Ex. 8, p. 123. We find 
that it is the square of «* + 6x — 2 (of. Ex. 1, p. 161). Hence the given equation 
has two pairs of equal roots, both incommensurable. 

6. Find the commensurable and multiple roots of 

f(x) = x* - x* - 12* 3 + Sx* + 28* + 12 - 0. 
The limits of the roots are — 4, 4. 

We find that - 3 is a root, and that the reducod equation is 

z* - ix* + 8x + 4 ~ 0, 

and that there is no other commensurable root. 

The only case of possible occurrence of multiple roots is, therefore, when this 
latter function is a perfect square. It is found to be a perfect square, and we have 

/(*) = (**- 2* - 2)* (* + 3). 

6. Find the commensurable and multiple roots of 

/(*) S x* - 8x* + 22x> - 26x* + 21* - 18 = 0. 

/(*) = (*» + l)(*-2)(*-3)». 

7. The following equation has only two different roots : find them :— 

X s - 13** + 67x* - 171* 3 + 216x - 108 = 0. 

In general it is obvious that if an integral root A occurs twice, the last coefficient 
must contain A 1 as a factor, and the second last A ; if the root occurs three times, 
A 3 must be a factor of the last, A s of the second last, and A of the third last coef- 
ficient The last coefficient here = 2 J . 3». Hence, if neither - 1 nor 1 is a root, 
the required roots must be 2 and 3. That these are the roots is easily verified. 

8. The equation 

800** - 102x» - * + 3 = 0 

has equal roots : find all the roots. 

In this example it is convenient to change the roots into their reciprocals before 
applying the Method of Divisors. 

Ant. /(*) s (10* - 3)(ox - 1)(4* + 

100. Newton's Method of Approximation. — Haying 
shown how the commensurable roots of equations may be ob- 
tained, we prooeed to give an account of certain methods of 
obtaining approximate values of the incommensurable roots. 
The method of approximation, commonly ascribed to Newton,* 
which forms the subject of the present Artiole, is valuable as 

• See Note B at the end of the volume. 
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being applicable to numerioal equations involving transcendental 
as well as those involving algebraical functions only. Although 
when applied to the latter olass of funotions Newton's method is, 
for practical purposes, inferior in form to Horner's, which will 
be explained in the following Articles, yet in principle both 
methods are to a great extent identical. 

In all methods of approximation the root we are seeking is 
supposed to be separated from the other roots, and to be situated 
in a known interval between close limits. 

Let f(x) = 0 be a given equation, and suppose a value a to 
}>e known, differing by a small quantity h from a root of the 
equation. We have then, since a + h is a root of the equation, 
/ (a + h) = 0 ; or 

/(«)+/'(«)* +^A«+....-0. 

Neglecting now, since h is small, all powers of h higher than the 
first, we havo 

/(«)+/« 4-0, 
giving, as a first approximation to the root, the value 

/(«)' 

Representing this valuo by b, and applying ,the same prooess a 
seoond time, we find as a closer approximation 

/(*)• 

By repeating this process the approximation can be carried 
to any degree of accuracy required. 

Example. 

Find an approximate value of the positive root of the equation 

X s - 1z - 5 = 0. 

The root lies between 2 and 3 (Ex. 1, Art. 89). Narrowing the limits, the root is 
found to lie between 2 and 2*2. We take 2-1 as the quantity represented by a. It 
cannot differ from the true value a + k of the root by more than 0-1. We find 
easily 

/M-W})_-™- 0 00543 
/» -fCl-Y)- 1123 - 0 00543 - 
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A first approximation is, therefore, 

21 - 0-00543 = 2 0946. 

fib) 

Taking this as A, and calculating the fraction - — -, wo obtain 

J \ b ) 

b - = 2-09455148 
for a second approximation ; and so on. 

The approximation in Newton's method is, in general, rapid. 
When, however, the root we are seeking is accompanied by an- 

other nearly equal to it, the fractionary is not neoessarily small, 

since the value of either of the nearly equal roots reduoes/'(a?) to 
a small quantity. A case of this kind requires special precau- 
tions. We do not enter into any further discussion of the 
method, since for practical purposes it may be regarded as 
entirely superseded by Horner's method, which will now be 
explained. 

101. Horner's Method of Solving Numerical Equa- 
tion!. — By this method both the commensurable and incom- 
mensurable roots can be obtained. The root is evolved figure 
by figure : first the integral part (if any), and then the decimal 
part, till the root terminates if it be commensurable, or to any 
number of places required if it be incommensurable. The pro- 
cess is similar to the known processes of extraction of the square 
and cube root, which are, indeed, only particular oases of the 
general solution by the present method of quadratic and cubic 
equations. 

The main principle involved in Horner's method is the suc- 
cessive diminution of the roots of the given equation by known 
quantities, in the manner explained in Art. 33. The great ad- 
vantage of the method is, that the successive transformations 
are exhibited in a compact arithmetical form, and the root 
obtained by one continuous process oorrect to any number of 
places of decimals required. 

This principle of the diminution of the roots will be illus- 
trated in the present Article by some simple examples. In the 

p 
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following Articles we shall proceed to certain considerations 
which tend to facilitate the practioal application of the method. 

Examples. 

1. Find the positive root of the equation 

2,3 - 86x2 _ 85x _ 87 = 0. 

Tho first step, when any numerical equation is proposed for solution, is to find the 
firtt figure of tho root. This can usually be done by a few trials ; although in cer- 
tain cases the methods of separation of the roots explained in Chap. IX. may have 
to bo employed. In the present example there can be only one positive root ; and 
it is found by trial to lie between 40 and 50. Thus tho first figure of the root is 4. 
We now diminish the roots by 40. The transformed equation will have one root 
botwcen 0 and 10. It is found by trial to lie between 3 and 4. We now diminish 
tho roots of the transformed equation by 3 ; so that the roots of the proposed equa- 
tion will be diminished by 43. The second transformed equation will have one root 
between 0 and 1. On diminishing the roots of this latter equation by -5, we find 
that its absolute term is reduced to zero, t. e . tho diminution of tho roots of the pro- 
posed equation by 43*5 reduces its absolute term to zero. We conclude that 43*5 is 
a root of the given equation. The scries of arithmetical operations is represented us 
follows : — 

2 - 85 - 85 -87 (43 5 

80 -200 - 11400 

11487 

9694 

• 1898 

1893 

0 



161 
G 

~167 
c 

173 

1 

174 

The broken lines mark the conclusion of each transformation, and the figures in 
dark type are the coefficients of the successive transformed equations (see Art. 33). 
Thus 

2*» + I box 3 + 2715jt - 11487 = 0 




3699 

87 
3786 
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ib the equation whose roots are each loss by 40 than the roots of the given equation, 
and whose positive root is found to lie between 3 and 4. If the second transformed 
equation had not an exact root -5 ; but one, we shall suppose, between -5 and -6, the 
first three figures of the root of the proposed equation would be 43 -5 ; and to find 
the next figure we should proceed to a further transformation, diminishing the roots 
by *6 ; and so on. 

2. Find the positive root of the equation 

4x 3 -13r ! -3U- 275 = 0. 

We first write down the arithmetical work, and proceed to make certain observations 
on it :— 

4 - 13 - 31 - 275 (6-25 

24 66 210 



11 

24 



35 
24 



■S 



59-8 
•8 



60-6 
•8 

61 4 



35 
210 



245 

11-96 



256-96 
1212 



269 08 

308 

272 16 



-65 

51-392 



-13 608 

13-608 



61-6 



We find by trial that the proposed equation has its positive root between 6 and 7* 
The first figure of the root is, therefore, 6. Diminish the roots by 6. The equation 

*a + 59* 1 + 245x - 66 = 0 

has, therefore, a root between 0 and 1 . It is found by trial to lie between '2 and *3. 
The first two figures of the root of the proposed are therefore 6*2. Diminish the 
roots again by *2. The transformed equation is found to have the root *05. Hence 
6*25 is a root of the proposed equation. 

It is convenient in practice to avoid the use of the decimal points. This can 
easily be effected as follows :— When the decimal part of the root (suppose 'ale . . .) 
is about to appear, multiply tho roots of the corresponding transformed equation by 
10, t. #. annex one sero to the right of the figure in the first column, two to the right 
of the figure in the second column, three to the right of that in'the third ; and so on, 
if there be more columns (as there will of course be in equations of a degree higher 
than the third). The root of the transformed equation is then, not 'aie . . . , but 
a-bc . . . Diminish the roots by a. The transformed ^equation has a root m bc . . . 
Multiply the roots of this equation again by 10. The root becomes b-e . . . , and 

p2 
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the process is continued a* before. To illustrate this we repeat the above operation, 



4 



imal points. 


In all subse 


- 13 


-31 


24 


66 


11 


36 


24 


210 


25 


94600 


24 


1196 



- 275 
210 



(6-25 



51392 



25696 
1212 



13608000 



598 
8 



606 
8 



2690800 

30800 

2721600 



6140 

20 

6160 

3. Find the positive root of tho equation 

20* 3 - 121x« - 121* - 141 = 0. 

The root ia easily found to lie between 7 and 8. It is, therefore, of the form 
7 . ab . . . When the roots are diminished by 7, and multiplied by 10, the resulting 
equation is 

20s» + 2990** + 112500* - 57000 = 0. 

The positive root of this is a . ft ... ; and as the root plainly lies between 0 and I , 
we have a = 0. "We therefore place zero as the first figure in the docimal part of 
the root, and multiply the roots again by 10, before proceeding to the second trans- 
formation. 6 is easily seen to be a root of the equation thus transformed. 

Am. 7 05. 

In the examples here considered the root terminates at an 
early stage. When the calculation is of greater length, if it 
were necessary to find the successive figures by substitution, 
the labour of the process would be very great. This, however, 
is not necessary, as will appear in the next Article ; and one of 
the most valuable practical advantages of Horner's method is, 
that after the second, or third (sometimes even after the first) 
figure of the root is found, the transformed equation itself suggests 
by mere inspection the next figure of the root. The principle of 
this simplification will now be explained. 
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102. Principle of the Trial-divisor. — We have seen in 
Art. 100 that when an equation is transformed by the substitution 
of a + /* for a:, a being a number differing from the true root by 
a quantity h small in proportion to a, an approximate numeri- 
cal value of h is obtained by dividing /(«) by /'(«). Now the 
successive transformed equations in Horner's process are the 
results of transformations of this kind, the last coefficient being 
/(«)» and the second last f\a) (see Art. 33). Ilonce, after two 
or throe steps have been completed, so that the part of the root 
remaining bears a small ratio to the part already evolved, we 
may expeot to be furnished with two or three more figures of the 
root correctly by mere division of the last by the second last 
coefficient of the final transformed equation. We might there- 
fore, if we pleased, at any stage of Ilorner's operations, apply 
Newton's method to get a further approximation to the root. In 
Horner's method this principle is employed to suggest the next 
following figure of the root after the figures already obtained. 
The second last coefficient of each transformed equation is called 
the triaUdwkor. Thus, in the second example of the last Ar- 
ticle, the number 5 is correctly suggested by the trial-divisor 
2690800 In this example, indeed, the seoond figure of the 
root is correotly suggested by the trial-divisor of the first trans- 
formed equation, although, in general, this is not the case. In 
practioe the student will have to estimate the probable effect of 
the leading coefficients of the transformed equation ; he will find, 
however, that the influence of these terms beoomes less and less 
as the evolution of the root proceeds. 



Examines. 
1 . Find the positive root of the equation 

x 3 + x* + * - 100 = 0 

correct to four decimal places. 

It is easily seen that the root lies between 4 and 6. We write down the work, 
and proceed to inuke observations on it 
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1 

4 



1 

20 



- 100 
84 



(4-2644 



5 
4 



21 
36 



- 16000 

11928 



y 

4 



5700 

264 



130 

2 



5964 
268 



132 
2 

134 

2 

1360 

6 

1366 
6 

1372 
6 



823200 

8196 

631396 
8232 

63962800 

65136 

64017936 
55162 



- 4072000 

3788376 

-283624000 
256071744 



-27552256 



13780 

4 

13784 
4 

13788 
4 



64073088 



13792 

First diminish the roots by 4. As the decimal part is now about to appear, at- 
tach ciphers to the coefficients of the transformed equation as explained in Ex. 2, 
Art. 101. Since the coefficient 130 is small in proportion to 5700, we may expect 
that the trial divisor will give a good indication of the next figure. The figure to 
be adopted in every case as part of the root is that highest number which in the pro- 
cess of transformation will not change the sign of the absolute term. Here 2 is the 
proper figure. In diminishing by 2 the roots of the transformed equation 

+ 130X 3 + 6700* - 16000 = 0, 

the absolute term retains its sign (- 4072). If we had adopted the figure 3, the 
absolute term would have become positive, the change of sign showing that we had 
gone beyond the root. We must take care that, after the first transformation (the 
reason of this restriction will appear in the next example), the absolute term pre- 
serves its sign throughout the operation. If we were to take by mistake a number 
too small, the error would show itself, just as in ordinary division or evolution by 
the next suggested number being greater than 9. Such a mistake, howover, will 
rarely be made. The error which is most common is to take the number too large, 
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and this will show itself in tho work by the change of sign in the absolute term. In 
the abovo work it is evident, without performing the fifth transformation, that the 
corresponding figure of the root is 4, so that the correct root to four decimal places 
is 4-2G44. 

2. Tho equation x 4 + 4*» - 4x* - llx + 4 = 0 



root bot 



2 ; find ita value correct to four decimal places. 



4 
1 



5 
1 



6 
1 



7 
1 



80 
6 



92 
6 



98 
6 



1040 

3 

1043 
3 

1046 

3 

1049 

3 



10526 
6 

10632 
6 

10638 
6 

10644 



4 



1 

6 

7 
7 

1400 

616 

1916 

562 

2468 
588 

305600 

3129 



308729 
3138 

311867 
3147 

81501400 

63156 

31664656 
63192 

31627748 

63228 



11 
1 



4 

10 



(1-6369 



10 
7 

- 3000 
11496 



60000 

60976 



8496 
14808 



- 90240000 

72690561 



23304000 

926187 



24230187 
935601 

25165788000 

189387336 

25356175336 
189766488 

25644941824 



- 175494390000 

162131052016 



- 23363337984 



I 
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We eee without completing the fifth transformation that 9 is the next figure of 
tho root. The root is, therefore, 1*6369 correct to four decimal places. 

The trial-divisor becomes effective after the second transformation, suggesting 
correctly the number 3, and all subsequent numbers. The first transformed equation 
hiw its last two terms negative. We may expect, therefore, that the influence of 
the preceding coefficients is greater tban that of the trial-divisor, as in fact is hero 
the case. The number 6, the second figure of the root, must bo found by substitu- 
tion. We have to determino what is the situation between 0 and 10 of the root of 
the equation 

x* + 80x* + 1400j-» - 3000a- - G0000 = 0. 

A few trials show that 6 gives a negative, and 7 a positive result. Ilenco the 
root lies between 6 and 7 ; and 6 is the number of which we are in search. In the 
subsequent trials wo take those greatest numbers 3, 6, 9, in succession, which allow 
the absolute term to retain its negative sign. In the first transformation, diminishing 
the roots by 1. there is a change of sign in the absolute term. Tho meaning of this 
is, that we have passed over a root lying between 0 and 1, for 0 gives a positive 
result, 4 ; and 1 gives a negative result, - 6. In all subsequent transformations, 
so long as wo keep below the root, the sign of the absolute term must be the same 
as the sign resulting from the substitution of 1. This supposes of course that no 
root lies between 1 and that of which we are in search. This supposition we have 
already made in the statement of the question. In fact the proposed equation can 
have only two positive roots ; one of them lies between 0 and 1, and therefore only 
one between 1 and 2. 

When two roots exist between the limits employed in Horner's method, 
i.t. when the equation has a pair of roots nearly equal, certain precautions must be 
observed which will form the subject of a subsequent Article. 

3. Find the root of tho preceding equation between 0 and 1 to four decimal places. 
Commence by multiplying by 10. The coefficients are then 

1, 40,-400,- 11000, 40000; 

the trial-divisor becomes effective at once in consequence of the comparative small- 
ness of the leading coefficients. The positive sign of the absolute term must be pre- 
served throughout. Ant. -3373 

4. Find to three places of decimals the root situated between 9 and 10 of the 
equation 

** -3-^ + 75* -10000 = 0. 
[Supply the zero coefficient of ar 3 .] Ant. 9 886. 

In the examples hitherto considered the root has been found 
to a few decimal places only. We proceed now to explain a 
method by which, after three or four places of decimals have 
been evolved as above, several more may be correctly obtained 
with great facility by a contracted process. 
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103. Contraction of Horner's Process.— In the ordi- 
nary process of contracted Division, when the given figures are 
exhausted, in place of appending ciphers to the successive divi- 
dends, we cut off figures successively from the right of the 
divisor, so that the divisor itself becomes exhausted after a num- 
ber of steps depending on the number of figures it contains. 
The resulting quotient will differ from the true quotient in the 
last figure only, or at most in the last two figures. In Horner's 
contracted method the principle is the same. We retain those 
figures only which are effective in contributing to the result to 
the degree of approximation desired. When the contracted 
process commences, in place of appending ciphers to the succes- 
sive coefficients of the transformed equation in the way before 
explained, we cut off one figure from the right of the last coef- 
ficient but one, two from the right of the last coefficient but two, 
three from the right of the last coefficient but three ; and so on. 
The effect of this is to retain in their proper places the im- 
portant figures in the work, and to banish altogether those whioh 
are of little importance. 

The student will do well to compare the first transformation 
by the contracted process in the first of the following examples 
with the corresponding step in the second example of the last 
Article, where the transformation is exhibited in full. He will 
then observe how the leading figures (those whioh are most 
important in contributing to the result) ooincide in both oases, 
and retain their relative places ; while the figures of little im- 
portance are entirely dispensed with. 

In addition to the contraction now explained, other abbrevia- 
tions of Horner's process are sometimes recommended ; but as 
the advantage to be derived from them is small, and as they 
increase the chances of error, we do not think it necessary to 
givo any account of them. The contraction here explained is 
of so much importance in the practical application of Horner's 
method of approximation that no account of this method is 
complete without it. 



Digitized by Google 



218 



Solution of Numerical Equations. 



Examples. 

1. Find the root between 1 and 2 of the equation in Ex. 2 of the last Article 
correct to seven or eight decimal places. 

Assuming the result of the Example referred to, we shall commence the con- 
tracted protest after the third transformation haa been completed. The subsequent 
work stands as follows :— 

- 17649439 (1-636913576 
16213090 



3150\4, 


25165788 


6 


18936 


3156 


2535515 


6 


18972 


3162 


2654487 


6 


285 


3H*H 


256733 




285 




266018 



- 2336349 
2301597 



- 34752 
26601 

- 9161 
7680 

- 1471 
1280 

- 191 
179 

12 

Here the effect of the first cutting off of figures, namely, 8 from the second last 
coefficient, 14 from the third la6t, and 052 from the fourth last, is to banish alto- 
gether the first coefficient of the biquadratic. We proceed to diminish the roots by 
6 as if the coefficients 1, 3150, 2516578, - 17549439 which are left were those of a 
cubic equation. In multiplying by the corresponding figure of the root the figures 
cut off should be multiplied mentally, and account taken of the number to be carried, 
just as in contracted division. 

After the diminution by 6 has been completed, we cut off again in the transformed 
cubic 7 from the last coefficient but one, 68 from the last but two, and the first 
coefficient disappears altogether. The work then proceeds as if we were dealing 
with the coefficients 31, 255448, - 2336349 of a quadratic. The effect of the next 
process of cutting off is to banish altogether the leading coefficient 31. The sub- 
sequent work coincides with that of contracted division. When the operation ter- 
minates, tho number of decimals in the quotient may be dopeuded on up to the last 
two or threo figures. The extent to which the evolution of the root must bo 
carried before the contracted process is commenced depends on the number of decimal 
places required ; for after the contraction commences we shall bo furnished, in addi- 
tion to tho figures already evolved, with ns many more as there are figures in tho 
trial-divisor, loss one. 

2. Find to seven or eight decimal places the root of the equation 



x* - Ylx + 7 = 0 



which lies between 2 and 3. 
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This equation can hare only two positivo roots : one lie* between 0 and 1, and 
the other between 2 and 3. For the evolution of the latter wo have the following :— 



0 

2^ 

2 
2 

4 

2 

6 
2 



800 
_4 

804 
4 

808 
4 

812 
4 



0 
4 

4 

8 

12 
12 

240000 
3216 

243216 
3232 

246448 
3248 



- 12 
8 

-4 

24 

20000000 
972864 

20972864 
985792 



7 

- 8 



(2 047275671 



- 100000000 
83891456 



- 16108544 
15493401 

-615143 
446262 



21968656 
17478 

2213343 
17478 



2496% 
248tB 



223082\ 
49 

223131 
49 



22318a 



- 168881 
166226 

- 12656 
11159 

- 1496 
1338 

- 168 
156 

2 



On this we remark, that after diminishing the root* by 2, and multiplying the roots 
of the transformed equation by 10, we find that the trial-divisor 20000 will not "go 
into" the absolute term 10000 ; we put, therefore, zero in the quotient, and mul- 
tiply again by 10, and then proceed as before. 

3. Find the root of the same equation which lies between 0 and 1. 

An*. -693685829. 

4. Find the positive root of the equation 

x* + 24-84** - 67-613* - 3761 2758 = 0. 

[When the coefficients of the proposed equation contain decimal points, it will 
be found that they soon disappear in the work in consequence of the multiplications 
by 10 after the decimal part of the root begins to appear. J 

Ana. 11 1973222. 

6. Find the negative root of the equation 

**- 12** + 12*-3 = 0 

to seven places of decimals. 

When a negative root has to be found, it is convenient to change the sign of * 
and find the corresponding positive root of the transformed equation. 

Am. - 3-9073785. 
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104. Application of Horner'» Method to Caaei* where 
Root* are nearly Equal. — We have seen in Art. 100 that the 
method of approximation there explained fails when the pro- 
posed equation has two roots nearly equal. Examples of this 
nature are those which present most difficulties, both in their 
analysis (see Ex. 7, Art. 91) aud in their solution. By Horner's 
method it is possible, with very little more labour than is neces- 
sary in other cases, to effect the solution of such equations. So 
long as tho leading figures of the two roots are the same oertain 
precautions must be observed, which will be illustrated by the 
following examples. After the two roots have been separated, 
the subsequent calculation proceeds for each root separately, just 
as in the examples of tho previous Articles. It is evident, from 
the explanation of the trial-divisor given in Art. 102, that for 
the same reason as that which explains the failure of Newton's 
method in the case under consideration (see Art. 100), it will 
not become effective till the first or second stage after the roots 
have been separated. 

Examples. 

1. The equation 

x 3 - 7x + 7 = 0 

baa two roots between 1 and 2 (see Ex. 2, Art. 89) ; find each of them to eight de- 
cimal places. 

Diminishing the root* by 1, we find that the transformed equation (after its 
roots are multiplied by 10), viz. 

x 3 + 30*' - 400x + 1000 = 0, 

must have two roots between 0 and 10. We find that these roote lie, one between 
3 and 4, and the other between 6 and 7. The root* are now separated, and we pro- 
ceed with each separately in the manner already explained. If the roots were not 
separated at this stage, we should find the leading figure common to tho two, and, 
having diminished the roots by it, find in what intervals the roots of the resulting 
equation were situated ; and so on. 

Atu. 135689684, 1 69202147. 

2. Find the two roots of the equation 

x 3 -49x J + 668*- 1379 = 0 
which lie between 20 and 30. 

We shall exhibit tho complete work of approximation to the smaller of the two 
roots to seven places ; and then make certain observations which will be a guide to 
the student in all cases of the kind. 
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-49 
20 

^29 
20 

20 



11 

3 



14 

3 



17 

3 



202 
2 

204 
2 



2061 
I 

2062 
1 



20633 
3 

20636 



3 



206*9, 



658 
680 



78 
180 



102 
42 



-60 
61 



401 



-496 
408 



8800 

2061 



6739 
20G2 



467700 

61899 

405801 
61908 



-34389* 
206 

- 34183 
206 



20$ -3397T 
4 



-3393 
4 



2, -3388 



1379 
1560 



(23-2131277 



181 

-180 



1000 

-992 



8000 

- 6739 



1261000 

- 1217403 



43597 

-34183 



9414 

-6786 

2628 
-2372 

256 
-236 

20 



The diminution of the roots by 20 change* the sign of the absolute term. This 
is an indication that a root exists between 0 and 20, with which we are not at pre- 
sent concerned. Tho roots of the first transformed equation 

x> + 11*'- 102x + 181 = 0 

are not yet separated, lying both between 3 and 4. The substitution of each of 
these numbers gives a positive result, so that we have not here the same cntenon 
to guide us in our search for the proper figure as in former cases, vir.., a change of 
sign in the absolute term. We have, however, a different criterion which enables 
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us to find by mere substitution the interval within which the two roots He. If 
diminish the roots of r 3 + 1 lx 2 - 102x + 181 - 0 by 4, the resulting oquation is 
x 3 + 23x* + 34x + 13=0, which has no change of sign. Hence the two roots must 
lie between 0 and 4. If we diminish its root* by 3, the resulting equation (as in 
the above work) has the same number of changes of sign as the equation itself. 
Henco the two roots lie between 3 and 4. They are, therefore, not yet separated ; 
and we proceed to diminish by 3. The next transformed oquation 

r 3 + 200x» - 900* + 1000 = 0 

is found in the same way to have both its roots between 2 and 3 : the diminution by 
2 leaving two changes of sign in the coefficients of the transformed equation (as in 
the above work) , and the diminution by 3 giving all positive signs. So far, then, the 
two roots agree in their first three figures, viz. 23 2. Wo diminish again by 2. The 
residtiug equation x 3 + 2060j~ - 8800x + 1261000= 0 has one root only between 1 
and 2 ; 1 giving a positive, and 2 a negative result : its other root lies between 2 
and 3 ; 3 giving a positive residt. The roots are now separated. Wo proceed, as in 
the above work, to approximate to the lesser root, by diminishing the roots of this 
equation by 1 ; the trial divisor becoming effective at the next step. To approxi- 
mate to the greater root, we must diminish by 2 tho roots of the same equation, 
taking care that in the subsequent operations the negative sign, to which the pre- 
viously positive sign of the absolute term now changes, is preserved. The second 
root will be found to be 23 2295212. 

So long as the two roots remain together, a guide to the proper figure of the root 
may be obtained by dividing twice the boat coefficient by tho second last, or tho se- 
cond last by twice tho third last. The reason of this is, that the proposed equation 
approximates now to the quadratic formed by tho last three terms in each transformed 
equation, just as in previous cases, and in Newton's method it approximated to the 
simple equation formed by the last two terms, this quadratic having tho two nearly 
equal roots for its roots ; and when the two roots of the equation «x J + bx + c = 0 

— 2c — b 

are nearly equal, either of them is givon approximately by — or — . Thus, in the 

above example, the number 3 is suggested by — y^— i * n<J *h« number 2 by 2 qqq 0 ° - 

In this way we can generally, at the first attempt, find the two integers between 

which the pair of roots lies. We shall have, also, an indication of the separation of 

the roots by observing when the numbers suggested in this way by the last three 

2e b 
coefficients become different, i.e. when j suggests a different number from — . 

3. Calculate to three decimal places each of the roots lying between 4 and 5 of 
the equation 

x* + Bx' _ 7 0x J _ 144* + 936 = o. 

Ana. 4-242 ; 4 246. 

4. Find the two roots between 2 and 3 of the equation 

64x> - 592** + 1649x - 1446 = 0. 

Ana. The roots are both = 2- 125. 
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Here we find that the two roots are not separated at the third decimal placo. 
When we diminish by 5 the absolute term vanishes, showing that 2*125 is a root; 
and proceeding with this diminution the second last coefficient also vanishes. Hence 
2-125 is a double root. 

When an equation contains more than two nearly equal 
roots, they can all be found by Horner's process in a manner 
similar to that now explained. Such cases are, however, of 
rare occurrence in practice. The principles already laid down 
will be a sufficient guide to the student in all cases of the kind. 

105. Lagrange's Method of Approximation. — Lagrange 
has given a method of expressing the root of a numerical equa- 
tion in the form of a continued fraction. As this method is, for 
practical purposes, much inferior to that of llorner, we shall 
content ourselves with a brief account of it. 

Let the equation / (x) = 0 have one root, and only one root, 
between the two conseoutive integers a and a + 1. Substitute 

a + - for x in the proposed equation. The transformed equation 

in y has one positive root. Let this be determined by trial to 
lie between the integers b and 6 + 1. Transform the equation 

in y by the substitution y = b The positive root of the 

2 

equation in z is found by trial to lie between c and c + 1. Con- 
tinuing this process, on approximation to the root is obtained in 
the form of a continued fraction, as follows : — 

1 

b + 1 

c + X • • • • 

Examples. 

1. Find in the form of a continued fraction tho positive root of the equation 

x 3 - 2x - 5 = 0. 
Tho root lies between 2 and S. 

To make the transformation x = 2 + -, we first employ the process of Art. 33, 

diminishing the roots by 2. We then find the equation whose roots arc the reci- 
procals of the roots of the transformed. 
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The equation in y is in this way found to be 

- lOy* - 6y - 1 = 0. 

This ha* a root between 10 and 11. 

Make now the substitution y - 10 + -. 

z 

The equation in z is 

61i» - 94** - 20z -1 = 0. 
This has a root between 1 and 2. Take c = 1 + 

u 

The equation in » is 

Wm* + 25* 1 - 89« -61=0, 

which has a root between 1 and 2 ; and so on. 

We hare, therefore, the following expression for the root 

* = 2+ 1 

10 + _ 

1 + 1"... 

2. Find in the form of a continued fraction the positive root of 

x» - 6* - 13 = 0. 

J „ 1 
Ant. 3 + 

6 + — 

1 + iT... 

106. Mnmerical Solution of the Blqoadratlc. — It is 

proper, before closing the subject of the solution of numerical 
equations, to illustrate the practical uses which may be made of 
the methods of solution of Chap. VI. Although, as before 
observed, the numerical solution of equations is in general best 
effected by the methods of the present Chapter, there are certain 
cases in which it is convenient to employ the methods of 
Chap. VI. for the resolution of the biquadratic. When a bi- 
quadratic equation leads to a reducing cubio which has a com- 
mensurable root, this root can be readily found, and the solution 
of the biquadratic completed. We proceed to solve a few 
examples of this kind, using Descartes' method (Art. 64), which 
will usually be found the most convenient in practice. 
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1. Resolve the quartic 

x* - 6*» + 3*» + 22* - 6 

into quadratic factors. 

Making the assumption of Art. 64, we easily obtain 

P+/=-3, q + ?'+4/>/>'=3, pq' + p'q = \\, qq' = - 6. 
Also * = + 

and, calculating I and /, the equation for <p is 

Multiplying the root* by 4, we have, if 4<p = /, 

fi- lilt- 450 = 0. 

By the Method of Divisors this is easily found to have a root - 6 ; hence 
3 

* = --, giving pf/= 2, ? + ?'=- 5. 

From these, combined with the preceding equations, we get 

J> = -2, />*=- 1, 7 = 1, ?' = - 6. 

When tho values of q and q' are found, the equation giving the value of pq' + pq 
determines which value of q goes with p, and which with p', in the quadratic 
factors. The quartic is resolved, therefore, into the factors 

(x* - 4* + 1) (*» - 2* - 6). 

By means of the other two values of p we can resolve the quartic into quudratic 
factors in two other ways ; or we can do the sumo thing by solving the two qua- 
dratics already obtained. 

2. Resolve into factors the quartic 

/(*) m r* - 8*> - 12** + 60* + 63. 
The equation for 9 is 

4*» - 196> - 476 « 0, 
which is found to have a root = - 6. 

Am. /(*) s (** - 2* - 3)(*» - 6* - 21). 
Q 
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3. Resolve into factors 

/{*) » x* - 17x J - 20* - 6. 

The reducing cubic is found to be 

t . 2H 3186 A 
**-T2* + 2I6-° ! 

or, multiplying the roots by 6, 

4f' - mt + 3185 . 0. 

This has a root = 7 ; hence $ = \- 

^fi*. /(x) ■ (x* + 4x + 2) (x J - 4x - 3). 

4. Resolve into factors 

/(x) s ** - 6X 3 - 9X 3 + 66* - 22. 
The reducing cubic is 

4 s 335 897 . 

hence a ■ - ? 

2 

/(x) 9 (*» - ll)(*s - 6x + 2). 

5. Resolve into factors 

/(*) B x« - 8X 3 + 21x l - 26x + 14. 

^*». /(x) = (*> - 2x + 2) (x> - 6x + 7). 

6. Resolve into factors 

x* + 12x + 3. 
Am. (x»-xv'6 + Z + ri)(x i + x</6 + 3-V6). 

7. Find the quadratic factors of 

x«-8x»- 12x 2 + 84x-63 = 0, 
and solve the equation completely (see Ex. 18, p. 34). 

Ant. {*» - 2x(2 + V7) + 3 v7} {x a - Jx (2 - V7) - 3^7). 
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1. Find the positive root of 

x 3 - 6x - 13 = 0. 

Ant. 3 176814393. 

2. Find the positive root of 

a*-2x- 6 = 0 

correct to eight or nine place*. A tit. 2 094551483. 

3. The equation 

2X 3 - 6608x J + 5x - 1627 = 0 
has a root between 300 and 400 : find it. 

Ant. Commensurable root, 326*4. 

4. Find the root betweon 20 and 30 of the equation 

4x>- 180 x* + 1896 jc- 457 = 0. 

Ant. 28-62127738 

5. Find to six places the root between 2 and 3 of tho equation 

x 3 - 49x J + 668x - 1379 - 0. 

Ant. 2-567351. 

6. Find to six places the root between 2 and 3 of the equation 

**- 12x a + 12x -3 = 0. 

Ant. 2-868083. 

7. Find tho positive root of the equation 

x> + 2x* - 23x - 70 = 0 
correct to about ten decimal places. Am. 6-13457872628. 

8. Find the cube root of 673373097125. Ant. 8765. 

9. Find the fifth root of 637824. Ant. 14. 
10. Find all the roots of the cubic equation 

x» - 3x + 1 = 0. 

The equation x* + x 3 + 1 = 0, of Ex. 7, p. 100, reduces to this. 

Ant. - 1-87938, -34729, 1-53209. 

Note. — The smaller positive root furnishes the solution of the problem — To 
divido a hemisphere whoso radius is unity into two equal parts by a plane parallel 
to the base. 

11. Find all the roots of the cubio 

X s + x» - 2x - 1 = 0. 
(See Ex. 1, p. 100.) Ant. - 1-80194, - -44504, 1-24698. 

q2 
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12. Find to fire decimal places the negative root between - 1 and 0 (see Ex. 3, 
p. 100) of the equation 

** + *«- 4*» - 3* J + 3* + 1 = 0. 

Am. - -28463. 

13. Solve the equation 

- 3l5x» - 19684* + 2977260 = 0. 

We here find that a root exists between 70 and 80. By Horner's process it is 
found to be 78. The depressed equation furnishes two roots, which, increased by 
78, are the other roots of the cubic. 

Am. 78, 347, - 110. 

14. Find the two real roots of the equation 

z«- 11727* + 40385 = 0. 

Am. 3 46592, 21 43067. 

This equation is given by Mr. 6. H. Darwin in a Paper On the Preeettion of a 
Viteout Spheroid, and on the Remote History of the Earth. Phil. Tram., Part ii., 
1879, p. 608. The roots are 44 the two values of the cube root of the earth's rota- 
tion for which the earth and moon move round as a rigid body." 

16. Find all the roots of the cubic equation 

20*3 _ 24*» + 3 = 0. 

Am. - 0 31469, 0 44603, 1 06865. 

This equation occurs in the solution by Professor Ball of a problem of Professor 
Townsend's in the Educational Timet of Dec. 1878, to determine the deflection of a 
beam uniformly loaded and supported at its two ends and points of trisection. 

16. Find the positive root of the equation 

14*» + I2x* - 9* - 10 =- 0. 

Am. 0-85906. 

The equations of this and the following example occur in the investigation of 
questions relative to beams supported by props. 

17. Find the positive root of the equation 

7^ + 20x> + 3* s - 16* - 8 = 0. 

Am. 0-91336. 

18. Find to ten decimal places the positive root of the equation 

** + 12** + 59*» + 160** + 201* - 207 = 0. 

Am. -6386058033. 
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DETERMINANTS. 

107. Elementary Notlona and Definitions.— This Chapter 
will be occupied with a discussion of an important class of func- 
tions which constantly present themselves in analysis. These 
functions possess remarkable properties, by a knowledge of which 
much simplification may be introduced into mauy mathematical 
operations. 

The function a x th + <hb lt of the four quantities 

is obtained by assigning to a and 6, written in alphabetical order, 
the suffixes 1, 2, and 2, 1, corresponding to the two permutations 
of the numbers 1, 2 ; and adding the two products so formed. 
Similarly the function 

axbjCy + dibiCi + cr 2 6jC, + (hbxd + a^hd + <hb 2 c lt (1) 
of the nine quantities 

a, b t c, 
Ox b 2 c t 

a 3 b 3 c 3 

is obtained by adding all the products abc which can be formed 
by assigning to the letters (retained in their alphabetical order) 
suffixes corresponding to all the permutations of the numbers 
1, 2, 3. The whole expression might be represented by (abc), 
or any other convenient notation, from which all the terms could 
be written down. 
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The notation (a bed) might be employed to represent a similar 
function of the 16 quantities a lf b lt c x , d Xy a 2) &c. ; consisting of 24 
terms, which can all be written down by the aid of the 24 permu- 
tations of the numbers 1, 2, 3, 4. 

And, in general, taking it letters a, 6, c, . . . /, we can write 
down a similar function consisting of n (« - 1) (n - 2) .... 3. 2. 1 
terms, this being the number of permutations of the first n num- 
bers 1, 2, 3 . . . n. 

Now the functions above referred to, which are of such 
frequent occurrence in mathematical analysis, differ from those 
just described in one respect only, namely : of the 1. 2. 3 ... n 
(which is an even number) terms, half are affected with posi- 
tive, and half with negative signs, instead of being all positive, 
as in the oxamples just given. 

We shall now give some instances of these latter functions. 
They occur most frequently as the result of elimination of the 
variables from linear equations. If, for example, x and y be 
eliminated from the equations 

a x x + Ihy = 0, 

<ht + by - 0, 

the result is a x b 2 - (hb x - 0. 

Again, the result of eliminating x, y, * from the equations 

a x x + bit/ + c,s = 0, 

a*? + b& + <& = 0, 

a# + b$ + c»s = 0, 

is, as the student will readily perceive by solving from two of 
the equations and substituting in the third, 

aibid- a x b s c t + a 2 b z c x - a 2 b x Ci + flj^c, - a 3 b z c x = 0 ; (2) 

and this function differs from (1) above written only in having 
three of its terms negative, instead of having the six terms posi- 
tive. 
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Similarly the elimination of four variables from four linear 
equations gives rise to a function of the sixteen quantities 

a u bi t c \> <A> a*, hi &c, 
which differs from the function above represented by (abed) only 
in having twelve of its terms negative. 

Expressions of the kind here described are called Determi- 
nants. 9 The notation by whioh they are usually represented was 
first employed by Cauohy, and possesses many advantages in the 
treatment of these expressions. The quantities of which the 
function consists are arranged in a square between two vertical 
For example, the notation 



bi 
ft, 



represents the determinant a x bt - a,fti. 

Similarly, the expression on the left-hand side of equation (2) 
is represented by the notation 



a* 



ft. 
ft, 
ft, 



Cx 



And, in general, the determinant of the ft' quantities 
a„ ft,, c x . . . li f a,, ft,, &o., is represented by 



a, 



ft* 
ft, 
ft, 



Ci 
Ct 



h 

4 
h 



&n ft» C n 



(3) 



By taking the n letters in alphabetical order, and assigning 
to them suffixes corresponding to the n(n - 1)(» - 2) . . . 3. 2. 1 
permutations of the numbers 1, 2, 3, . . . n, all the terms of the 



* Sec Note C at the end of the volume. 
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determinant can be written down. Half of the terms must 
receive positive and half negative signs. In the next Article 
the rule will be explained by which the positive and negative 
terms are distinguished. 

The individual letters a x , b lf c lt . . . a,, . . . &c, of which a 
determinant is composed, are called constituents, and by some 
writers elements. 

Any series of constituents such as a x , b lt c Xi . . . l Xi arranged 
horizontally, form a row of the determinant ; and any series such 
as «i, at, 03, . . . a m arranged vertically, form a column. 

The term line will sometimes be used to express a row or 
column indifferently. 

108. Rale with regard to Signs. — It is evident from 
the preceding Article that each term of the determinant will, 
since it contains all the letters, contain one constituent (and only 
one) from every oolumn ; and will also, since the suffixes in each 
term comprise all the numbers, contain one constituent (and only 
one) from every row. We may thus regard the square array 
(3) of Art. 107 as the symbolical representation of a function con- 
sisting in general of «(» - 1)(« - 2) . . . 3. 2. 1 terms, comprising 
all possible products which can be formed by taking one con- 
stituent, and one only, from each row ; and one constituent, and 
one only, from eaoh column, All that is required to give perfect 
definitenessto the function is to fix the sign to be attached to any 
particular term. For this purpose the following two rules are 
to be observed : — 

(1) . The term a x b 2 c z . . . Informed by the constituents situated 
in the diagonal drawn from the left-liand top corner to the right- 
hand bottom corner , is positive. 

This is called the leading or principal term. In it the suffixes 
and letters both occur in their natural order ; and from it the 
sign of any other term is obtained by means of the following rule. 

(2) Any interchange of two suffixes, the letters retaining their 
order, alters the sign of the term. 
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This rule may be otherwise expressed thus : — Any interchange 
of two letters, the suffixes retaining their order, alters the sign of a 
term. For if two letters be interchanged, and the two corre- 
sponding constituents interchanged, the process is equivalent to 
an interchange of suffixes. If, for example, in a,M s ef 4 <? s the 
letters b and c bo interchanged, we get <?ic 2 c 3 rfA, which is equal 
to axbiCidiP^ and this is derived from the given term by au in- 
terchange of the suffixes 2 and 5. 

In applying this rule it is evident that an even number of 
interchanges will not alter the sign of a term, and that an odd 
number will. 

Examples. 

1. WTuit sign is to bo attached to the term ajAjf-jrfjei in the determinant of the 
5th order ? 

The question is, How many interchanges will change the order 12345 into 34251 ? 
Here, when 3 is interchanged with 2, and afterwards with 1, it comes into the lead- 
ing place, the order becoming 31245. Again, the interchange in 31245 of 4 with 
2, and afterwards with 1, presents the order 34125. The interchange of 2 with 1 
gives the order 34215 ; and finally the interchange of 5 with 1 gives the required 
order 34251. Thus there are in all six interchanges ; and therefore the required 
sign is positive. 

The general mode of proceeding may plainly be stated as follows : — Take the 
figure which stands first in the required order, and move it from its place in the 
natural order 1234 . . . into the leading place, counting one displacement for each 
figure passed over. Take then the figure which stands second in the required ordor, 
and move it from its place in the natural order into the second place ; and so on. If 
the number of displacements in this process be even, the sign is positive ; if it be 
odd, the sign is negative. 

2. What sign is to bo attached to the term a.s&7 f8rfi«i/i^» in the determinant of 
the 7th order ? 

Here two displacements bring 3 to the loading place ; fivo displacements then 
bring 7 to tho second place ; four then bring C to the third place ; three then bring 
5 to the fourth place ; the figure 1 is in its place ; and finally, ono displacement 
brings 4 into tho sixth place Thus there are in all fifteen displacements ; and the 
required sign is therefore negative. 

3. Write down all the terms of the determinant 

oi *i ci d\ 

a 2 h a 

«3 *3 rj d 3 

at f>t c t d t 
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The six permutations of suffixes in which the figure 1 occurs first are 

1234, 1243, 1324, 1342, 1423, 1432. 

The six corresponding terms are, as the student will easily see by applying the 
Eule (2), as in the previous examples, 

The other cightocn terms, corresponding to the permutations in which the figures 
2, 3, 4, respectively, stand first, are as follows : — 

a^bitidi — fl2*Ka^4 + "j&sfirf* — aj^afjrfj + a-ibiC^dx — <itbiC\di 
+ ajbiadi — asbiddt + *zbiCid\ — a$bzC\di + a$biC\di — a^biCidi 
+ OibiC^dt — aib\c*ds -f a^e\di - a^adi + aib 3 t^di — atb 3 c\di. 

It will bo observed here tbat the number of positive terms is equal to the numbor 
of negative terms. The same must be true in general ; for, corresponding to any 
positive term thcro exists a negative term obtained by simply interchanging the last 
two suffixes. 

4. Show that if any two adjacent figures are moved together over any number 
m of figures, the sign is unaltered. 

For if they be moved separately, the whole process is equivalent to a movement 
over 2m figures. 

5. Determine tho sign to be attached to the second diagonal term, viz., 
o«&»-itft-2 . . . Ar^/i, in the determinant of the w 1 * order. 

Here the number of displacements required to change the natural order to the 
required order is plainly 

(* - 1) + („ _ 2 ) + (» - 3) + . . . + 2 + 1 = " ( "~ 1} . 
Hence the required sign is (- 1) a . 

109. In the Propositions of the present and following" 
Articles are contained the most important elementary properties 
of determinants which, by the aid of Cauchy's notation above 
described, render the employment of these functions of such 
practical advantage. 

Prop. I. — If any two rows, or any two columns, of a determi- 
nant be interchanged, the sign of the determinant is changed. 

This follows at once from the mode of formation (Rule (2), 
Art. 108), for an interchange of two rows is the same as au 
interchange of two suffixes, and an interchange of two columns 
is the same as an interchange of two letters ; so that in either 
case the sign of every term of the determinant is changed. 
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By aid of this proposition the rule for obtaining the sign of 
any term may be stated in a form "which is often more conve- 
nient for practical purposes than that already given. It will 
readily be perceived that the general mode of procedure ex- 
plained in Ex. 1, Art. 108, is equivalent to the following: — 
Bring, by movements of rows (or columns), the constituents of the 
term whose sign is required into the position of the leading diagonal. 
The sign of the term will be positive or negative according as the 
number of displacements is even or odd. 



EXAMTLB. 

What sign is to be attached to the term K0nx in the determinant 

obex 
a fi y y 
I m n t ? 
A (i v 0 

Here a morement of the fourth row orer three rows (i.e. three displacement*) 
brings x into the leading place. One displacement of the original second row up- 
wards brings $ into the required place in the diagonal term. And one further 
displacement of the original third row upwards effects the required arrangement, 
bringing \0nx into the diagonal place. Thus the number of displacements being 
odd, the required sign is negatiye. 

110. Prop. II. — When, in any determinant, two rows or two 
columns are identical, the determinant vanishes. 

For, by Prop. I., the interchange of these two lines ought 
to change the sign of the determinant A ; but the interchange 
of two identical rows or columns cannot alter the determinant 
in any way ; hence A = - A, or A =» 0. 

111. Prop. III. — The value of a determinant is not altered if 
the rows be tcritten as columns, and the columns as rows. 

For all the terms, formed by taking one constituent from 
each row and one from each column, are plainly the same in 
value in both cases ; the principal term is identically the same ; 
and to determine the sign of any other term (by Prop. I.) the 
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number of displacements of rows necessary to bring it into the 
leading diagonal in the first oase is the same as the number of 
displacements of oolumns necessary in the second case. 



«i *i f\ d\ 

<Jj *j r, d* 

as h r A ds 

a« *4 ct d t 



a\ a% aj <?4 

h b, h bj 

c± «a C4 

d x a\ rf, rf 4 



Hero the sign of any term, e.g. at bid d?, is tho same in both determinant*. For 
three displacement* of rows ore required to bring thin term into the leading position 
in tho first determinant; and the same number of displacements of columns is re- 
quired to bring the same constituent* into the leading position in the second deter- 



112. Prop. IV. — If every constituent in any line be multiplied 
by the same factor^ the determinant is multiplied by that factor. 

For every term of the determinant must contain one, and 
only one, constituent from any row or any column. 

Cor. 1. If the constituents in any line differ only by the 
same factor from the constituents in any parallel line, the de- 
terminant vanishes. 

Cor. 2. If the signs of all tho constituents in any line be 
changed, the sign of the determinant is changed. For this is 
equivalent to multiplying by the factor - 1. 



EXAMPLES. 



i. 



la i bi ci 



a\ b\ c\ 

k 02 bt oj 

i 

: «J *J Cj I 



2. 



at mat aj 
fii tnfit fit 
7i tnyi yz 



= m 



a\ ai aj 

fix fix fii '=0. 
71 7i 7* 
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3. 8how that the following determinant vanishes :— 



3 


1 


6 


2 


2 


5 


7 


3 


8 


9 


1 


1 


G 


16 


21 


9 



When the constituents of the last row are divided by 3, they become identical 
with those of the second row. 
4. Prove the identity 

1 a*- «r» 
1 b* b> 



be a a* 
ca b b* 
ab c c* 



1 c 3 c 3 



Represent the first determinant by A, and multiply the rows by a, b t e, respec- 
tively. We have then 

abc a* a> 



abc*. 



abc b* b* 
abc c 2 e 3 



and, dividing the first column by ate, tho result foBows. 
6. Prove the identity 

fiyt a a 3 a 3 

780 fi $* fi 3 

9afi 7 y* 7 s 

afiy 5 V 5 s 

6. Proving the identity 



1 a- <x 3 a 1 

1 ff ! B* 0 1 

1 7 s V r 4 

1 ^ » ! !' 



2 


1 


-7 




1 


1 


7 


-4 


-3 


8 


B 2 


2 


3 


8 


G 


5 


- 9 




3 


5 


9 



Chango all tho signs of the second row, and afterwards of tho third column. 
7. Prove the identity 



0 

fi" 



y 
y 
y 



1 



1 1 1 
afiy ffy* y'afi 
afiy fiTya y'afi 



This is easily proved by multiplying the columns of the first detenninant by 
fiy, 70, afi, respectively ; and then dividing the first row by afiy. 
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It is evident that a similar process may bo employed in general to reduce any 
determinant to one in which all the constituent* of any selected row or column shall 
be units. 

8. Reduce the following determinant to one in which the first row shall consist 
of unite : — 

4 
1 
7 
o 

Since 20 is the least common multiple of 4, 2, 5, 10, it is sufficient to multiply 
the columns in order by 6, 10, 4, 2 ; we thus obtain 



2 


5 


10 


1 


6 


3 


3 


0 


5 


2 


5 


8 



5.10.4.2 



| 20 


20 


20 


20 


1 6 


10 


24 


6 


36 


30 


0 


10 


0 


20 


20 


16 



Taking out the multiplier 20 from the first row, 5 from the third row, and 4 from 
the fourth row, we get finally 



1 


1 


1 


1 


5 


10 


24 


6 


7 


6 


0 


2 


0 


6 


h 


4 



9. Prove the identity 



1 


1 


1 


a 




7 


a' 




7» 



Since if $ were equal to 7, two columns would become identical, 0 - 7 must bo 
a factor in the determinant. Similarly, 7 - a and a — $ must be factors in it. 
Hence the product of the three differences can differ by a numerical factor only 
from the value of the determinant, since both functions are of the third degree in 
o, j8, 7 ; and by comparing the term fiy 2 we observe that this factor is + 1. 

10. Prove similarly the identity 

1111 



0 
J" 



y 

J* 

7 s 



5 

8 s 



- (fi - 7)(« " «)(7 " •)(* " «)(« - *)(7~ *)• 
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It is evident that a similar proof shows in general that the value of the determi- 
nant of this form, constituted by the » quantities o, /5, y . . . A, is the product of the 
\n (* - 1) differences which can be formed with these n quantities. 

113. Kllnor Determinant*. Definitions. — When in a 
determinant any number of rows, and the same number of 
columns, are suppressed, the determinant formed by the remain- 
ing constituents (maintaining their relative positions) is called a 
minor determinant. 

If one row and one column only be suppressed, the corre- 
sponding minor is called a first minor. If two rows and two 
columns be suppressed, the minor is called a second minor ; and 
so on. The suppressed rows and columns have common con- 
stituents forming a determinant ; and the minor which remains 
is said to be complementary to this determinant. The minor 
complementary to the leading constituent a, is called the leading 
first minor , and its leading first minor again is the leading second 
minor of the original determinant. 

It is usual to denote a determinant in general by A. We 
shall denote by A« the first minor obtained by suppressing in A 
the row and column which contain any constituent a ; by A^ p 
the second minor obtained by suppressing the two rows and two 
columns which contain a and )3 ; and so on. Thus A 9l repre- 
sents the leading first minor, and A aiib . or A atibl the leading 
second minor. 

The determinant A, formed by the constituents a„ 6„ c„ &c, 
is often denoted for brevity by placing the leading term within 
brackets, as follows : A = («i b 2 c 3 . . . . /„). The notation 
2 ± a i b 2 c % . . . /„ is also used to represent A ; this expressing its 
constitution as consisting of the sum of a number of terms (with 
their proper signs attached) formed by taking all possible per- 
mutations of the n suffixes. 

114. Development of Determinants. — Since every term 
of any determinant contains one, and only one, constituent from 
each row and from each column, it follows that A in a linear and 
homogeneous function of the constituents of any one row or any one 
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column. Thus we may write 

A = a x A x + a^A-t + O3A3 + &c. 

A = b x B x + bJBn + bsB s + &o. ; 
or, again, A = a x A x + b x B x + CiC, + &o. 

A = a t A t + btB 3 + CaCj + &c. 

The student, on referring to Ex. 3, Art. 108, will observe 
that the determinant of the fourth order there written at length 
is constituted in the way here described, namely 





b t C2 d t 




b x c x 




b x 


ci di 




^ d di 


A =a, 


b 3 c 3 rf s 


+ a t 


64 c A d t 


+ As 


h 




+ Oi 


b 3 c s di . 




64 ^ d t 




b 3 di 




bi 


Ci di 




b t Ci di 



We proceed to show that in the general case, writing A in 
the form 

A = a x A x + a^Ai + a 3 A 3 + . . . + a n A n , 

the coefficients A x , A t , A„ &c, are determinants of the order 
n- 1. 

In effecting all the permutations of the suffixes 1, 2, 3 w, 

suppose first 1 to remain in the leading place, as in the example 
referred to ; we then obtain 1.2.3...(n-l) terms which have 
<*i as a factor, and 

a x A x - a x 2 ± b& . . . /„ ; 

hence 

bi 



d . . . 4 

Ci . . • /•} 



bn C n . . . l n 



and this determinant is the minor corresponding to the consti- 
tuent «i, or A x = A fll . 

To find the value of A iy we bring into the leading place 
by one displacement of rows. This changes the sign of A, so 
that we obtain A? = - A fli ; i.e. A 2 = the minor corresponding to 
a* with its sign changed. Again, bringing a 3 to the leading 
place by two displacements, we have A t = A a> ; and so on. 
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Thus we conclude that, in general, 

A = a, A fll - a 8 A a- + «, A„ a - a 4 A« 4 + &o. 

Similarly, we can expand A in terms of the constituents of 
any other column, or any row. For example, 

A = o, A ffll - b x A» x + c, A Cl - &o. 

If it be required to obtain the proper sign to be attached to 
the minor which multiplies any constituent in the expanded 
form, we have only to consider how many displacements would 
bring that constituent to the leading place. For example, sup- 
pose the determinant {a x btc z die^ is expanded in terms of its 
fourth column, and that it is required to find what sign is to be 
attached to </ s A«/ 4 . Here two displacements upwards, and after- 
wards three to the left, will bring a\ to the leading place ; hence 
the sign is negative. This rule may be stated simply as follows : — 
Proceed from ai to the constituent under consideration along the top 
row, and down the column containing the constituent ; tfie number 
of letters passed over before reaching the constituetit will decide the 
sign to be attached to the minor. In the example just given ; 
beginning at a x we count «„ b h c it d u d tt i. e. five ; and this number 
being odd, the required sign is negative. 

It will be found convenient to retain both notations here em- 
ployed for the development of a determinant. The expansion in 
terms of the minors, with signs alternately positive and negative, 
is useful in calculating the value of a determinant by successive 
reductions to determinants of lower deg ree. For some purposes, 
as will appear in the Articles which follow, it is more convenient 
to employ the notation first given, in which the signs are all 
positive (whatever the row or column under consideration), 
and the coefficient of any constituent represented by the cor- 
responding capital letter. By substituting for the capital letter 
the corresponding minor with the proper sign, determined in 
the manner above explained, the latter notation is changed into 
the former. 



R 
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bl c 














- «s 


h fs 


+ «s 


As * 



Examples. 

a\ b\ C\ 

«i J» «i 
«J As «S 

= «iA,?, - «i*3fi - oaAiCj + atbicx + a s Ai«, - a,A,«i. 
(Compare (2), Art. 107.) 
o A y 

h b f 
9 f c 





b / 




h 9 




h g 


- a 


f « 


- h 


f * 


+ 9 


*> f 



= abc + Ifgh - *p - bf- - e A». 

3. Expand the determinant of the fourth order in 
the fourth row. 

A = - a 4 A* 4 + A 4 A» 4 - c t A, 4 + rf.A,* 4 



of the 



of 





Ai 


Cl 






ai 










A, 






«i 


Ai 




= - «4 


As 


c% 


rfs 


+ A 4 


«s 


*s 






«s 


As 




+ <*. 


«s 


As 


cz • 




As 




<*s 




«3 


fs 


</s 




«3 


*3 


dz 




03 


As 





When the determinants of the third order are expanded this will give the ex- 
pression of Ex. 3, Art. 108, as the student will easily verify. 



4. 



3 

— 



■2 
'I 



4 
I 

S 





6 1 




2 4 




2 4 


= 3 


3 8 


— 7 


3 8 


+ 6 


6 1 



3(48 - 3) - 7(16 - 12) + 6(2 -24) 
-3. 



6. 



the value of the determinant 



8 


7 


2 


20 


3 


1 


4 


7 


6 


0 


11 


o 


$ 


1 


0 


6 



It is evidently convenient to expand this in terms of the third row, since two of 
the constituents in that row vanish. 



A = 6 



7 2 20 ; 

1 4 7 +11 

1 0 6 



8 
3 
S 



7 
1 
1 



20 
7 
6 



and expanding the two determinants of the 3rd order, we find A = 2188. 
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4. Expand 



0 e b d 

e 0 a e 

b a 0 / 

d e f 0 
^<»#. aV 2 + *V + cV- 2fc*/- 2«/a' - 2 aids. 



7. Prove 
1 a 

-o 1 

~V 1 

-7 /ff -«' 

8. Expand 



& y 

7* -0 
a' 

1 



l + a a + ^ + r 2 + ^ + ^ + 7' ^ +(art' + /8/J'^■ r y') , . 



-abed 
b -a d c 
e d —a b 
d e b -a 

Am. a* + b* + c* + #-2b*<*-2c*a*-2a*b*-2a*d*-2b*d*-2c*d*- %abed. 
9. Prove the following identity, and expand the determinants :— 



0 

1 
1 
1 



1 

0 

y 8 



i 

z- 
0 

x* 



1 

y 2 
*» 

o 



o 

x 

y 

z 



X 

0 
z 



y 

z 
0 

x 



t 

y 
o 



Am. «* + y* + i«-2y s « 3 -2*»^-2* l y». 
10. Find the value of the determinant 



a 
h 

9 
A 



h 
b 

f 



9 

f 
e 

y 



X 

M 
v 

0 



Expand first in terms of the last row or last column, and then each of the deter- 
minants of the third order in terms of k y /t, v. 

Am. — A = (be -P) a' + (co - M » + (ab - A») ,» + 2 ( ?A - «/) ^ 

+ 2 (tf- + A* 

r2 
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115. Laplace's Development of a Determinant. — 

The expansion explained in the preceding Article is included 
in a more general mode of development given by Laplace. 
In place of expanding the determinant as a linear function 
of the constituents of any line, we expand it as a linear func- 
tion of the minors comprised in any number of lines. 

Consider, for example, the first two columns (a, b) of any 
determinant; and let all possible determinants of the second 
order (a p b q ), obtained by taking any two rows of these two 
columns, be formed. Let the minor formed by suppressing 
the a p and b q lines be represented by & Piq ; then the deter- 
minant can be expanded in the form 2 ± (a P b q )b p , qt where 
each term is the product of two complementary determinants 
(see Art. 113). To prove this, we observe that every term of 
the determinant must contain one constituent from the column 
a and one from the column b. Suppose a term to contain the 
factor a p b q , there must then (interchanging/? and q) be another 
term containing the factor — a q b p ; hence, the determinant can 
be expanded in the form 2 (n p b q ) A piq ; and A piq is plainly 
the sum of all the terms which can be obtained by permuting 
in every possible way the n - 2 suffixes of the letters c, d, e, 
&c, viz., ± the sign being determined in any particular 
instance by the rule of Art. 108. This reasoning can easily 
be extended to the case where any number p of columns are 
taken, and all possible minors formed by taking p rows of these 
columns. Each minor is then multiplied by the complementary 
minor, and the determinant expressed as the sum of all such 
products with their proper signs. 

Examples. 

1. Expand tho determinant (a x bic^di) in terms of the minors of the second order 
formed from tho first two columns. 

Employing the bracket notation, we can write down the result as follows : — 

(ai At) (ad t ) - («i*3) {e%di) + (<*rfa) + {«%h)(c\di) - (a 2 A 4 ) {e\dy) + (a 3 *t)(cirf a ) ; 

where the sign to be attached to any product is determined by moving the two rows 
involved in the first factor into the positions of first and second row. Thus, for 
example, since three displacements are required to move the second and fourth 
rows into these positions, the sign of the product (tfji«)(nrfs) is negative. 
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2. Expand similarly the determinant («i 

Am. {a x A,) (<*<*4* 4 ) - («i Aj) (c,rf«* 4 ) + (a, * 4 ) (<* - («i *») Ma**) 
+ («j*s) (ci <<i tfft) - (a 2 b 4 ) (e l d i e i ) + (Ms) (cufe**) + (03*4) (cirfaf*) 

3. Prove the identity 

aj Ai c\ d\ e\ f\ 
m ci a\ e% f 2 

«J *3 fj rfj «J /« 

0 0 0 ai ft 71 
0 0 0 aj ft 7, 
0 0 0 as ft 73 

This appears by expanding the determinant in terms of the minors formed from 
the first three columns, for it is evident that all these minors vunish (having one row 
at least of ciphers) except one, viz. (aifec*). 

In general it appears in the same way that if a determinant of the 2m«* order 
contains in any position a square of m* ciphers, it can be expressed as the product of 
two determinants of the m«* order. 

4. Expand the determinant 

a A £ A A' 

h b f n it 

9 / c p r 

A fi v 0 0 

A' 11 9 0 0 

in powers of a, /3, 7, where 

o SM y'- M V, 0 = rA'-/A, 7 = A/x' - *V 

Am. aa* + tyJ* + c-f + 2/fiy + 2*770 + 2Aaft 

6. Verify the development of the present Article by showing that it gives in the 
general case tho proper number of terms. 

Consider the first r columns of a determinant of the «'* order. The number of 
minors formed from these is equal to the number of combinations of n things taken 
r together. This number multiplied by 1 . 2 . 3 . . . r (the number of terms in each 
minor), and 1 . 2 . 3 . . . n — r (the number of terms in each complementary minor), 
will be found to give 1 . 2 . 3 . . . n, via. the number of terms in the determinant. 

116. Development of a Determinant in Product* 
of the leading Constituents. — Id the present and next fol- 



ai bi e x 
a 2 h c 2 
tj <) 



01 ft 71 

03 ft 7J 
03 ft 7j 
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lowing Articles will be explained two additional modes of deve- 
lopment which will be found useful in the expansion of certain 
determinants of special form. The application which follows to 
the determinant of the fourth order will be sufficient to explain 
how any determinant may be expanded in products of the lead- 
ing constituents — 

It ifl required to expand the determinant 

A A X e x rf, 

02 B ft d : 

ci h C rf 3 

« 4 h ft D 

according to the products of A, B, C, D. In order to give prominence to the lead- 
ing constituents we have here replaced a u ft, ft, d K hy A, B, C, Z)., When the ex- 
panaion is effected it is plain that the result must be of the form 

A b Ao + 2k A + JL\'AB + ABCD, 

where Ao consists of all the terms in which no leading constituent occurs ; Ik A is 
the sum of all the terms in which one only of these constituents occurs; Ik'AB i.« 
the sum of all in which the product of a pair of the leading constituents is found ; 
and ABCD, the leading term, is the product of all these constituents. It will be 
observed that the expansion hero written contains no terms of the form k"ABC\ and 
it is evident in general that the expanded determinant can contain no terms in which 
products of all the leading constituents but one occur, since the coefficient of any 
such product is the remaining diagonal constituent. It only remains to see what is 
the form of Ao, and of tho undetermined coefficients A, p, . . . k', &c. 
Putting A, By C, D all equal to zero in tho identity above written, wo have 

0 bi c x d x 

02 0 ft 4*2 
a-\ b% 0 0*3 



Again, to 
the 



hi c t 



in x, let B, C, D be made equal to xero. The coefficient of A U 



0 * rf. 

ft 0 d 3 
b t a 0 

the coefficient ot^B is similarly obtained by replacing A, C, 2) each by xero in the 
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minor complementary to B ; and so on. To obtain K', let C and D be made zero ; 
the coefficient of AB in the resulting determinant is plainly the socond minor 

0 d 3 

* 

ci 0 

The coefficient of any other product is obtained in a similar manner. Finally, 
the expansion of A may be written in the form 

0 *i ci di 

a, 0 th 

<?4 bi et 0 





0 




dt 




0 


Cl 


dx 




0 


*l 


dv 




0 






+ A 


h 


0 


d, 


+ B 


«3 


0 


di 


+ c 


** 


0 




+ 2) 




0 


a 








0 




«4 


ct 


0 




«4 


*4 


0 




«3 


*3 


0 





0 ti 2 




0 di 




0 a 




0 d x 




0 <-! 




0 &i 




Ci 0 




b k 0 


+ ^2) 


b, 0 


+ 


a t 0 


+ BD 


*3 0 




a a 0 



A determinant whose leading constituents all vanish has boen called zero-axit'f. 
The result just obtained may bo stated as follows : — Any determinant may be ex- 
panded in products of the leading constituents, the coefficient of every product in the 
result being a tiro-axial determinant. 

117. Expansion of a Determinant by Product* In 
Pairs of the Constituent* of a Row and Column. — In 

what follows we take the first row and first column as those in 
terms of which the expansion is required. This is plainly suf- 
ficient, sinoe any other row and column may be brought by 
displacements into these positions. It will be found convenient 
to write the determinant under consideration in the form 

«o a a3 y . 

a ct\ b\ Ci 

j3' a t b 2 c, . • 

y <h h c> . 
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Let this be denoted by A', and its leading first minor 
(a,6,c, . . .) by the usual notation A. The determinant A' may 
be said to be derived from A by bordering it, horizontally with 
the constituents a, /3, y, . . ., and vertically with the consti- 
tuents a* a' y /3', y', . . . When A' is expanded, all the terms 
which contain a Q are included in Oo A . In addition to this, the ex- 
pansion will consist of the product of every other constituent of 
the first column by every other constituent of the first row, 
every such product of two being multiplied by its proper factor. 
What this factor is in the case of any product is easily seen. 
Let the coefficients of a„ b u c t , . . . a,, 6», . . . &c, in the expan- 
sion of A be A if 2?i, . . . A 2 , . . . , according to the notation 
explained in Art. 114. It is plain that the factor which multi- 
plies any product, for example aa, in the expansion of A', is the 
same as the factor whioh multiplies Oofli with sign changed, viz., 
- Ay ; similarly the factor whioh multiplies a'/3 is the factor with 
sign changed of Oo&„ viz., - B x ; and so on. To obtain the factor 
of any such produot the rule plainly is — Find the fourth consti- 
tuent completing the rectangle formed by the leading term a« and 
the two constituents which enter into the product: the required 
/actor is obtained by substituting for the constituent of A so found 
the corresponding capital letter with the negative sign. It appears 
therefore finally that the expansion of A' may be written in the 
following form :— 

A' = OoA - A\ aa - B t /3a' - Ci ya - . . . 

- A ta p- J?,/3/3'- Gy/3'- . . . 

- A,ay'- Bsfiy- C 3 yy 

- &o. 

Examples of the utility of this mode of expansion will be 
found under a subsequent Article. 

118. Addition of Determinant!*. Prop. V. — If every 
constituent in any line can be resolved into the sum of two others, 
the determinant can be resolved into the sum of two others. 
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Suppose the constituents of the first column to be a x + o,, 
<h + a„ a, + as, &c. Substituting these in the expansion of 
Art. 114, we have 

A = («i + ai) A x + (a, + a,) + (a, + a,) .4, + &0. 

= OiAi + Oj^j + <hAi + . . &o. + aiAi + a»^i + a t Ai + &0. ; 

or, 



<*x + ai 


4. 








6, 


Ci . . 






6, 


(?i . . 


0,+ a, 




c 3 . . 




a, 


6, 


o, . . 




a, 




Ct . . 
















+ 






} 


«s + a» 




e 3 . . 




a, 


6 S 






a» 


A3 


C3 . . 



whioh proves the proposition. 

If a second column consists of the sum of two others, it is 
easily seen, by first resolving with reference to one column, and 
afterwards with reference to the other, that the determinant can 
be resolved into the sum of four others. For example, the de- 
terminant 



Oi + ai 




Cx 








<h + <*» 







is (using the notation of Art. 113) equal to the sum of the four 
determinants 

(a,6,c) + (a, + (ax&c,) + (a,j3,Ca). 

Similarly it follows that if each of the constituents of one 
column consists of the algebraical sum of any number of terms, 
the determinant can be resolved into a corresponding number of 
determinants. For example — 



(h - ai + a'i 


bx 


Cx 




a x 


bx 


Cx 




«l 


b x 


Cx 




a 1 


bx 


Cx 


a t - a 3 + a', 




C 




a, 


b* 


Ct 




a. 


K 




+ 


a, 


b, 


c 


tf 3 ~ «s + a' s 








«3 


bs 


c 




as 


b> 


c, 




as 




C* 
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And, in general, if one column consists of the algebraio sum of 
m others, a second column of the sum of n others, a third of the 
sum of p others, &c, the determinant can be resolved into the 
sum of tnnp . . • , &c, others. 

Similar results plainly hold with regard to the rows, which 
may be substituted for columns in the proof just given. 

111). Prop. VI. — If the constituents of one line are equal to 
the sums of the corresponding constituents of the other lines multi- 
plied by constant factors, the determinant vanishes. 

For it can then be resolved into the sum of a number of 
determinants which separately vanish. For example, 



ma x + nbi 


«i 




\ 






A. 




6. 


a, 


bt 


nuh + nb 2 


a, 


b 2 


- m 




a? 


h 


+ ft 


b 3 


(h 


K 


ma 3 + nb 3 


a 3 


b 3 




a* 


<*3 


b 3 




b 3 


a* 


b, 



and each of the latter determinants vanishes (Art. 110). 

120. Prop. VII. — A determinant is unchanged when to each 
constituent of any row or column are added those of several other 
rows or columns, multiplied respectively by constant factors. 

For when the determinant is resolved into the sum of others, 
as in Art. 118, the determinants in which the added lines occur 
all vanish, since each of them must, when the constant factor is 
removed, oontain two identical lines. Thus, for example, 





4. 


Ci 




tfi + mbi + nci 


6, 


c x 








c 3 




a? + mbt + fWa 


A. 


c 3 


• 

> 


a 3 


b 3 


c 3 




a 3 + mb t + nd 


b 3 


c 3 





for when the second determinant is expressed as the sum of 
three others, the two arising from the added columns vanish 
identically (Art. 119). 

The proposition of the present Article supplies in practice 
one of the most useful properties in the evaluation of deter- 
minants. 
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1. Show that the following determinant vanishes : — 

fi + y « 1 



y + a 
a + 3 



0 
y 



Adding the constituents of the second column to those of the first, we can take 
out a + 0 + y as a factor, and two columns then become identical. 

2. Find the value of the determinant 



1 

2 

3 



2 
3 
4 



4 
7 

10 



Subtracting tho constituents of the first column from those of the second, and 
three times the constituents of the first column from those of the third, we obtain 



which vanishes identically. 



- 1 1 1 
1-1 1 
1 1-1 



1 -1 



1 

2 
3 

- 1 
0 
0 
0 



1 

1 
1 



1 
1 
1 



1 

0 

2 
2 



1 

2 
0 
2 



1 
2 

2 
0 



0 

2 
2 



2 2 
0 2 
2 0 



-16. 



Here the first transformation is obtained by adding in succession the constituents 
of the first row to those of the second, third, and fourth. 



4. 



7 11 4 

13 16 10 
3 9 6 



= S 



7 11 4 

13 15 10 
1 3 2 



7 -10 -10 
13 -24 -16 
1 0 0 
= 30 (16 - 24) = - 240. 



10 10 
24 16 



Here the second transformation is obtained by subtracting three times the first 
column from the second, and twice the first from the third. In examples of this 
kind attempts should be made to reduce to zero all the constituents except one in 
some row or column, in which case the calculation reduces to that of a determi- 
nant of lower order. This can always be done by reducing any one line to units, as 
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in Ex. 7, Art. 112 ; but in general it can be effected 
tiona or subtractions, as in the present instance. 



readily by direct addi- 



6. 


7 


- 2 


0 


5 




7 


- 2 


0 


6 




19 


- 2 


17 




-2 


6 


-2 


2 




19 


0 


- 2 


17 


= 2 


-7 


5 


-2 




0 


-2 


5 


3 




-7 


o 


6 


-2 




12 


3 


9 




6 


2 


3 


4 




12 


0 


3 


9 











The first transformation is obtained by adding to the second row three times the 
first, subtracting the first from the third row, and adding the first to the fourth 
row. The reduced determinant is easily calculated by subtracting four times the 
second column from the first, and three times the second column from the third. 
Thus 



19-2 17 
-7 5-2 
12 3 9 



= 2 



27 


- 2 


23 




27 


6 


- 17 


= -6 


0 


3 


0 




t 

1 


16 


14 


4 


12 


6 


7 


9 


8 


10 


11 


5 


13 


3 


2 


16 



27 23 
-27 -17 



= - 972. 



A = 



The first sixteen natural numbers aro arranged here in what is called a " magic 
square," ». e. the sum of all the figures in any row or in any column is constant. In 
general for a square of the first n« numbers this sum is \n (w J + 1). Determinants 
of this kind can be at once reduced one degree. Here, adding the hut three < 
to the first, and subtracting the last row from each of the others, we have 



A = 34 



1 16 14 
1 6 7 
1 10 11 



4 

9 
5 



1 3 2 16 



= 34 



0 12 12 -12 

0 3 6 -7 

0 7 9 - 11 

1 3 2 16 



= - 34 x 12 



1 

3 
7 



1 - 1 
5-7 
9-11 



and subtracting the second row from the last row, it is evident that the reduced de- 
terminant vanishes ; hence A = 0. 

7. Calculate the determinant formed by the first nine natural numbers arranged 
in a magic square : 

4 9 2 



3 
8 



5 
1 



7 

G 
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8. Calculate the determinant formed by the first twenty-five natural numbers 
arranged in a magic square : 



10 


18 


1 


14 


22 


4 


12 


25 


8 


16 


23 


6 


19 


2 


IS 


17 


6 


13 


21 


9 


11 


24 


7 


20 


3 



An: -4680000. 

9. Evaluate, by the method of the present Article, the determinant of Ex. 9, 
Art. 114. 



0 
1 
1 
1 



1 

0 



1 1 

s* y 2 



y 2 



0 
1 
1 



1 
0 

.3 



0 0 

* r 

- s 2 z*-z» 



1 # y» 

1 *i_ 8 a 

1 *»-y* -y 2 



1 y 2 x*-y» -y a 
Here, to obtain the second determinant, we subtract the second column from each 
of the following ones. In tho reduced determinant, subtracting the first row from 
each of the following, we find 

1 ** y* 



A — — 



0 -2c 3 x 2 - z 2 - y 2 
0 a^-y'-z 2 -2y» 



2z» j^ + r 2 -* 2 
y 2 ** 2 -* 2 2y» 



= (y a + s»-* 2 ) 2 -4y 2 s 2 

= (y 2 + z 2 - x 2 + 2ys)(y 2 + s 2 - - 2yt) 

= {(y + ^-^}{(y-') 1 -^} 

= - (x + y + 1) (y + r - x) (« + a: - y) (a? + y - *). 
10. Prove the identity 



2abe{a + A + cf. 



(A + <f 
A 1 

c 2 

Subtracting the last column from each of the others, (a + b + c)* may be taken out 
as a factor. Calling the remaining determinant A', and subtracting in it the sum of 
the first two rows from the last, we have 



a 2 a 2 

(e + a)* b* 
c 2 (a + A) 2 



A + o-a 0 a 2 
0 e+a-b A 2 
e-a-b c-a-b (a + A) 2 



b+c-a 0 a 2 

0 e + a-A A 2 

- 2A - 2a 2aA 
a(A + e-a) 0 a 2 

0 A(* + a-A) A 2 

-2a* -2oA 2aA 



_1_ 

ab 
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Adding the laat column to each of the others, we obtain 
a(* + e) a' a* 

i» *(« + «) 4 s 

0 0 2ab 



a [b + e) 
4» 



a' 








= 2*b 




*(< + *) 




* c + a 



Hence, A = A'(« + b + r)» « 2aMa + * + 

11. Prove the identity 

1 1 1 



2abe(a + b + e). 



7 
7* 



= (^-7)(7-«)(«-/B)(« + /3 + 7 ). 



Subtracting the first column from each of the others, 0 - a and y - a become 
factors. In the reduced determinant, subtract the first row multiplied by a* from 
the second row. 



12. Resolve into simple factors the 

1 1 



a* 
a* 



0 

0 s 
0* 



1 

7 
T 4 



1 
8 
8» 
5* 



Proceeding as in Ex. 11 , we easily find that {0 - a) (7 - a) (8 - a) is a factor, and 
that the reduced determinant is 

1 1 1 

0+« 7+a 8 + a 

/3 > + /9 J a + 0a 8 + a s y + y'a + 7« l + « s « 8 + *a+ aa' + n* 

Subtracting tho first column from each of the others, (y - 0) (8 - 0) comes out 



as a factor, and the remaining factor is easily found to be (8 - 7) (a + 0 + y + 8). 
Hence, finally, 

A = -(0-7)(«-8)(7-o)O3-8)(o-j3)( 7 -8)(a+/8 + 7+8). 
13. Resolve into linear factors the determinant 

a b e 

c a b 

b e a 

Multiply the second column by u, and the third by •»* ; and add to the first. 
The factor a + ub + «»c may then be taken off the first column, leaving the con- 
stituents 1, «, •»«. Adding then the second and third rows to the first, the factor 
a + b + e may be taken out ; and the remaining determinant is easily found to be 
equal to a + w*b + «c. Hence we have 

A a (a + $ + c) (a + + tfc) (a + -»* + 
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14. Rewire into linear factors the determinant 

abed 



The result is as follows :— 

A = -(a + b + c + d)(b + c-a-d)(c + a-b-d)(a + b-c-d) t 

since each of the factors here written is a factor of the determinant ; for example, 
a + b-c-dis shown to be a factor by adding the second column to the first, and 
subtracting the third and fourth. By comparing the sign of a 4 it appears that the 
negative sign must be attached to the product. 

It may be observed that the determinant of Ex. 9 is a particular case of the de- 
terminant here considered, viz., that obtained by putting a «= 0, as will appear by 
comparing the equivalent forms of Ex. 9, Art. 114. 



121. multiplication of Determinant*.— Prop. VIII.— 
The product of two determinants of any order is itself a determinant 
of the same order. 

We shall prove this for two determinants of the third order. 
The student will observe, from the nature of the proof, that it 
is equally applicable in general. We propose to show that the 
product of the two determinants (aib 2 c 3 ) t (ai/3i7s) is 

+ &ij3i + aia, + + Cjy, fl,a 3 + b x Pt + c x y 9 

tf 2 ai + £jf3i + dyi <h<*2 + b t fit + Ciji 0?a 3 + 6 a /3> + C,*yj 

OiQi + 6jj3i + C 3 y t Co, + 6j/3 a + C,-y, Oja 3 + 6 3 /3 3 + e 3 -y 3 

whose constituents are the sums of the products of the con- 
stituents in any row of (aib 2 c 3 ) by the corresponding constituents 
in any row of (oi/3t7 3 ). 

Since each column consists of the sum of three terms, this 
determinant can be expanded into the sum of 27 others (Art. 
118). Now it will be observed that when any one of these 
is written down, a common factor can be taken off each column ; 
and that several of the partial determinants will, when these 
factors are removed, have two (or more) columns identical. The 
determinants which do not vanish in this way can be easily 
selected. Taking, for example, the first vertical line of the first 
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column ; this would give a vanishing determinant if we were to 
take along with it the first line of the second column. We take 
then the second line of the second column, and along with 
these two we must take the third line of the third column to 
obtain a determinant which does not vanish. Retaining still 
the first line of the first column, we may take the third line 
of the second column along with the second line of the third 
column. Taking out the common factors of the columns, we 
write down these two determinants as follows : — 





«1 




c, 






Ci 






(7, 


b> 






(h 




ft. 




a 3 


h 






a 3 


<?3 


b 3 



Taking in turn each of the other lines of the first column, 
we obtain four other determinants which do not vanish. Thus 
there are in all six terms ; and it is plain that (a t b 2 c 3 ) is a fac- 
tor in each of these. Taking out this factor, there remains the 
sum of six terms — 

Oi/3j7s ~ ai/3 8 ya - a 2 /3i7s + <»j/3i7s + a,/3.,7i - a 3 /3 2 7i, 

and this is the determinant (a t p 2 y 3 ). "We have thus proved 
that the determinant above written is the product of the two 
given determinants. 

In either of the given determinants the rows may be writ- 
ten in place of columns; hence, the product may be written 
in several different forms as a determinant ; but these will, 
of course, give the same value when expanded. 

122. Multiplication of Determinants continued. — 

Another mode of proof of the proposition of the last Article, 
expressing as a determinant the produot of two given determi- 
nants of the same order, may be derived from Laplace's mode 
of development already explained (Art. 115). 

The nature of this proof will be sufficiently understood from 
the application which follows to two determinants of the third 
order : — 
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The product of the two 
plainly equal to the determinant 



(«i*a*), (ai&y,) is (see Ex. 3, Art. 115) 



«1 


6i 




0 


0 


0 




In 


et 


0 


0 


0 


«3 


h 


C3 


0 


0 


0 


-1 


0 


0 


«1 


at 


as 


0 


-1 


0 


01 


fh 




o 


0 


-1 


7i 


y* 


73 



In this determinant add to the fourth column the ram of the first multiplied by 
a\, the second hy $i t and the third by 71 ; add to the fifth column the aum of the 
first multiplied by aj, the second by $%, and the third by y? ; and add to the sixth 
column the sum of the first multiplied by at, the second by jBj, and the third by y%. 
The determinant becomes then 

«i *i 1 «iai + Mi + ciyi o,oj + *ifl 2 + ei>j fl.aj + + e l73 

03 *j fa oaaj + 62/81 + 71 a? 01 + Ma + «aya «a«* + Mj + ^73 

*s *s «3<*i + Mi + *37> 0303 + *3/8j + C37J «»*3 + Mj + "syj 

-1 0 0 0 0 0 

0 -1 0 0 0 0 

0 0-1 0 0 0 

And this is, by Art. 115, equal to the product (with the proper sign) of the deter- 



1 0 0 
0-1 0 
0 0-1 



(which is equal to - 1), 



by the complementary minor, which is the same determinant as that obtained in the 
preceding Article. That the sign to be attached to the product is negative is easily 
seen by moving down tho first three rows till the diagonals of the two minors in 
question form the diagonal of the determinant itself. The student will have no 
difficulty in observing that, in the general case, the number of such displacement* 
is odd when the order of the given determinants is odd, and even when it is even ; 
so that the sign to be placed before the product -determinant of Art. 121 is always 
positive. 
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1 . Show that the product of the two determinant* 



a + ib e + id 
-e + id a-ib 

irhere » = V-^T, may be written in the form 

D - iC B-iA 



a' -ib' e'- id' 
-c'-if a'+ib' 



-B-iA 



D+iC 



A s be' - b'e + ad'- a'd, B « ea' - e'm + bd' - b'd, 
C-ab'-a b + cd' - c'd, 1) 3 «a'+ 44' + <*' + rfrf'; 
and hence prove Euler'a theorem 

(«* + 4* + c» + rf*)(ai + 4* + «r'* + rf*») 
m («a' + 44' + ce' + rfrf')« + (4c' - b e + arf* - a'rf)* 
+ (ca' - c'« + bd"- b'd) 9 + (a4' - a'b f erf' - c'rf) 1 , 

■ 

via., fA< product of two turns each of four squares can be expressed as the sum of four 



squares. 

2. Prove the [f ollowing expression for the square of a determinant of the third 
order : — 



a b c 

a' b' c' 
a" 4" e" 



2{at-b*) ae' + a'c-2bb' at" + a 'c - 244" j 
ae -ta'e-lbb' 2(oV-4'*) oV + a'V-24'4" L 
ae" + a"e-2bb" a 'e" + a' V - 24'4" 2(aV'-4"») | 



ThU appears by multiplying the two 



a 


4 


e 




c 

1 


- 24 


a 


a* 


4' 


d 




c' 


- 24' 


a' 


a" 


4" 


c" 




e" 


-24" 


a" 



which differ only by the factor 2. 
3. Prove the identity 



24c -a 2 c* 4* 

c* 2*»-4 l a* 
4 s a* 2o4-c» 



(a» + 4> + e>-3«4 < ')*. 
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This may bo readily proved by 



the two equivalent deter- 



a b 

b c a 

c a b 



-a c b 

- b a e 

- c b a 



4. Show that two determinant* of different orders may be multiplied together. 

For their orders may be made equal ; since the order of any determinant can be 
increased by adding any number of columns and the same number of rowscc 
of units in the diagonal, and all the rest xero constituents. For example, 



bx 



may be written 



1 

0 
0 
0 



0 

I 

0 

o 



0 
0 

«1 



0 
0 
bx 



the only effect of the added constituents being to multiply the determinant by unity. 
More generally, one set of added constituents {i.e. those either to the right or the 
left of the diagonal) might be taken to be any quantities whatever, the remaining 
set being ciphers. Thus (ai*j) may be written in either of the forms 



1 


a 


$ 


7 




1 


a 


0 


7 


0 


1 


s 


€ 




0 


1 


0 


0 


0 


0 


«I 


bx 


» 


0 




«! 


*l 


o 


0 


<h 


bt 




0 


« 


<h. 


*a 



readily appcare by 



of the expansion of Art. 114. 



123. Rectangular Arrays. — Arrays in which the num- 
ber of rows is not equal to the number of columns may bo called 
rectangular. These do not themselves represent any definite 
function ; but if two suoh arrays of the same dimensions are 
given, there can be derived from them by the process of Art. 121 
a determinant whose value we proceed to investigate. 

(1). When the number of columns exceeds the number of rows. 

Take, for example, the two rectangular arrays, 

(h b 2 c, a\ ) a, |Ji 7« «j j 

s2 
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and, performing on these a process similar to that employed in 
multiplying two determinants, we obtain the determinant 



The value of this is easily found to he 

(aA)(a,/3 a ) + (fliC,)(a,7,) + (airfO(«i&) + (*i (j3i 71) 

+ OA) + (71&), 
i e. /A« ««m 0/ M<? products of all possible determinants which can 
be formed from one array {by taking a number of columns equal to 
the number of rows) multiplied by the corresponding determinants 
formed from the other array. 

The student will have no difficulty in extending this proof 
to any two arrays of the kind here treated. 

(2). When the number of rows exceeds the number of columns 
the resulting determinant vanishes. 

Take, for example, the two arrays, 



Performing the process of multiplication, we ohtain the deter- 



It will he observed that this determinant is the same as would 
arise if a column of ciphers were added to each of the given 
arrays, and the determinants so formed then multiplied. It 
follows that the determinant vanishes, since it is the product of 
two factors each equal to zero. 

It readily appears that a similar proof applies in general. 
It is only necessary to add to each array columns of ciphers, so 
as to make the number of columns equal to the number of rows, 
and then multiply the two determinants. 




minant 



a%ai + ftj/3i fl*aj + Aj/^j flaaj + b«fii 
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1. 



the two arrays 

1 I 



in i ;i i) 

0 7) a 0 y) 



(2), 



3 11 + 0+7 I 

a + 0 + y rf + jF + y 8 | 
2. From the two arrays 

a | C \ c -2b a 

o' V c' 



{•-0? +<■-?)"+ W-7)». 



(1), 



✓ - 24' a' j 



(2), 



4 {ac-P) (aV - 6* 1 ) - («' + «'c - 246')' = 4 (4c' - b'e) (a6' - a'6) -(ac'~ a'tf. 
3. By Bquaring the array 

a b e \ 



(o* +6' + #) («" + 6* + O s (ao' + 66' + «• )* + (bS - b'cf + («' - <fa)* + (•6' - c'6)». 
4. Verify, hy squaring the array 



a 6 
<t 6' 



the result of Ex. 1, Art. 122. 

5. Prove the determinant identity 



(o,-6,) ? (a,-*,)* (o,-6,)« («i - 6 4 )' 
(at-hf («,-6,)' (0,-6,)* (o,-6,)' 
(o 3 -6,) a (oj-6,)* (03-63)' (o,-6 4 ) a 
(04 -6x) 2 (04-62)* (04-6,)' (04-64)* 
This can bo proved by multiplying the two arrays 



0. 



fl!* 0| 1 

o, 1 

03* 03 1 

04 1 04 1 



(1), 



1 - 2*i 6,* 

1 -26, V 

1 -26, 6,* 

1 - 26« 6*' ) 



(2). 
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124. Solution of a System of Linear Equations.— 

We have seen in Art. 114 that a determinant may be expanded 
as a linear homogeneous function of the constituents in any row 
or column, the coefficient of any constituent heing the corre- 
sponding minor with its proper sign. "We have, for example, 

A = a x A x + <hA t + a t A 3 + &c. 

Now, the coefficients A Xi A, t &c, are connected with the consti- 
tuents of the other columns hy n - 1 identical relations, viz., 

b x A x + b t A 2 + b s A, + &c. 3 0, 
c x A x + c*A % + CiAt + &o. s 0, &c; 

for any one of these is what the determinant becomes when the 
constituents of the corresponding column are substituted for 
fli> <h t (hy &c, and must therefore vanish. 

By the aid of these relations we can write down the solution 
of a system of linear equations. The following application to 
the case of three variables is sufficient to explain the general 
process. Xiet the equations be 

a x x + b x y + c x z = m„ 

a 7 x + b t y + CtZ = m t , 

a s x + b t i/ + c 3 z = w s . 

Multiply the first equation by A x > the second by A*, and the 
third by A s ; and add. The coefficients of y and z vanish, in 
virtue of the relations above proved ; and we obtain 

(a x A x + a t A 2 + a 3 A^ x = m x A x + nhA t + niyA^ 

or 

Im x b x c x 
f*h b % p, , 
nh b t c s 

where A represents the determinant formed from the nine con- 
stituents, fl„ b lt c x , &c. 
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Similarly, multiplying by B u B it B it we obtain 
(6uB, + hBj + hBJy = m i B l + m i B i + m,£„ 

a, m, Ci 

where the determinant on the right-hand side is what A becomes 
when m„ m„ are substituted for the constituents of the second 
column. Similarly, we obtain for z 

a, bi m x 
As = a, b t m* 

These values may be written more compactly, as follows : — 

As = (»iA<? 3 ), Ay = (fliW*^), As = (aikm*). 
In general, the values of *, y, s, &c, may be written as fol- 
lows : — 

(m l b 2 c s ...l n ) (fli^A . . . l») (fliMfr ■ . • A») 
X = (oTwT. /„)' y ~ («i . . . /«)' = («. 6,c, . . . /„)' 

where, to obtain the value of any variable, the given quantities 
m„ nh, &c, on the right-hand side of the given equations are 
to be substituted in A for the coefficients of the variable in 
question, and the determinant so formed to be divided by A. 

125. Linear Homogeneous Equation*.— When n - 1 
linear homogeneous equations between n variables are given, the 
ratios of the variables can be determined by bringing any one of 
them to the right-hand side of the equations, and solving as in 
the previous Article ; or we may determine these ratios more con- 
veniently, as follows We take the particular case of three 
equations between four variables, which will be sufficient to 
illustrate the general process : 

u x x + b x y + dz + tf> = 0 



I 

a t x + 6,y + CiZ + d 2 ir - 0 / 



(1) 



a,,x 
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To these may be added a fourth equation whose coefficients 
are undetermined, viz., 

OiX + b t y + c t z + diW = X. (2) 

Calling (dtbiCidi) as usual A, and solving from these four 
equations by the method of the last Article, we obtain, since 
Mi = 0, tn % - 0, w, = 0, iw 4 = A, the following values : — 

Ax = XAit Ay «» \B iy Aa = AC*, Air = \D lt 

or, 

A k ~ B<~ C 4 = X)« ~ A K) 

The first three of these equations express the ratios of the 
four variables in terms of the coefficients in the three given 
equations. And, in general, the variables are proportional to the 
coefficients in the expansion of A of the constituents of the n th row 
supposed added to then-1 rows resulting from the given equations. 

We can now express the condition that n linear homogeneous 
equations should be consistent with one another ; for example, 
that the equation (2) should, when A = 0, be consistent with the 
equations (1). We have only to substitute in (2) the ratios de- 
rived from (1), when we obtain 

a k Ai + biBi + c 4 C 4 + diD t = 0, 

or 

A = 0. 

The same thing appears from the equations (3), for if X = 0, 
and if the variables do not all vanish, A must vanish. 

What has been proved may be expressed as follows : — The 
result of eliminating the variables between n linear homogeneous 
equations in n variables is the vanishing of the determinant formed 
by the coefficients of the given equations. 

12G. Reciprocal Determinant*. — The quantities 
A iy 2?„ <?,... A 3i B 3t &c. (Art. 114), which ooour in the ex- 
pansion of a determinant (i . e. the first minors with their proper 
signs), may be called inverse constituents; and the determinant 
formed with them the inverse or reciprocal determinant. We 
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proceed to prove certain useful relations connecting the two de- 
terminants. 

(1). To express the reciprocal in terms of the given determinant. 
Let the reciprocal of A be denoted by A', and multiply the two 
determinants 





a, 


bx 


Ci 




A x 


Bx 


c x 


A a 


<h 


b. 


c 


, A'- 


A, 


B 3 


C 3 




<h 




c 




A 3 


B 3 


c 3 



All the constituents of the resulting determinant except 
those in the diagonal vanish (Art. 124) ; and the result is 



AA' = 



whenoe 



A 0 0 
0 A 0 
0 0 A 

A' = A*. 



The process here employed in the particular case of two de- 
terminants of the third order is equally applicable in general ; 
giving AA' = A", or A' = A" -1 . Hence the reciprocal determinant 
is equal to the (n - l) th power of the given determinant. 

(2). To express any minor of the reciprocal determinant in term* 
of the original constituents. 

We take, for example, the determinant of the fourth order, 
and proceed to express the first minors of its reciprocal. Multi- 
plying the two determinants on the left-hand side of the follow- 
ing equation, and employing the identical equations of Art. 124, 
we obtain 



a x b x c x d x 

a t b t d d 3 

a, k c 3 a\ 

a« b t c K d t 



10 0 0 

A, B 3 C 2 Dj 

A 3 B 3 C 3 D 3 

A, B t C< D, 



a, 0 0 0 

«s A 0 0 

a 3 0 A 0 

a 4 0 0 A 
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whence 2?i C t D* 

Bi C, D» = a,A', 
B, C, D 4 

or (B z C,D t ) = a,A*, 

thus expressing the first minor of A' complementary to A x . 

Again, to express the second minors of a', we have, by an 
exactly similar process, 



«i e x d x 

a, b, c, (/, 

<h b% </, 

| «« b A c t d< 
whence 



1 

0 



0 

1 



0 
0 



0 
0 



A\ B\ J)} 
A, B t C» D A 



01 


b x 


0 


0 


at 


lh 


0 


0 


a, 


b> 


A 


0 




b< 


0 


A 



c< 



a. 



A*> 



(GD 4 ) = A. 



The general theorem of which these are particular cases can 
be proved in a similar manner, and may be expressed as fol- 
lows : — A minor of the order m formed out of the inverse consti- 
tuents is equal to the complementary of the corresponding minor of 
the original determinant A multiplied by the (m - 1)'* power of A. 

For example, in the case of a determinant A of the fifth 
order a minor of the third order is expressed in the following 



as the student can easily verify by a method exactly similar to 
the proof above given. 

If the original determinant A vanishes, it is plain that not 
only the reciprocal determinant itself, but also all its minors of 
any order vanish. The vanishing of the minors of the second 
order may be expressed in the following form : — When a deter- 
minant vanishes, the constituents of any row of its reciprocal are 
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proportional to those of any other rote, and the comtituents of any 
column proportional to those of any other column. 

127. Symmetrical Determinants. — Two constituents of 
a determinant are said to be conjugate when one occupies with 
reference to the leading constituent the same position in the 
rows as the other does in the columns. For example, </, and 
b t are conjugates, one occupying the fourth place in the second 
row, and the other the fourth place in the second column. Eaoh 
of the leading constituents is its own conjugate. Any two con- 
jugate constituents are situated in a line perpendicular to the 
principal diagonal, and at equal distances from it on opposite 
Bides. 

A symmetrical determinant is one in which every two con- 
jugate constituents are equal to each other. For examples of 
such determinants the student may refer to Art. 114, Exs. 2, 9, 
10, and Art. 115, Ex. 4. 

In a symmetrical determinant the first minors complementary 
to any two conjugate constituents are equal, since they differ 
only by an interchange of rows and columns. The correspond- 
ing inverse constituents are also equal, the signs to be attached 
to the minors being the same in both cases. It follows that the 
reciprocal of a symmetrical determinant is itself symmetrical. 

The leading minors are plainly all symmetrical determi- 
nants. 

The mode of expansion of Art. 117 is especially useful in 
the case of symmetrical determinants, as will appear from the 
examples which follow. 



1 . Form the reciprocal of the symmetrical determinant 

a h g 
A = h b f 
9 f o 

Using the capital letters to denote the reciprocal constituents, as explainod in 
Art. 114, so that A may he expanded in any one of the forms aA + A2T + g(r, 
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hH + bB +fF, gG +/F+ <?C, wo may write the reciprocal determinant A' as 
follows : — 



A' 



A H 
H B 
G F 



G 
F 

C 



fg-ch 

1 V-h 



fg-ch 
ca - g* 
gh-af 



hf-bg 

gh-af 

ab - h* 



2. Form similarly the reciprocal of 

a h 



9 
I 



b 

f 
m 



9 

f 

e 

n 



I 

m 
n 
d 



Using a notation similar to that of the preceding example, so that a may be ex- 
panded indifferently in any of the forms 

aA + hH + gO + IL, hH+ bB+fF+ mM, Ac, 

the reciprocal determinant A' is obtained by replacing in A the constituents by the 
corresponding capital letters. The student will find no difficulty in writing out, if 
necessary, the expanded form of any of the reciprocal constituents ; for example, F 
is the minor complementary to / with its proper sign (the negative sign in this case), 
and F is therefore obtained from the expansion of 



9 / * 
I m d 

3. Expand the determinant A of Ex. 10, Art. 114, by the method of Art. 117. 
Bringing the last row and last column into the position of first row and Erst 

column, and using the notation of Ex. 1 for the inverse constituents of the leading 
minor, the result can be written down at once in the form 

- A = Ak* + Bfj? + CV 2 + 2F/iw + 2Gv\ + 2B\fi. 

Since a determinant is unaltered when both rows and columns are written in re- 
verse order, if the expansion of a determinant bo required in terms of tho last row 
and last column (as in the present example), it is not necessary to move them in the 
first instance into the position of first row and first column. The expansion can be 
written down from the determinant as it stands, replacing in the rule of Art. 117 
the leading constituent and its minor by tho last diagonal constituent and ita com- 
plementary minor. 

4. Expand the determinant A of tho above Ex. 2, in terms of tho last row and 
column, by the method of Art. 117. 

Attending to the remark at the end of the preceding example, and using 



\ 
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A, B, C, F, O, H, to represent the same quantities as in Exs. 1 and 3, the result 
may be written down aa follows : — 



A = d 



9 



b 
f 



~AP- Jim* - Cn* - 2Fmn -IGnl- HUm. 



When a symmetrical determinant of any order is bordered symmetrically (i. *. by 
the same constituents horizontally and Tertically) the result is plainly a symmetri- 
cal determinant of the next higher order. The result of Art. 117 shows in general 
that the expansion of the bordered determinant consists of the original determinant 
multiplied by the constituent common to the added row and column, together with 
a homogeneous function of the second degree of the remaining added constituents. 

6. Expand the determinant 



A - 



a 
h 



h 
b 



9 I 
f m 



9 f 
I m 



c 

n 



n 
d 



y 

8 



This is the determinant of Ex. 2 bordered srm metrically, the common consti- 
tuent of the added lines being zero. The result is plainly a homogeneous function 
of the second degree of a, B, y, 8 ; and, by aid of the notation of Ex. 2, may be 
written down at once in the form 

- A = Aa* + Bfi* + <V + + WPy + 20yo + 2Ea» 

+ 2La$ + 2Mf}Z + 2Nyt. 

6. Prove by means of the Proposition of Art. 121, that the square of any deter- 
minant is a symmetrical determinant. 



128. Skew-Symmetric and Skew 

A skew-symmetric determinant is one in which every constituent 
is equal to its conjugate with sign changed. Since each leading 
constituent is its own conjugate, it follows that in a skew-sym- 
metrio determinant all the leading diagonal constituents are 
zero. 

A determinant in which all except the leading constituents 
are equal to their conjugates with sign changed is called a skew 
determinant. Thus, while a skew-symmetric determinant is 
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zero-axial, a skew determinant is not. The calculation of a 
skew determinant may plainly be reduced to that of skew- 
symmetrio determinants by the method of Art. 116. 

The remainder of this Article will be occupied with the proof 
of certain useful properties of skew-symmetrio determinants. 

(1). A skew-symmetric determinant of odd order vanishes. 

For any skew-symmetrio determinant A is unaltered by 
changing the columns into rows, and then changing the signs 
of all the rows. But when the order of the determinant is odd, 
this process ought to ohange the sign of A ; hence A must in 
this case vanish. For example, 

0 a b 



- a 



0 



0. 



-b -c 0 

(2) . The reciprocal of a skew-symmetric determinant of the n th 
order is a symmetric determinant wJien n is odd, and a skew-symmetric 
determinant when n is even. 

In any skew-symmetric determinant the minors correspond- 
ing to a pair of conjugate constituents differ by an interchange 
of rows and columns, and by the signs of all the constituents. 
Hence the two minors are equal when their order is even, 
namely when n is odd ; and equal with opposite signs when n is 
even. In the former case, therefore, the reciprocal determinant 
is symmetric ; and in the latter case it is skew-symmetrio, its 
leading diagonal constituents all being skew-symmetrio deter- 
minants of odd order. 

(3) . A skew-symmetric determinant of even order is a perfect 
square. 

This follows from the principles established in Art. 126. 
Take, for example, the determinant of the fourth order, 

0 a b c 

-a 0 d e 

-b -d 0 f 

-c -e -f 0 



i 
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and let the inverse constituents forming its reciprocal be de- 
noted by A l9 B lf . . . A tf &c. We have then, by (2), Art. 126, 

0 / 



A X B % - A % B X = A 



=/'A. 



Now A l9 and B if being skew-symmetric determinants of odd 
order, vanish ; and A t = - B lt since these are conjugate minors ; 
hence /*A = A%> which proves that A is a perfect square. 
Similarly, for the determinant of the sixth order, it is proved 
that the product of A by a skew -symmetric determinant of the 
fourth order is a perfect square ; and since the latter determi- 
nant has been just proved to be a perfect square, it follows that 
A is also. By an exactly similar process, assuming the truth of 
the Proposition for the determinant of the sixth order, it follows 
for one of the eight ; and so on. 



Examples. 

1. Verify the following expression for the skew -symmetric determinant of the 
fourth order : — 

0 « b e 



-a 0 d < 
-b -d 0 / 
-e -e -/ 0 

2. Expand in powers of x the skew determinant 

b 



(«/-&+«*)». 



A s 



x a b e 

-a x d i 

-b -d x f 

- e -€ -f x 



When the expansion of Art. 116 is employed to calculate a skew determinant, 
it is to be observed that the determinants of odd order in the expansion all vanish, 
and those of even order may be expressed as squares. Here the coefficients of the 
odd powers of x plainly vanish, and the result takes the form 



A ^ ** + (a' + ft» + c» + <P + *» + P ) x* + (a/ - b$ + cd ) \ 
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3. Expand the 



determinant 



A a b e d 

-a B e / 9 

-b -« C h i 

-c -f - A D j 

-d -9 -i ~J E 
The result may be written in tho form 

ABODE + %PABC+ 1(ej-f% + ah)*A, 

where the first 2 includes ten terms similar to tho one here written, and the second 2 
includes five terms. The terms involving the products in pairs of the leading con- 
stituents vanish, as also the term not involving these quantities. 

4. The square of any determinant of even order can be expressed as a skew- 
symmetric determinant. 

The following method of proof is applicable in general. 
The square of (aifecsrfi) is obtained by multiplying the two following < 



ai *i tfi 

at fa fi 

«3 *J Cl 

«4 bi ei 



di 
dt 
dz 
di 



-bi ai -d x <n 

— bt at — dt a 

-*i <b -dt et 

~bi 04 -di a 



and the product of these is 

0, - (a x bt) - (ei<h), -(«,*,) -(*,*«) 

(«i h) + {city, 0, -(«,*,)- (•,<*,), - (at b^ - (*a\), 

(*ih) + (cid 3 ), (a 2 bt) + (ctdt), 0, -<«.*«)- (<*rf 4 ), 

(aibi) + (atbi) + (etdi), («,* 4 ) + (*4i)> 0, 

which is a skew-symmetric determinant. 

6. Form the reciprocal of a skew-symmetric determinant of the third order. 

Using for A the form in (1) of the present Article, the result is easily found to 
be the symmetric determinant 

c 2 -be ac 

-be P -ab 
ac -ab a"- 
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6. Form the reciprocal of the skew -symmetric determinant A of the fourth order 
in Ex. 1. 

Representing by $ the function of —b$ + cd whose square ia equal to A, and by 
A' the required reciprocal, we easily find 



A' = 



0 


f+ 


-e+ 


d<p 


-/* 


0 


c<p 


-b<p 


ftp 


— op 


0 


a<p 


- d<p 


b<p 


- a<p 


0 



The value of this skew-symmetric determinant may be written down by aid of 
the result of Ex. 1. It is thus immediately verified that A' = (of- be + cd)" 1 = a 3 . 

7. Form the reciprocal of the skew-symmetric determinant A of the fifth order, 
obtained by making the leading coefficients all vanish in the determinant of Ex. 3. 

Since the reciprocal is a symmetric determinant (see (2), Art. 128), and since also 
it must be such that the constituents of any line are proportional to those of any 
parallel line {Art. 126), it appears that the required determinant must bo of the 
lorm 



♦l 5 












<t>r 










<(>3<pi 




<p3<Pl 


<pi<t>S 























in which £2, $3, <pi, 4>i are five functions of the second degree in the original 
constituents whoso squares arc the values of tho five first minors complementary to 
the leading constituents of A. 

In general the reciprocal of a skew-symmetric determinant of any odd order 
2m + 1 is of a form similar to that just written, tho diagonal constituents being the 
squares, and the remaining constituents the products in pairs, of 2m + 1 functions, 
each of tho m'* degree in the original constituents. 

129. Theorem. — We conclude the subjects of the present 
Chapter with the following theorem relating to a determinant 
whose leading first minor vanishes. Adopting the notation of 
Art. 117, we regard A as the vanishing determinant, and state 
the theorem to be proved in the form : — If a determinant A, 
whose value is zero, be bordered in any manner, the product of the 
determinant so formed by the leading first minor of A is equal to 
the product of two linear homogeneous functions of the added con- 
stituents. 

T 
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Retaining the notation of Art. 117, we propose to prove that 
the product of A' and A x may be expressed in the following 
form : — 

A x b! = - (A,a + B l f$+C l y + .. .)(i,a' + A 2 fi' +A>y'+ . . .). 

This follows at once from (2) of Art. 126 by considering in 
the determinant reciprocal to A' the values of the constituents 
inverse to #t» a, a, a x ; and expressing in terms of the original 
constituents the determinant of the second order formed by 
these four. Another proof of this result may be readily derived 
from the expansion of Art. 1 17, by the aid of the property of 
the reciprocal of a vanishing determinant (Art. 126), viz., that 
in the determinant formed by A x , B x , C\, &c, the constituents 
in any line are proportional to those in any parallel line. 

If the original determinant A is symmetrical, and the bor- 
dering also symmetrical, the two factors on the right-hand side 
of the above equation become identical, and the theorem takes 
the following form: — If a symmetrical determinant, whose value 
w zero, be bordered symmetrically, the product of the determinant 
ho formed by its leading second minor is equal to the square with 
negative sign of a linear homogeneous function of the bordering con- 
stituents. 

Regarding A' as the original determinant, the following 
useful statement may be given to the theorem just proved : — If 

in any symmetrical determinant the leading first minor vanish, the 
determinant itself and its leading second minor hare opposite signs. 

Examples. 

1. If a Bkow -symmetric determinant A of odd order 2m + 1 bo bordered in any 
manner, the resulting determinant A' is equal to the product of two rational func- 
tions each containing tho added constituents in the first dogree, and the original 
constituents in the degree. 

Writing, according to tho result of Ex. 7, Art. 128, tho reciprocal of the given 
skew-symmetric determinant in the form 





<t>i<te 










<fa$i 


<fr<te 
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and applying the theorem of the present Article, we find 

*i* A' =» - (*i J a + <pi<h& + <Pi<te7 + • • .)(*iV+ <*>j*ij8' + £3*17' + . . .), 

or A'= - {<t>ia + <fr$ + 4*7 + . . .)(*ia + ^0' + + • • .). 

It may bo observed that if in this result o', P, 7', &c., be made equal to - a, -0, 
-7, &c, respectively, we fall back on the theorem (3) of Art. 128. 

2. If a skew-symmetric determinant of even order 2m be bordered in any man* 
ner, the resulting determinant is equal to the product of two rational functions, one 
of the m lh , and the other of the (m + 1)'* degree in the constituents. 

This may be derived immediately from tho result of the last example by making 
equal to zero all the added constituents a, P> y, &c, except the last, which is to 
be made= 1. The determinant then reduces to one of the (2m + 1) ,A order of the 
kind here considered, the bordering constituents forming the top row and the last 
column. It appears also that the factor of the m tk degree in the result is tho square 
root of tho given skew-symmetric determinant of order 2m. 

3. Resolve into its factors 

I 0 a 0 7 
a' 0 c -b 
P - e 0 a 
7' b -a 0 

Atu. - (aa + b0 + ey) (aa' + bp + C7') . 

4. Resolve into its factors 

0 a 0 7 8 
a' 0 c -b x 
P -c 0 a y 
7' b -a 0 z 
5' - x -ij -z 0 

Ant. (ax + by + «) [x(0y') + y(ya) + z(ap) + a (a$') + b(0?) + cfr*') } . 

If tho leading constituent a 0 (see Art. 117) is not zero, the term (ax + by +<?«)* 
must bo added to this result. In general, excluding tho term « 0 A arising from the 
leading constituent, it appears by (2), Art. 128, that the expanded form of any 
skew-symmetric determinant of even order, bordered as in Art. 117, is a linear 
homogeneous function of the determinants (op), (ay') y (0y*), &c. When the bor- 
dered detonninant is of odd order, as in Ex. 3, the leading constituent a^ may 
always be taken equal to zero without affecting the result. 

• 

t2 
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Miscellaneous Examples. 



1. Prove 



where / has the 
2. Prove 

0 + 7 
& + 7' 

er + y 



fl S <T, 0< 

signification as in Art. 37- 



J, 



a +0 




« 0 


7 


a' + /3' 


■ 2 


a 


r 

7 


a + r 




a" 0' 


v 1 



3. Prove 



7 +« 
7 + o 

7" + a" 

fiy 0-/+&y J8V ; 
ya ya' + y'a y'a' 
a(3 a0'+a'0 a'& 
where the factors on the right-hand side arc determinants of the second order. 

Dividing the rows hy 0'y\ y'a, a& ; and putting A = m = %> * = the 

a p y 



(0y')(ya')(a0), 



&nt (omitting a factor) reduces to the form 




1 p + v n» 




1 -A fir 




1 v + A vK 




1 -m i* 




1 A + fi Am 




1 A/* 





4. Prove 



a & 

a' 4* 

a 7 V 

a ~b 



c 
c 

*_ 



d 
d' 

d 7 

£! 

d 



-(*/)(<»*') (fa') (bd') ( ab')(ed ') 
" abcda'b'c'd' 



a' b' c' d' 

by a*' c»' th ° dotcnninftnt «d«ces to the form 



Multiplying the 

treated in Ex. 10, Art. 112. 
5. Prove 

£V + o» J 3 07 + <»8 1 
T'o' + ^S 1 70 + 08 1 

a J 0* + 7*8* «0 + 78 1 

Add the last column multiplied by 2afiyS to the first. The determinant be- 
comes then of tho form of Ex. 9, Art, 112. 



(0 - y) (« - 8) (y - a) (0 - 8) (a - 0) (y - 8). 
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6. Prove 

(/3 + y-a-«)* (0 + 7 -„-*)» 1 
( 7 + a _ /8 _5)« ( 7+a _^_ 8 )» 1 

(a + j3-y-5)* (a + /3- 7 -*) a 1 

7. Prove 

a 4 ax + b 

b e bx + e 

ax + b bx+e 0 



;64(/3- 7 )(a-8)(7-a)(0-«) 

(«-/S)( 7 -8). 



a _ (ac-b*)(ax* + 2bx + c). 



Subtract from the third row the second row plus the first multiplied by x. 
8. Prove similarly 



a 

b 

c 



b 

c 

d 



e 
d 
e 



ax 2 + 2bx + e bx* + 2ex + d cx*+2dx + c 

a b e 



ax*+2bx+c 
bx*+2ex+ d 
cx* + 2dx + e 

0 



9. Given 



b c d 

C d 9 



fx (X) = + 3biX* + Ze x x + <*,, 
f%{x) = ojx 3 + 3*,x» + 3ra* + dt t 
Mx) = a,x* + Zb 3 x* + 3<? 3 x + d* ; 



prove the identity 

/iW AM A'M 

AM AM A'M 

AM AW A'M 



- 18 



1 -x 
•i *i 

02 b 7 

A3 *8 



C3 4} 



The first determinant reduoes easily (omitting a factor) to the following : — 
aix + bx bix + ei C\x + d\ 
a 3 x + bi btx + ez ctx+th 
a*x + * 3 hx + f3 <*X + rfs 

We have seen (Ex. 4, Art. 122) that the order of a determinant may be increased 
without altering its value. By a suitable selection of the added constituents the 
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of a determinant may often be simplified by bordering it in this way. 
Tbe determinant last written is plainly equal to 



1 


0 


0 


0 


fll 


a\X -f b\ 


b\X + Ci 


c\x-\ d\ 


at 




M + fa 


dx + di 


fl 3 


a 3 x + h 


*3* + f3 


en + d 3 



Subtracting from tbe second column the first multiplied by x ; subtracting then 
from the third the new second column multiplied by x ; and, finally, from the fourth 
the new third column multiplied by x, we haro the result abovo stated. 

10. Show that the determinant 



Ax» + c y» + bt* - 1 
(A-e)xy 
(A — b) IX 



(\-e)xy 
Ay 1 + at* + ex s - 1 
(K~a)yt 



(*-*)« 
(A - a) yz 
Ax' + bx* + cy- - 1 



contains A (x a + y* + z l ) - 1 as a factor, and that the remaining factor is inde- 
pendent of A. 

Border the determinant, as in Ex. 9, with a first column whoso constituents are 
1, Ax, Ay, As; and with a first row whose constituents are 1, 0, 0, 0. Subtract 
then x times the first column from the second, y times the first column from the 
third, and % times the first column from the fourth. In the determinant thus 
altered subtract from the first row x times the second, plus y times the third, plus z 
times the fourth ; and the result follows. 

11. Expand in powers of x the determinant 

ai + x b x a di 
a% bi + x C2 d-i 

a s b 2 c 3 + x rf 3 

04 *4 Ci di + X 

Am.- x* + («i + bz + C3+ </*)x s + [(hrt) + (a,a* 4 ) + (flici) + + (ai*s) + }* 2 
+ {{hcz'di) + {aitzdi) + (ax hdi) + (axhci)} x + (ai^csrf*). 

12. Prove the identities 



1 
1 
1 
1 



a 

7 
5 



a 

If 

y 



ee- 
ry 



B 


C 




c 


A 




A 


B 


# 


C 




c 


A' 




A' 


V 



rhcre 



A =<0- 7 )(«-8). B = (y-a)((i-9), C = («- 3) ( 7 - 8), 
^ = - V ) (a' - 8') , B' = (y - «') & - 8'), C = (a -*)(✓-*). 
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Expanding the first determinant in terms of the minors formed from the first 
two columns (see Art. 116), wo easily prove that it is equal to 

A(0y + «'r) + 3(7'a + fi*)+ C(a' f + y'V) ; 

and employing the identical equation A + B + C = 0, along with the relations of 
Ex. 18, Art. 27, the result follows. 

13. Prove that the determinant of Ex. 12 is equal to 



1 
1 

1 



0y + o8 



B'y'+a'S' 
y'a+0't' 



This follows at once from the relations of Ex. 18, Art. 27. If a, 0\ y\ 8' be 
put equal to a m , 0 m , y, 8" in the result, we obtain an identity which includes 
Ex. 6, p. 276, as a particular case. 



14. Provo 



a 
a 



x 
0 
0 
0 



h 
x 

y 
y 



h 

ri 
x 
3 



1 
1 
I 
1 
1 



= (x-a){x-0)(x-y)(x-t); 



«i, «a, a%, b u h, e x being any quantities. 

This follows by subtracting a times the last column from the firet, 0 times the 
last from the second, &c. The student will havo no difficulty in writing down the 
corresponding determinant of the (n + J)** order which is equal to the polynomial 
/ (x) whose roots aro oi, 02, 03, . . • o». 

16. Resolvo into factors the determinant 

(a - «')» (« - 0'? 



A - 



(0 ~ «T 
(7 



a* 
0* 
7' 



a 

0 

7 



(B-fiV 

(7"/8') s 
1 
1 
1 



(« ~ 7')' 
(3-77 
(7-7> 3 
-2«' 
-20' 

-V 



a' 



and these two determinants may be resolved as in Ex. 9, Art. 112. 
16. Resolve into factors the determinant 



(0- 


o') 3 


(«- 


0')* 


(«- 


y? 


(0- 


a') 3 


(0- 


0'? 


(0- 


7') 3 


(7- 


«)■ 


(7- 


0'? 


(7- 


V) 3 
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Multiplying the two rectangular arrays 



o> a 5 


: * 'i 






1 


-3a' 3a' 2 


-a'» 




P 0- 


* i 


■ (1), 




1 


- Z0- 3/J'» 


-/3*» 


(2), 


7* 7 s 


1 7 i> 






1 




-7" 




A becomes equal to the sum of four terms, from 
factor the product of the two determinants 


each of which we can take out as a 




i 


a' 




1 


o' a'* 








i $ 




» 


1 


r 


• 






1 7 


7» 




1 


7' 7" 







The remaining factor is 

3 { Zafiy - 20y 2a' + 20V 2a - Za'fi'y } , 
which can he written also in the foim 

3 { (a - «') (B - m ( 7 - y') + (a-0')($- V) (7 - «*) + (« " 7') (* - «') if-?)}' 
17. Prove the expansion 



1 + 1 

1 1 + 

1 1 

1 1 



1 
1 

1 + 
1 



1 
1 
1 

1 + ai 



(,11 11) 
( a, a t «s ai) 



This is easily proved by subtracting the first column from each of the others, 
and then expanding the determinant as a linear function of the constituents of the 
first column. It will be apparent from the nature of the proof that tho value of the 

similar determinant of the n tt order is «i«j<r3 • • • *»| 1 + 2 j j . 

18. Prove tho .relation 



a 

x 
x 
X 



X 

0 



X 
X 

y 

X 



X 
X 
X 



=/(*)-*/». 



where 



/(*)-(*-«)(*-3)(*- 7 )(«-D. 



This can bo derived from the previous example, or proved independently in a 
similar way. As in tho last example, tho determinant of this form of the ««* degree 
can b-j similarly ei 
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19. Each of the coefficients of any equation can be expressed in terms of the 
roots as the quotient of two determinants. 

The student can easily extend to any degree the following application to the 
equation of the third degree. 

From Ex. 10, Art. 112, we have 



x 3 *« 
o» a 3 

7 3 T 3 



* 
a 

7 



1 
1 
1 
1 



>-(3-7)(7-«)(«-M*-«)(*-*)(*-T). 



Expanding the determinant, this identity can be written 

a» a 1 o? a 1 a> a» 1 

0* 0 I X s - il 1 fl 1 *»+ 0> 0> 1 x- 

7 i 7 1 r 3 7 1 7 s 7* 1 

a* a 1 

0 3 0 1 

7* 7 1 



a' o« a 

7 s 7 a 7 



from which the above proposition follows ; pi, p%, p» being the coefficients of the 
equation whose roots are a, /3, 7. 

20. To express as a determinant the reducing cubic in the solution of a biqua- 
dratic. 

Employing Descartes' method, and substituting from equations (1), Art. 64, in 
the identity 



1 


1 


0 




1 


1 


0 




2 


P+P 


9 + 9* 




p 


P 


0 




P' 


P 


0 




P+P* 


2 PI / 


ptf+p'q 


= 0, 


9 


* 

9 


0 




9' 


V 


0 




* + 


P9' + P'9 


2qq' 





we find the equation 



a 
b 



b e + 2a<f> 

c — a<j> d 



= 0, 



c + 2a* d e 
a cubic for which is easily seen to be identical with the cubic 

4a*<? - Ia<p + J = 0 

of Art. 64. 
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21. Find the condition that the homogeneous quadratic function of three 
variables 

ax* + by 2 + <•:* + 2/y: + 2^«x + 2Axy 

should be resolvable into two factors. 

Equating the given function to the product of the factors 

(ox + $y + yz) (ax + 0'y + y'z), 

we readily find 





a 






7 


V 



0 
0 
0 



a' a 
7' 7 



0 

0 
0 



= 8 



a h 

h b 
9 f 



9 

f 
e 



hence the required condition is that the ay mmetric determinant last written should 
vanish. 

22. Show that the most general values of x, y, e, u> which satisfy the two homo- 
geneous equations 

ax + by + ez + die = 0, a'x + b'y + e'z + d'to = 0 

may be expressed symmetrically in terms of two ^determinates X, T, in the form 

{ab') (at') (ad')x = aX + a'Y, 
(baT) (be') (bd')y = bX + b'Y, &c. 
This can be proved by joining to the two given equations the two following:— 



b* 



b'* 



d"* 



where A, p are indeterminate quantities ; by then solving for x, y, z, %c, as in Art. 
124, and reducing the determinants as in Ex. 4, p. 276; and finally making 
X-a'b' t' d' A, Y - - abtdft. 

23. If in any determinant r columns (or rows) become identical when x = a, 
then (x - a)'- 1 is a factor in the determinant. 

This appears easily by subtracting in the given determinant one of the r columns 
from each of the others. The resulting r - 1 columns must each contain x — a as 
a factor, since by hypothesis each coiiHtituent in it vanishes when x — a. 

24. Find the value of the determinant of the ♦»'* order 



x a a 
a x a 
a a x 



a 
<t 
a 



whose leading constituents are all equal to x, and the remaining constituents all 
equal to a. 
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By the preceding example A must contain (x - a)"- 1 as a factor ; and by adding 
all the columns wo see that it must also contain * + (n - 1) a as a factor. Hence A 
can differ by a numerical factor only from the product of these ; and by comparing 
the product with the leading term we find 

A = (* -«)»-' {*+(»- I) a). 

This result can readily be proved directly without the aid of Ex. 23. 
26. The determinant 

/.(«) /*(«) Ma) 

AW AW AW 
A(y) A(y) Ah) 

in which f u / 2 , / 3 are any rational integral functions, contains the difference-pro- 
duct {fi -y)(y~ a) (o — fi) as a factor. 

This appears readily by reasoning similar to that of Ex. 23. Determinants of 
this nature, in which the constituents of any column (or row) aro functions of the 
same form, and the constituents of any row (or column) involve the same variable, 
aro called alternant*. It is plain that the result is general, and that the alternant 
of any order contains as a factor the difference-product of all the variables involved. 
The determinants of Exs. 9, 10, Art. 112, and Exs. 11, 12, Art. 120, are alternants 
of the simplest form. 

26. Express in the form of a determinant the quotient of the alternant in the 
preceding example by the difference-product. 

Assuming, to fix the ideas, that the functions involved are each of the fifth 
degree (which will include lower degrees by making some coefficients vanish), we 
may write 

fi (a) s«iaH bx o 4 + c x a 3 + <*ia* + e x a 
/ 3 (a) s a 2 a 3 + Aja* + f 2 a 3 + rfjo 3 + e,a 
/ 3 (a) s a 3 aH fca* + ^a 5 + rf 3 a» + e 3 a +/ 3 . 
Now taking a, fi, y to be the roots of tho equation 

x 3 + pz* + qx + r = 0, 
and forming the product of the following determinants : — 



o 6 
fi" 

o 

0 

1 



a* 
fi* 

0 
1 

0 



a' 

7 3 
1 
0 
0 



a' 

fi> 

T 2 
0 

0 
0 



a 

y 

0 

(I 

0 



1 
1 
1 

0 
0 
0 



«3 

0 
0 

1 



*1 
bt 

h 

0 

1 
p 



l 
p 

q 



dx 

4 
P 
<i 
r 



9 
r 

0 



A 
A 
A 

r 
0 

0 



it readily appears that the determinant last written is the required quotient. 

A similar method may be used to form the quotient when the altornant is of any 
order, and/i,/ 2 ,/ s , &c, rational integral functions of any degrees. 
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27. Resolve the following determinant into linear factors :— 



«l 


«3 


0 3 


«4 


09 


05 


a\ 


01 


«3 


«4 


«4 


<h 


«1 


01 


03 




04 


0 S 


01 


a 3 


a t 


03 


04 


0 5 


ai 



Here in all the rows the constituents are the same five quantities taken in cir- 
cular order, a different one standing first in each row. A determinant of this kind 
is called a circulant. It is convenient to write a circulant in the form here given, 
viz., such that the same element occupies the diagonal place throughout. Taking 
0 to be any root of the equation x 5 - 1 = 0, and adding to the first column the 
sum of the constituents of the remaining columns multiplied by 0, 6 s , 0\ re- 
spectively, we observe that the following are factors of the determinant :— 

«i + 0* + <*s + *4 + «8» 
«i + Oat + 0 3 <ta + (Pa* + 0* oa, 

0i + 0 l aj + 0*« 3 +e«4 +* s «6, 
01 + 0*a* + 0a s +0*04+0*05, 

ai + 0* 01 + 0*03 + 0*04 + 005, 

the five roots of x 4 - 1 = 0 being 1, 0, 0 7 , 0 s , 0* ; and comparing the* coefficient of 
01 5 in both expressions it appears that the numerical factor is unity (cf. Ex. 13, 
Art. 120). 

The method here employed can easily be extended to express a circulant of the 
n' h order as a product of n factors by means of the roots of the binomial equation 
*•* - 1 = 0. 

28. Calculate the determinant of the n th order 



0» 




0 


0 


0 




- 1 






0 


0 




0 


-1 






0 


> 


0 


0 


-1 


0»J 


4.-3 . 





in which all the constituents are zero except those which lie in tho diagonal and in 
lines adjacent to it on either side and parallel to it, one of these latter sets consisting 
of constituents each equal to - 1 . 

Expanding in terms of the first column, we have the following relation connect- 
ing throe determinants of tho kind here considered whose orders are n, n - 1, 
a - 2 :— 

A» = a n A*-i + b H A,.2. 
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By aid of this equation the calculation of any determinant is reduced to that of 
the two next inferior to it in the scries An, A»-i, A»-a, . . . A?, Ai ; and the values 
of Ai and A3 are plainly o\ and a^ay + £3, respectively. 

Dividing the equation just given by A*-i we have 



A„-, 



Am-1 
A».a 



by a similar value the quotient of A»_i by A»_j, and continuing the pro- 
cess, it appears that the quotient of any determinant by the one next below it in 
the series can be expressed as a continued fraction in terms of the given consti- 
tuents. On account of this property determinants of the form here treated are 
called continuants. When each of the constituents b H , b n . lt . . . b*, b% (in the lino 
above the diagonal) is equal to+ 1 the resulting determinant is a rimplt eontinuant. 
29. Calculate the detenninant of tho «'* order 



0 a 1 0 0 
0 0 a 1 0 
0 0 0 a 1 



whose only constituents which do not vanish are a, 0, 1, lying in the diagonal and 
the lines adjacent and parallel to it as here represented. 

The calculation is readily effected for any particular valuo of », in a manner 
similar to that of the last example, by aid of the equation 

Am = oAb-1 — /3An.3i 

the values of Ai and A3 being a and o 3 - 0, respectively. 

By examining the formation of the successive values of A, tho student will 
readily observe that the terms contained in the result are 

a*-*0\ . . . «'0->, 0' f 

when » is even and of the form 2r ; and 

«"♦', ««'->/*, a^ffi, . . . a0r, 

when » is odd and of the form 2r + 1. 

For the purposes of a subsequent investigation, in which the results just stated 
will be made use of, it is not necessary to know the general forms of the numerical 
coefficients which enter into these expressions ; but such forms can be arrived at 
without difficulty, and the following general expression obtained for A* :— 



. „ (»-3)(»-2) 
A„ = a"-(»-l)a"- 2 *+i ^ 
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30. When a polynomial U is divided by another U' of lower dimensions, the 
coefficient* of the quotient, and of tho remainder, can be expressed as determinants 
in terms of tho coefficients of U and V . 

The method employed in the following particular caso is equally applicable in 
general. Lot U bo of the 6th, and V of the 3rd degree ; the quotient and re- 
mainder can then be represented as follows : — 

Q ~ tfo* 5 + q\x + q it £ ~- rex 1 + n x + rj. 

Also, let 

U^aox* + aix* + a 2 « 3 + o 3 x 5 + a*x+ a it U* = a 9 ' x* + a\ x 1 + a% x + a% . 
From the identity U ' = QIT + R 
we have the following equations : — 

«7o = go<*o', 

a 2 = qoa t ' + ?i «i* + 02«o', 

«3 — ^0«3 / + + 02«l' + To, 

a$= 9203'+ r 2 . 

Solving by Art. 124 ; go, q\, qi are expressod as determinants by means of the 
first three of these equations ; and taking the first three with each of the others in 
succession, we determine ro, n, rj. For example, to find r 0 we have from the first 
four equations 



00' 0 0 - cio 

01 a 0 ' 0 -ci 

at a{ <fo' — 07 

aj a% a\ -a 3 + r 0 



= 0, or a 0 ' 3 r 0 = 



(to 0 0 a 0 

ai «o' 0 ai 

a-i a\ Oq dz 

_ * 1 1 

a$ ai a\ 03 



31. Find the general forms of the coefficients of the quotient, and of the re- 
mainder, when a polynomial of even degree 2m is divided by a quadratic. 
Taking x 2 + ax + $ aa the given quadratic function, we have tho identity 

oox 2 "* + ai* 2 "*- 1 + ffsx 5 "- 1 + . . . + rt 2 «-3X 2 + + a tm 

- (jo* 2m " 2 + qix 2 "- 3 + . . . + + Jjm- 3 )(j 2 + ar + j8) + r 0 x + n. 

Writing down the first r ! 1 equations, formed as in the prercding example, to 
solve for q<y, qn tfa» • • • ?«•» it i* easily seen that the value of y r thence derived is 
a determinant of tho r* h order of tho form treated in Ex. 29, bordered at the top 
with the constituents 1, 0, ... 0, a 0 , and at the right-hand side with «o, «i, . . . a T . 
Expanding this determinant in terms of the last column, it is immediately seen that 
any quotient is expressed by means of a series of the determinants of Ex. 29 in 
the form 

q r = a r - a r -i Ai + «r-2 A 2 - &c. . . . + a x A r .i ± A r , 
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the upper or lower sign to bo used according as r is even or odd. To obtain tho 
coefficients of the remainder, wo have the equations 

0qim-3 + aq im -i + r 0 = tf 3 *-i, 
0gim-t + ri = a 2m . 

Expressing the values of '/:-..' by the formula just proved, and attending 
to the results of Ex. 29, we derive the following general forms for r 0 and ri : — 

r 0 = A im .i + A im ^0 + A im ^0* + . . . + A 3 0—* + ^i/3 w \ 

in which the coefficients A , 2? are all functions of a, the highest power of a in any 
coefficient A or B being represented by the suffix attached to the coefficient. 

32. If tho leading constituents of a symmetric determinant bo all increased by 
the same quantity x, the equation in jr, obtained by equating to zero the determinant 
so formed, has all its roots real. 

Let the determinant of tho «** order under consideration be denoted by A» and 
written in the form 

a + x h g 
h b + x / . 
g f e + x . 



Let the determinant obtained from this by erasing the first row and first column, 
i.e. the leading first minor of An, bo denoted by a,,.; ; again, the leading first minor 
of A„-i by A„-a ; and so on, the last function Ai obtained in this way being of the 
form / + x. To these we add tho positivo constant Ao = 1, which may be re- 
garded as completing the series of minors and obtained by the same process, since 
A„ is not altered by affixing a last row and a last column consisting entirely of zoro- 
eloments, with tho exception of tho constituent + 1 in the leading diagonal. We 
have now a series of n + 1 functions— 



An, An.i, A»-j, . . . A:, Ai, Ao* 

whose degrees in x are represented by tho suffixes. When + oo is substituted for x 
the signs are all positivo ; and when - oo is substituted, tho signs (beginning with An) 
are alternately positive and nogativo. Hence, if x be regarded as increasing con- 
tinuously, n changes of sign must be lost in this series during tho passage from — *> 
to + oo . Now it appears by tho theorem of Art. 129, that a value of x which 
causes any function (excluding A*, Ao) in this series to vanish gives opposite signs 
to the functions adjacent to it on either side. Ao retains its sign throughout. It 
follows, exactly as in (2), Art. 89, that a change of sign can never be lost except 
when x passes through a real root of A» = 0. There must, therefore, exist n real 
roots of this equation in order that n changes may be lost during the passage of x 
from — oo to + oo . 
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Any equation in the series, being of the same form aa A« = 0, has all its roots 
real. It is plain also that each of these equations is a limiting equation (see Art. 
83) with reference to the equation next above it in the series ; since, in order that 
a change of sign may be lost between A. and A»_i at the passage through each of 
two consecutive roots of the former, the value of A»-i must change sign between 
these two values of x. The equation A» = 0 may have equal roots, and by what 
has been just proved it appears that when this equation has r roots equal to a, 
the equation A«-i = 0 has r — 1 roots equal to a, the equation A*-a = 0 has r — 2 
roots equal to a, and so on. 

The determinant here discussed occurs in several investigations in pure mathe- 
matics and physics. The proof here given of the property above stated is taken from 
Salmon's Higher Algebra (Art. 46), to which work the student is referred for other 
proofs of the same theorem. 

33. If the determinant of the preceding example have r roots equal to a ; prove 
that every first minor has r - 1 roots equal to a ; every second minor r — 2 roots 
equal to a, and so on. 

Employing the notation A, ff, O, . . . for the el ements of the reciprocal deter- 
minant, we have the equation 

AB — H 1 = An-3 A n . 

Now it is easily seen by proper transpositions of rows and columns that every 
leading first minor contains the multiple root r — 1 times. It follows from the 
equation just written that the minor II must contain this root r — 1 times ; and H 
may be taken to represent any first minor. 

34. Find the conditions that the equation 

a + x h g 

h b + x f 

g f e + x 
should have equal roots. 

Since each first minor must contain the double root, we readily derive the 
required conditions in the following form :— 

a- 9 -=b -V^c tl 
f 9 A' 

This and the preceding example are takon from Eouth's Dynamics of a Syttem 
cf Rigid Bodies, Part n., Art. 61. 
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130. Newton's Theorem on the Sams of the Powers 
of* the Roots. — We now resume the discussion of symmetric 
functions of the roots of an equation, of which a short aocount 
has been previously given (see Art. 27) ; and proceed to prove 
certain general propositions relating to these functions : 

Prop. I. — The sums of the similar powers of the roots of an 
equation can be expressed rationally in terms of the coefficients. 

Let the equation be 

f{x) ^ X" + ptT*- 1 + p 2 X** + . . . +p H 

s (a? - ox) (x - a t ) (ar-a a ) . . . (x - a n ) = 0. 

We proceed to calculate 2a», 2a 3 , . . . 2a m ; or, adopting 
the usual notation, s if s 3 , . . . s m , in terms of the coefficients 

We have, by Art. 72, 



x - at x - a 2 



+ . . . + 



/(*) 



-■ + (»- l)p x ** + (n - 2) / > 1 *-> + . . . + 2iw* +/>„-! ; 
and we find, dividing by the method of Art. 8, 



x-a 



+Pi 



+P\a 
+P* 



af»+o» 
+ Pit? 
+ pza 



a?*" 4 + . . . + o"" 1 

+p 3 a n ~ 3 
+ . . . 
+ Pn-ta 
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If in this equation we replace a by each of the quantities 
cn, a s , . . . a, in succession, and put 8 P = 2a p = + a 3 p + . . . + a H p t 
we have, by adding all these results, the following value for 



f(x) = W*"- 1 + 5, 



^ + «3 iP*" 3 + 83 ^ + . . . + 

+ ... 

+ «/>-i ; 

whence, comparing this value of f'(x) with the former, 
obtain the following relations: — 

81 + pi = 0, 
*3 + ^1*1 + 2/> 3 = 0, 
« 3 +jM 3 + i? 2 *i + 3p s »0, 

«« + Pl8 3 + p 2 82 + + 4pi = 0, 



+ l>lVs + i>2«»-3 + • • • + J0n-3«1 + (n - 1)^1 = 0. 

The first equation determines *! in terms of p ly p^ y . . . p n ; 
the second s a ; the third s s ; and so on, until is determined. 
We find in this way 

«l = - «a = p* - 2p if «, = -pi 3 + 3pip 2 - 3p Si 
8 t = pt - 4pi 2 p2 + 4piP> + 2p 2 a - 4/> 4 , 

«» = - + 5>, 3 />, - 5p k s ^s ~ 5 - Pi) Px + 5 (/? a ^ s - /> 5 ) ; &c. 

Having shown how 8 lt « 2 , *j, . . . can be calculated in 
terms of the coefficients, we proceed now to extend our results 
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to the sums of all positive powers of the roots, viz., s mi s„ + „ . . . s m . 
For this purpose we have 

Replacing, in this identity, x by the roots a,, a a , . . . a«, in succes- 
sion, and adding, we have 

Now, giving m the values n, n + 1, n + 2, &c, successively, 
and observing that *o ■ «> we obtain from, the last equation 

*» + />i«»-i + p«.8** + • • • + np n = 0, 

*«« + jM» + i +^2*» + ...+ = 0, &c. 

Hence the sums of all positive powers of the roots may be 
expressed by integral functions of the coefficients. And by 
transforming the equation into one whose roots are the reci- 
procals of Oi, d2, aj, . . . an, and applying the above formulas, 
we may express similarly all negative powers of the roots. 

131. Prop. II. — Every rational symmetric function of the 
roots of an algebraic equation can be expressed rationally in terms 
of the coefficients. 

It is sufficient to prove this theorem for integral symmetrio 
functions, since fractional symmetrio functions can be reduced to 
a single fraction whose numerator and denominator are integral 
symmetrio functions. Every integral function of a„ a 2 , . . . a» 
is the sum of a number of terms of the form iVa, p aj* a 3 r . . ., where 
N is a numerical constant ; and if this f unotion is symmetrical 
we can write it under the form iVSa^cW . . ., all the terms 
being of the same type. Therefore, if we prove that this quan- 
tity can be expressed rationally in terms of the coefficients, the 
theorem will be demonstrated. We shall first establish the 
following value of the symmetrio function 2ai*a a * : — 

Waj'-Vf'w (1) 
u2 
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To prove this, we multiply together s p and s qi where 
8 P = af + o/ + a/ + . . . a« p , 
s q = ai q + a 4 * + a s ? + . . . a„'; 

whence 

fp«, = ai^ + af* + ... + a„™ + afaf + a,W + <Sbc, 

or 

which expresses the double function Sa^aj* in terms of the 
single functions 8 P , 8 qf in the form above written. 

We proceed now to prove a similar expression for the triple 
function, i.e., 

SafOsW = 8 p 8 q 8 r - 8 qH .8 p - 8 r + p 8 q - 8p^8 r + (2) 

Multiplying together 2a iW and s n where 
2ai*W = afa%* + ai*a/ + ai p a 3 * + . . . 
* r = a! r + a, r + a/ + . . . + a„ r , 

we obtain an expression consisting of three different parts, viz., 
terms of the form Sa^a,*, 2a i * +r a 3 p , and 2a,Waj r . 
Hence 

• r Wa,« = 2a l " tr a a * + 2a,* W + 2a I Wa 3 r , 

a formula connecting double and triple symmetric functions. 
But, by (1), 

2a^ r a a « = <f p+r ^ - Vv"> 

2a ^ a 2 « = «p 8 q - « w 

Substituting these values, we find the triple function 
2ai p a a 9 a 3 r expressed as above in terms of single funotions in 
the series «i, « 2 , « s , &o. 

In the same manner the quadruple fonotion 2ai* a a ? a{ a/ 
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can be made to depend on the triple function 2a a t q a 3 r , and 
ultimately on «„ *„ « 3 , &o. ; and so on. Whence, finally, 
every rational symmetrio funotion of the roots may be expressed 
in terms of the coefficients, since, by Prop. I., *i, s a , « 3 , &c., 
can be so expressed. 

The formulas (1) and (2) require to be modified when any of 
the exponents become equal. 

Thus, if p - q, afa 2 q ■ a/af, and the "terms in (1) become 
equal two and two; therefore Su/a*' = 22a» p aj p ; whenoe 

Similarly, if p = q = r in 2a 1 / Wa 3 r , the six terms obtained 
by interchanging the roots in afafaf become all equal ; hence 

Zafafaf = ^ («/ - 3^ + 2*„). 

And, in general, if t exponents become equal, each term is 
repeated 1.2.3.../! times. 



Examples. 

1. Prove 

^a^oa^aa'oi* = $ P s q s r a, - Itplqtr** + 2 + 3*j»*«*r*» - 

2. Prove 

24Soi" , 02* n oj , "ai M = #»* - 6»«, a #a«. + &Wsm + 3*j m » - 6*i». 

132. Prop. III.— The value of s n expressed in terms of 
P»P*> • • >Pn, w the coefficient off in the expansion by ascending 



powers ofyof~r log yV 
Since 

x" + piZ*- 1 + /Jj^"" 2 + . . . +p n s (x-ai) [x - a t ) . . . (a? - a»), 
putting i for a; in this identical equation, we find 
1 +p x y +p t y 2 +p 3 y 3 + . . . + p n y n - (1 - a x y) (1 - a 2 y) ... (1 - a»y). 
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* 

Now, taking the Napierian logarithms of both sides, 



Pit/ + />» 



-pip* 

1 4 



tf+Ps | y s +&c..+P r y r +&o. 
-P*P* 
+PiP* 
+p*p 3 
-P*Pi 
-Pi'p* 



1 t 1 ^ 1 

^^i-gA-gA-" .--y r s r -&c. 

Therefore, equating coefficients of tf in both expansions, 

*r = - rP r , 

where P r is the coefficient of if in log y n /Q\ 

From the above identical equation it may be seen that 
s r (r less than n) involves the coefficients p x> p ti />„... p r only ; 
and, therefore, /> r+1 , /? r+J , . . . p H may be made to vanish without 
affecting the form of the expression of s r in terms of the coef- 
ficients. 

133. To express the coefficients in terms of the sums of tlie 
potcers of the roots. 

Sinoe 

1 +/>iy+P,y i + = (l-a,y)(l -a 2 y) ... (1 -a„y), 

we have 

log(l+|» l y+...+^ J r)— jr^-g^-...-!^- (1) 
and, therefore, 

1 + piy + + . . . +jt? n y n = -jy, , 
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which becomes by expansion 



1.2.3 



"4* 



+ g *1 *3 



1 

4 

1 

3 

-\**** 

+ 2.4* 3 
1 



8f 



2.3.4* , 

Now, comparing the coefficients of the different powers of y, 
we obtain values for p l9 p iy p it . . . p n , in terms of «i, s 2 , . . . 8„ ; 
and we see that p r involves no sum of powers beyond s r . 

If the identity (1) be differentiated with regard to y, the 
equations of Art. 130 connecting the coefficients and sums of 
powers may be derived immediately from the resulting identity. 

It is important to observe that the problem to express any 
symmetric function of the roots in terms of the coefficients or 
any coefficient in terms of the sums of the powers of the roots is 
perfeotly definite, there being only one solution in each case. 

We add some examples depending on the principles estab- 
lished in the preoeding propositions. 



Examples. 

1. Determine the value of 

£(ai) + ^(03) + . . . + 

where oi, a?, 03, ... a* are the roota of f[x) = 0, and $(x) is any rational and 
integral function of x. 
We have 

4 + . . . 4 



f(x) x - ai x-aj x-a» 
and 

JT{x)+(x) = <p(x) + 

f(x) x - a\ x - ai ' z - an' 
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Performing the division, and retaining only the remainders on both sides of this 
equation, we have 

j?oX"' + J?iX»- i + ... + .g. t .i _ fr(ai) f^(oj) »(<u) . 

~y, : + + • • • + S 

/(x) x-ai x-a» x-om 

whence 

JZo*- 1 + Ifcx-* + . . . + A.-, = 2*(a.) (x - (* - 03) ...(*-•.) ; 
and, comparing the coefficient! of x*- 1 on both sides of this equation, 

Rn - 2^(oi). 

2. Prove that $ p is the coefficient of in the quotient of the division of f(x) 

by f(x) arranged according to negative powers of x. 

3. Prove that $. P is the coefficient (with sign changed) of xJ- 1 in the same quo- 
tient arranged according to positive powers of x. 

4. If the degree of <p{x) does not exceed n - 2, prove 

where 2 denotes the sum obtained by giving r all values from 1 to n inclusive. 

r-l 

We have, by partial fractions, 

<p(x)_ A X A % A n 
m ~ TT^x + x^ + ' * ' + T^Z ' 

and, multiplying across by /(x), and putting x equal to ai, as, ... in succession, 
*(x)_4>(a,) 1 d»(aj) 1 *(a,) 1 m 

T XT v + . . . + 



/(*) 



<p (ar) / Or Or 1 \ 



When $(x) is of the degree n - 2 ; expressing the first side of the equation as a 



function of \ it readily appears that there is no term without i as a multiplier. 
We have therefore, comparing coefficients, 

As </> may be any rational and integral function of degree not higher than n — 2, 
we have the following particular cases which are worthy of special notice : — 
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5. Prove that the sum of all the homogeneous products n 0 of the H* degree of 
the quantities 01, 02, . . . a«, is equal to 

We have, putting y = 

*« 1 

f{x) ~ (l-oiy)(l -ojy) . .. (l-a„.y) 

= (1 +aiy + ai 2 y , + . . .)(1 +ajy + a J 2 y 3 + ...)... (1 + ««y + *,*y 3 + • • •) 

= i + n l y+n a y a + ... + n r y r +... 

Also x*- 1 _ a*- 1 1 

7w = V >) 

and therefore 

x" a"" 1 1 a lHr " 1 

- — - = 2 = 2 y r : 

/(x) /»l-ay /'(«) 

whenco, comparing coefficients of y r in these two expansions, 

0 »H--l 

Ilr = 2 -7^— x « 
/(«) 

6. To express the coefficients of an equation in terms of the homogeneous pro- 
ducts of the roots, and viu ver$& . 

From the equation of the preceding examplo 

7: rn ^ 71 r= l + niy + n a y a +. .., 

(l-oiy)(l-a 2 y) . . . (l-o^y) 

we have 

(l +piy +/*y i + • • • +i»»y*)(i + riiy + 113^+ . . . ) = 1, 
which gives the following relations : — 

pi + III = 0, 
P2 + rh + pi rii = 0, 

+ n 3 + />in 2 +jnni = 0, &o. 

These equations (in which, for values of r not greater than n, p if p?, . . . jv» 
and rii, IIj, . . . n r are interchangeable) determine pu Pt, in terms of 

Tli, lis, ... n», and vice vertd. 

By means of this and the preceding example the values of the following symme- 
tric functions may be found in terms of the coefficients : — 

a"" 1 a* a"* 1 

/ (°) J {«) J (°) 

7. To express rir by the sums of the powers of the roots. 

Representing by - the product (1 - aiyj (1 - ojy) . . . (1 -«»y), and differentiat- 
ing, we find 

also u = 1 + rii y + rijy 2 + . . . 
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We hare, therefore, 
(i + nuf+nay a + . . . ) (»i + 'ay + *syH .. .) - n 1 + 2n,y + 3n 3 y» + . .. 

Now comparing the several coefficients of the different powers of y, wo have a 
number of equations by means of which the sums of tho homogeneous products 
IIi, n 3 , • • • may be expressed in terms of *i, *2, *3, Ac. 

8. To find a general expression for <„ in terms of the coefficients p\, pj, . . . p n , 
of an equation of the »* degree. 

We have 

-log,(l +j»iy+p»y 3 + . . .+/»»y»)= 2 -y- (/>iy+J>*y a + - • • +Pn!T) r 

r-l 

1 . 1 , 1 

= «iy + 2*»y 2 + 3 «sy s + ••• + - ««y m + -.- 

Now, making use of the known form of the coefficient of y* in the expansion of 
(PUf + Pay* + • • • + p»ji*) r by the multinomial theorem, and comparing coefficients 
of y* in the above equation, we find 

* = 2 r<n+i>r(r> + i)...r(r ll+ i) p ^^ ' ' ' ' 

in which 

ri + r2 + r 3 + . . . + r„ = r, 
r\ + 2r 2 + 3r 3 + . . . + nr n = m ; 

and r lt rj, r 3 , . . . r» are to be given all positive integer values, stero included, which 
satisfy the last of these two equations. Also, representing by r< any of these in- 
tegers, 

T(n + l) = 1.2.3...fj, 

with the assumption that r(l) = 1 when r, - 0. 

9. To find a general expression for any coefficient p m in terms of tho sums of 
the powers of the roots «i, «2, . . . s m - 

We have 

1 + piy +p»y»+ . . . +pmv m + . . . +p.y" = e* n . e' i¥ "' . e* 9 "' . . . 

When the factors on the right-hand side of this equation are developed, and the 
coefficients of y*on both aides compared, we find, employing the 
aple, 

2(_ l)'>»r r., | r, h r J ... g m r m 



T(r, + 1) T(r 2 + 1) . . . r(r M + 1) 2'« 3'* . . m'J 



in which n, rj, ... r m are to be given all positive values, aero included, which 
satisfy the equation 

n + 2r a + 3r 3 + . . . + mr m = m. 
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134. Definitions. Theorem. — The ireight of any sym- 
metric function of the roots is the degree iu all the roots of any 
term in the function. For example, the weight of 2a/3y is 
six. 

The order of any symmetric function of the roots is the 
highest degree in which each root enters the function. For 
example, the order of 2a/3 5 y s is three. 

It has been proved (see Art. 28), that the weight of any 
symmetric function of the roots, when expressed by the co- 
efficients a 0 , a it a 2i . . . a n , is the same as the sum of the suffixes 
of each term in the expression. We now prove another im- 
portant theorem, viz.: 

If any symmetric function be expressed in terms of the coefficients 
Pn Pa • • • Ptn degree in the coefficient* is the same as the order 
of the symmetric function. For example, Scr/i 2 - ;; 2 8 - 2/>,/> 5 + 2j> i9 
no term being of higher degree than the second in the coefficients, 
and the order of the symmetric function being two. 

The student may easily satisfy himself of the truth of this 
theorem by observing that in the equations (2) of Art. 23, the 
value of each coefficient in terms of the roots contains each root 
in the first power only ; hence the highest degree in the co- 
efficients will be the same as the highest degree of the cor- 
responding symmetric function in any individual root. We 
add the following formal proof, as it is in accordance with the 
proofs of certain general propositions to be given subsequently. 

Replace the coefficients p u /> 2 , . . . p n by — , — , . . . — . 

a 0 a o a 0 

Now, if <f> (e»i, a s , . . . o„) denote any rational and integral 
symmetric function of the roots, we have 

a„ w 0(ai, a„ . . . o„) = F(a 0 , a l9 a if . . . a n ), 

where zs is the degree in the coefficients of F(a 0j a x , a 2j . . . a„) t 
a homogeneous and integral function of the coefficients, not 
divisible by a 0 . 

We require now to show that zj is the order of <p. For this 
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purpose change the roots into their reciprocals, and, therefore, 
«„, «„ . . . a n into a Hy a„_„ . . . a*. Whence 

a » 0 (-> = F(<*n, «»-2, • . . fl 0 ) ; (1) 

\«i «a <*»/ 

also 

/_1 _1 _ ^ (a„ q„ q 3 . . . g n ) 

\ai* aS ' ' ' a n J (aia,a 3 . . . a n )* ' 

where is the order of 0, and i£ an integral funotion not divi- 
sible by the product of all the roots ; (a,a a a 8 . . . a„)' being the 
lowest common denominator of all the terms. Substituting in 
(1), we have 

a/ $ (a„ a 2 , . . . a„) = ± F(a„, a*.,, . . . flj. 

From this equation it follows that p is equal to vs ; for if p 
were greater than w, i/» (m, a 2 , . . . a») would be divisible by the 
product ojO] . . . an, and if it were less, the function of the coef- 
ficients F(a nt a*.!, ...da) would be divisible by a nt both of which 
suppositions are contrary to hypothesis. 

135. Calculation of Symmetric Function** of the 
Roots. — Any rational symmetrio function can be calculated by 
the method of Art. 131. In practice, however, other methods 
are usually more convenient, as will appear from the examples 
given at the end of the present Article, and from the following 
Articles, in whioh we shall give certain general propositions 
which in many oases facilitate the calculation of symmetrio 
funotions. 

The number of terms in any symmetrio function of the roots 
is easily determined. For example, the number of terms in 
2cti 3 a a 2 a 3 of the equation of the n th degree is n(n - 1) (n - 2), this 
being the number of permutations of n things taken three 
together. If the exponents of the roots in any term be not all 
different, the number of terms will be reduced. Thus, "Zcffiy 
for a biquadratic consists of twelve terms only (see Ex. 6, p. 48), 
and not of twenty-four, since the two permutations a/3y, ay/3 
give only one distinct term, viz., a 2 /3y, in 2a 3 /3y. The student 
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acquainted with the theory of permutations will have no diffi- 
culty in effecting these reductions in any particular case. 
When two exponents of roots are equal, the number obtained 
on the supposition that they are all unequal is to be divided by 
1.2; when three become equal this number is to be divided 
by 1 .2.3; and so on. In general, the number of terms in 
2a,*aa*aj r ... of the equation of the n th degree, each term con- 
taining m roots, and v of the indices being equal, is 

n(n-l) (n - 2) . . . (n - m + 1) 
1.2.3 . . . v 

"When the highest power in which any one root enters into 
the symmetric function is small, i.e., when the order of the 
function (see Art. 134) is low, the methods already illustrated 
in Art. 27 may be employed with advantage for the calculation 
of the symmetric function of the roots in terms of the co- 
efficients. 

It is important to observe that when any symmetric function 
whose degree in all the roots (i. e., its weight) is «, is calculated 
in terms of the coefficients p u p 2 . . . p n for the equation of the 
n lh degree, its value for an equation of any higher degree (the 
numerical coefficients being all equal to unity) is precisely the 
same ; for it is plain that no coefficient beyond p n can enter into 
this value, and the equations of Art. 130, by means of which 
the calculation can be supposed to be made, have precisely the 
same form for an equation of the «'* degree as for equations of 
all higher degrees. It is also evident that the value of the same 
symmetric function for an equation of a degree m (lower than n) 
is obtained by putting p m+ \, Pmm . . . j>» all equal to zero in the 
calculated value for an equation of the n th degree, since the 
equation of lower degree can be derived from that of the n th by 
putting the coefficients beyond p m equal to zero ; and the corre- 
sponding symmetric function reduces similarly by putting the 
roots a m i, a m+a . . . . a„ each equal to zero. 
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Examples. 

1. Calculate 2 ara 4 03 of the roots of the equation 

*" + p\x« x + /D 2 .r»-« + + p^x + p» = 0. 

Multiply together the equations 

2a i ~ - p\. 
2aj oj03 = — pa- 

In the product the term orajoa occurs only once; the term ai 020304 occurs four 
times, arising from the product of a\ by 030304, of aj by 010304, of 03 by 010204, 
and of 04 by 010203. Hence 

2oi J a 2 03 + 4201020304 =PiPi ; 

thereforo 

2aro2oa = pi Pi - 4/>4« (Compare Ex. 6, Art. 27.) 

If the calculation were conducted by tho method of Art. 131, we should have 
201-02 03 = 2#2*1 J - «i*3 - i»a 2 + »i, 

which leads, on substituting the values of Art. 130, to the same result ; but it is 
evident that in this case the former process is much more simple, since the values of 
*i, &c., introduce a number of terms which destroy one another. 

2. Calculate 2oi J or for tho general equation. 
Squaring 

2aioj =pi, 

wo have 

2oiW + 22oi»o 2 03 + 020,020304 = p% % . 

In squaring it is ovident that the term 01 020304 will arise from tho product of 
0102 by 03 04, or of ai oj by 03 at, or of 01 04 by 0203 ; hence the coefficient of ai 0203 04 
in the result is 6, since each of these occurs twice in the square. The result dilfors 
from tho similur equation of Ex. 8, Art. 27, only in having 2 before tho term 
01020104- Hence, finally, 

201 2 02» =P2* - IpxPi + 2;>4. 

3. Calculate 2oi s oj for the general oquation. 
Wo have, as in Ex. 9, Art. 27, 

2oi*2aio2 = 2oi'o2 + 201*0303. 

Hence, employing previous results, 

2a, 3 02 = px'pi - 1tf-p\p* + 4/> 4 . 

4. Calculate 2oi»o 2 J 03 for tho general equation. 

The result will be tho same as if the calculation wero made for the oquation of 
the fifth degree. 
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To obtain the symmetric function wo multiply together 2a 103 and 2010303 ; and 
consider what types of terms, involving the five roots at, aj, 03, a t , 05, can result. 
The term oi'-o^-ot will occur only once in the product, since it can only arise by 
multiplying a\az by ai aja.. Terms of the type a>' : a-a. 01 will occur, each three 
times ; since 01*030304 will arise from the product of 0103 by 010301, of 0103 by 
010304, or of a ; at by 010203; and it cannot arise in any othor way. The term 
ai 0203040$ will occur ten times in the product, since it will arise from the product of 
any pair by the other three roots, and there are ton combinations in pairs of the five 
roots. We have then, for the general equation, 

2ai 03X010203 = 2oi J o/*aj + 3201*020304 + 1020102030406. 

[Wo can verify this equation when n = 6, just as in Ex. 9, Art. 27 ; for the 
product of two factors, each consisting of 10 terms, will contain 100 terms. These 
are made up of the 30 terms contained in 2ai* 02* 03, along with the 20 terms con- 
tained in 201*030304, each taken throe times, and the term 0102030406 token 10 
times.] 

Thus the calculation of the required symmetric function involves that of 
20^020304 ; for which wo easily find 

2ai 201020304 = 201*020304 + 52010203010}. 

llenco, finally, wo obtain 

201*03*03 = — p*P3 + 3/?ij>4 — bpi. 

The process of Art. 131 would involve the calculation of t§; and many terms 
would be introduced through the values of*-, *3» &c, which disappear in the result. 

5. Find tho value of 2ai* oj 2 03 04 for the general equation. 

We multiply together 20102 and 201020304, and consider what types of tonus 
can arise involving the six roots 01, 02, 03, 04, 05, ac. Tho term or ay 0.504 can occur 
only once. Terms of tho typo a\ : a : a.a\a, will each occur four times, this term 
arising from the product of aiai by 01030404, or of 01 01 by 0103040}, or of 0104 by 
010:030}, or of ai 05 by 01020104. The term"oia:aiena;,a. will occur 15 times, this 
being the number of combinations in pairs of the six roots, llenco 

2a 1 a? 201030304 = 2ai 2 02*03 04 + 4 2ai* 02 03I04 03 4 152ai a.o am,*, 
Wo havo again, for tho calculation of 2ar|a2 0-040}, 

2ai 2010203040} = 201*0203010} f 62ai 02 oj 04 ai a«. 
Henco, finally, 

201*03*0304 = p-iPi — 4p\fi + 9p*. 

6. Find tho value of 2oi 2 02*a»' ! in terms of the coefficients of tho general equa- 
tion. 

Hero, squaring 2010303, we have 

2a| 02 03 2oi 0103 = 20l*Ol*03* + 2201 3 a3 3 0304 T 6 2oi* 02 OS O4 O} ~f 20201030304 0}0«, 

from which we obtain 

2a,*o a 2 03* =P3* - 2^2 Pi + ZpiPi ~ 2ps- 
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136. Brloschrs Differential Equation. — M. Brioschi 
has given the following differential equation connecting the 
coefficients and sums of powers of the roots of an equation: — 

dp r +k 1 
AT""*- 

To prove this we have, as in Art. 132, 

log(l;+i>,y +p*f+ • • >+p»y n )^-y*i - ^v 2 **-^**" • • - * y r *r . . . , 

and differentiating, 

d v r 
(1 +p x y +p 2 ^+ . . • +p n y*) +/>2y*+. • . - ; 

whence, comparing the coefficients of the different powers of y y 

^j 1 = 0, when q < r ; 

dp r 1 dpnk 1 
d£-~r 9 ds r ~ r Pk ' 

We can now express the result of differentiating with respect 
to 8 r any function of the coefficients 

F(pi,P*,Pi> • • •/>«)• 

Since 

dpi dp^ dp r .j 

dSr d* r ' d& r 

aU 



and, applying the formula given above, this reduces to 



1/dF dF dF dF\ 



r \dpr dp„ x r dp 

By means of this result symmetric functions can often be 
calculated with great facility, as will appear from the following 
examples : — 
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1 . Calculate the value of the symmetric function 2ai* oj* 03' <n* of the roots of 
the equation 

ac» + p\ jc- 1 + jux*- 8 + . . . + p n = 0. 

Knowing the order and weight of any symmetric function, we can write down 
the literal part of its value in terms of the coefficients. Here 2 is of the second 
order, and its weight is eight ; hence 

2 = hp* + txjhtn + tjptpt + hpspi + Upi\ 

where to, U, < 2 , &c, are numerical coefficients to l>e determined. 

Terms such as p*p\\ pspipi, j>s/>i\ &c, although of the right weight, are 
of too high an order, and therefore cannot enter into the expression for 2. Again, 
2 expressed in terms of the sums of the powers of the roots is of the form 
F(*2, *u H, M I for, in general, 2a i? oj' o3 r . . . , expressed in terms of the sums of 
the powers of the roots, it! made up of terms such as s p , sp t q, *p,q*n • • • *kp, » • . 
all of which are sums of even powers when p, q, r, . . . are even ; therefore in this 
case none hut even sums of powers enter into the expression for 2. 

Also, since ^ = 0, and ^ = 0, we have, using the formula above given for 

tops + dpiPi + hpiP2 + tiiptpz +pi) + 2tipip t <0, 
topi + /i/>i = 0. 
From these equations we infer 

to + h = 0, f a + <» = 0, h + t 0 = 0, ti + 2t A = 0 ; 
but ti = 1 , since for a quartic 2 = pf ; therefore 

< l = -2, <o=2, fj = -2, fc = 2; 

and, substituting these values of < 0 , <i, fa, *s, <4» 

2oi» o, l 03 5 a4 a = 2/n - 2^r^ + 2/nj* - 2p t pz + ju 3 . 

2. Calculato 2ai*a 3 8 oa 2 for the same equation. 

- 2pn + 2/ij>s - 2^3j?t + ^3*. (Compare Ex. 6, Art. 135.) 

3. Calculate for the same equation the symmetric function 2ai s oj J 03. 
Here the weight is six, and the order three ; hence 

2ai 5 o» J as = top* + *i PsPi + *j/>4/>a + 'sj»4^i* + hp? + hpifrpt +'j*Pi*. 

Also 2, expressed in terms of 4, *j, »j, 4c, is (see Art. 131), 

»1«3*3 - *i «s - #»* - 1*4 + 2«e. 

Now, differentiating by means of Brioechi's equation these two values of 2 with 
regard to <«, and comparing differential coefficients, we have 
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Differentiating with regard to we have 

topi + t x pi = 5si = - b Px ; <i = 7. 
Differentiating with regard to $i f 

top* + ti pi* + Upt + hpS = 4»j = 4 - 2pi) ; 

whence 

to + h = - 8, *i + t i = 4 ; 

and 

<a = - 3, f s = 4. 

Again, / e = 0 ; for J vanishes if n - 2 roots vanish. And we find U and .' 5 by- 
taking the particular case when n - 3 roots vanish ; for in this case 

2a i s 02*03 = aiososSai'a? = - p*{- p\p% + 3/>j) = PipxP* — 3/>j J , 
and therefore 

/ l = -3, * 5 =1; 

wheiuo. finally, 

Wo, 2 a, = - 12p* + 7»ij» 5 + 4p 4 pj - Zptpi* - Stf+pijHPi. 

137. Derivation of new Symmetric Functions from 
a given one.— From any relation such as 

af 2^(a„ a„ . . . a») = F(o„, a„ a,, . . . a,), 

where ^ is an integral function, of the order sr, of some or all of 
the roots of the equation 

a 0 x" + na, x"-* + ^ a^x"-* + . . . + <r„ - 0, 

1 . «& 

we may derive a number of other symmetric functions and their 
equivalents in terms of the coefficients. 

For this purpose diminish each of the roots by any quantity 
x, and consequently change any coefficient a r into U r (see Art. 35). 
When this is done the original relation becomes 

flo"2^(a, -z, a,-*, . . . a H -x) - F(U 0 , U lt Z7,, . . . U n ) ; 

and comparing the coefficients of the different powers of x on 
both sides of this equation, we have a number of symmetric 
functions of the roots expressed in terms of the coefficients as 
required. It should be observed, however, that this method leads 
to no new symmetric functions when the given function 0 is a 
function of the differences of the roots. 
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138. Equation of Operation.— We now proceed to 
deduce an important equation of operation in the notation of 
the differential calculus, which may be applied to furnish the 
results of the last Artiole. 

Let ao 9 $ (ai, a„ . . . a») = F(a t)t a t , a,, ... a n ) f 

as in the last Artiole. Adopting the notation 

dai da t da n ' 

n d o d o d d 
da x cUh da* da n 

we have the following equation of operation : — 

(an a t , . . . «„) = DF{a*, Ai,,.. a„). 

To prove this, we have, as in Art. 137, 

[fl 0 >(a, - x, a 3 -X, . . . o,.- x) = F(U 0 , £7",, U 2> . . . U n ) \ 

and, by Taylor's theorem, 

0(a, - a?, a a -ar, . . . a n -x) = 0„ + a?e> 0 + + • • • » 

where = ^ (ai, a 2 , . . . a») • 

Again, omitting all powers of x higher than the first, 
F( U 0t £7i, . . . U n ) becomes F(a 9f a x + a a x, a, + 2a x x t . . . a n + nn H . x r)> 

or, when expanded, 

f d d d \ 

Jft + « ( 4, — + 2a, — + . . . + na H . x —J F 0 + &c, 

where 

F 0 = ^(flo, ai,... «») ; 

whence, oomparing coefficients of a; in both expansions, we find 
the equation above written, viz., 

Oo*fy(aj, a a , . . . a n ) = DF(a 0l a,, . . . rt M ). 

This equation shows that if a symmetric function be derived 
from <p by the operation 3, its value in terms of the coefficients 

x2 
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may be derived from the corresponding value of $ by the opera- 
tion D. 

Again, since and DF may take the place of <p and F in 
this equation, 4," 8*0 becomes T?F y &o. It may be noticed, 
moreover, that if $£ 0 vanishes, $*0 O , Styo, &c, all vanish ; and 
thus that x disappears in the expansion of 

<p (ai - x y a 3 - X, . . . a« - x). 

Now this can happen only when <p is a function of the 
differences of a ( , a„ .... a„ ; whence we conclude that if 
a 9 ~ 9 F(a 0i a ly a a , . . . a„) is the value in terms of the coefficients 
of a function of the differences of the roots, then 

DF{a^ a lt a 2 , . . . a n ) 

vanishes identically. 

This identical relation is often sufficient to determine the 
numerical coefficients in a funotion of the differences expressed 
by the coefficients, when the order and weight are known. It 
is not sufficient for this purpose when there exist more than one 
function of the differences of the required order and weight. 
"We add examples of functions of the differences determined in 
this way. 



1. Determine a function of the differences whose order and weight are both 
three. 

Assume <p = Aa*Oi + Ba 0 a x <h + Ca\\ 

these being the only three terms which satisfy the required conditions. It if* 
evident from the form of J) that the operation is performed by applying to the suffix 
of any coefficient o r the same process as in ordinary differentiation is applied to th<> 
index. Thus Dor = ro r -i, and therefore 

Dp = (3^4 + B) o 0 a «2 + (2B + 3(7) a 0. 

II one© 

3A + B = 0, and 2B + 3C=0; 
and putting A = l, wo have 

B = -3, and C= 2 ; 

whence, finally, 

<p = a 0 3 a 3 - 3*o«i «s + 2«i s a O. (See Art. 36.) 
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2. Determine a function of the differences whose degree in the 
four, and whose weight is six. 



2>* = (6-4 + E) + (62* + 3* + 22))«ofll<»* , + (3<7 + 42>) a,» a, 

+ (3(7+2J?)aoai«asa 0. 

Now let A = 1, whence J = - 6 ; alao 3C7 + IE = 0, giving C = 4 ; and 
3C+4D = 0, giving D = - 3; and from 6J? + 32f + 2D = 0, we have finally 2* = 4. 



4> = oo 2 a 3 2 + 4<W + 4aj«i' - 3ai J «a a - 600^0303. 
Compare Art. 42, where the value of <p ia given in terms of the roote. 

139. Operation involving the Sums of the Powers of 
the Roots. Theorem. — If 

<t> (ai, a„ o„ . . . a„) = -F(«„ *»,*„... « r ) (1) 

be any equation connecting a function of the sums of the powers 
with another symmetric function of the roots, we have then the 
differential equation 

d<f> d<p d<p d(j> dF dF dF dF 

— — + — — + -7 — + . . . + — <o ~; — + — — + 0#2 — — h . . . + rs r ^\ - — . 

rfo, rfa 3 da 3 da n dsi rfs, ds 3 ds r 

For, let the roots be inoreased by h ; and comparing the 
coefficients of h on both sides of the equation (1), when 

81 + A« Q , «i + 2A«!, . . . 8 r + rAa r _!, 

are substituted for have the required relation. 

Employing the results of the last Article, we have, therefore, 
the following equation of operation connecting the coefficients 
and the sums of the powers of the roots : — 

/ d „ d d d\ 

~ D - "ti + 2,1 £ + *■ di + • • • + "~ * J = *" D - 

where D, represents the result of substituting s for a in the 
operator D. 
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From this it follows that if f{a<>, a iy a it . . . a n ) is a function 
of the differences, /(«<>, «„ « 2 , . . . s n ) is a function of the diffe- 
rences also ; for it is plain that when Df{<h, a Xt a„ ... a H ) = 0, 
A/(*oi *»> *«>••• *») " 0> therefore 2>/(«o, *i, *2» • • • *•») = 0, 
since D, « - a 0 ~ 1, -D. 



Ex. 1. a 0 a« - 4aia s + 3aj a h J is a function of the di 
*o*4 - 4#i*3 + W is also a function of the differences. 



Ex. 2. 



ao «i «2 
ai o 2 as 

«3 «S «4 



/, when similarly transformed, gives 



<o *l *i 
*i «i *s 

*2 *3 *i 



which is therefore a function of the differences. 



Miscellaneous Examples. 



1. Prove, by squaring the determinant of Example 10, Art. 112, the following 
relation between the roots a, S, «y, S, of the bi<] 



«0 *1 *2 *3 

»l #S »* *« 

*2 «3 *« *S 

*3 *4 *5 «6 



= (S - 7 ) 1 (« - *)' (y - •)• (fi - *)* (« - W (7 - •)»• 



The student will have no difficulty in writing down for an 
groe the corresponding determinant in terms of the sums of the 
which is equal to the product of the squares of the differences. 

2. Prove, for the general equation, 



of any 
of the 



*0 *1 

#1 s 2 



3(a-0)'. 



This appears by squaring the array 

1 1 1 1 1 ... | 
a 0 7 5 < . . . j 



(Sre Art. 123.) 
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3. Prove similarly, for the general equation, 
*o «1 #3 

#i * *> =2(/^-7) , (7-•) , («-/^) , . 

*j « 3 *4 

By tho process of Art. 123, a series of relations of this kind can be established ; 
and when the number of rows in the array becomes equal to tho degree of the 
equation, the value of the determinant is the product of the squares of the differences, 
as in Ex. 1. When the number of rows exceeds the degree of tho equation the 
value of the corresponding determinant vanishes. For example, the value of the 
determinant of Ex. 1 is zero for equations of the second and third degrees. 

4. Prove, by means of the equations of Art 130, that the oums of the powers 
can be expressed in terms of the coefficients, or vice cersd, in the form of determi- 



2fh 













Pi 


1 


0 


0 






Pl 


1 


0 












Pi 


1 




2* 










Pi 


1 


0 






> »z «- 


Pi 


1 














Pi 




! 3j> 3 










Pi 


Pi 


1 






Pi 


Pi 




*P* 


















Pi 


Pi 


Pi 












, 


I 


0 


0 






»l 


1 


0 












»i 


1 












»3 


«1 


2 


0 






, 6/*=- 


Si 


»i 


2 


, 2ip t = 










»t 


>i 












*3 


»3 


*i 


3 








•a 


«i 






















«4 


*S 


*3 





Ac. 



5. Resolve into factors the determinant 

*6 Si n 



H 
*l 

y 3 



*4 
#3 



*3 



«3 
#3 



x< 

1 

0 



if* y i 

where *o, #i, #», Ac, are the sums of the powers of three quantities, a, 0, 7. 
This determinant is the product of the two determinants 





0 s 


i* 


*> 


0 


a' 




7 s 


0 


J/ 3 


a 5 


* 2 


T 2 




0 


a* 




7 5 


0 




a 




7 




0 , 


a 


3 


7 


0 


y 


1 


1 


1 


1 


0 


1 


1 


1 


0 


1 


0 


0 


0 




1 


0 


0 


0 


1 


0 



, Ac. 



and each of the latter can be resolved into simple fuctors. 
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6. Prove, for the general equation, 

*o *1 *i «3 

'l 1 'I «4 

»7 *3 #4 H 

1 X M> X* 

Multiplying the two arrays 



= 2(/J- 7 )'( 7 - «)' (. - (* -•)(*- 3) (* - y) . 



1 
0 



1 

7 



x-o *-i8 * — 7 

a(x -a) »(x-fi) y(x-y) 
«<(*-«) *>(*-fl) 7 »(*-7) 



«' ^ T 5 • • 
we show that 2 is equal to 

*>jr - «i #i r — *3 *i x — «s 

«JJ?-J 3 #l*-«4 

which is easily transformed into the proposed determinant. 

It appears in like manner in general that the determinant of similar form of 
order p + 1 is equal to the corresponding symmetric function, each of whose terms 
rontains p factors of the original equation multiplied by the product of the squared 
differences of the p root* involved therein. 

7. Prove that the leading coefficients of Sturm's functions (i.e. f(x), f(x), and 
the n - 1 remainders) differ by positive factors only from the following series of 



1, «c 



So 

«1 *3 



«0 *1 *1 
'1 'I *3 
*J *3 *4 



Sq «l «j #J 

«J *l *S *4 

*2 »3 «4 «5 

•a *4 *6 «6 



, . . . . (*oh*i • • • H»Jt). 



Representing Sturm's remainders by 2?», J?j, . . . Itj, . . . and the successive 
quotients by Qi, Qi, Qs, &c, we have (see Art. 89) 

Xt=Qif(x) -/(*), 

ife = QzJtt -/(*) = (QiQi - l)/(x) - &/(*), 

JRi = CUR* -R% = (Qx Q2&-Q1- <h)f(x) -(Q>Q>- l)/(x), &c. 

we observe that any remainder Jtj can be expressed 



Proceeding in this 
in the form 

B i ^A i f{x)-B i f(x). (1) 

The degree of Bj is n — j ; and since <?i, Qa, ftc, are all of the first degree in x, 
it appears that the degrees of A } and £j are> - 1 and> - 2, respectively. 
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Assuming, therefore, for Rj and Aj the forma 

Rj a r 0 + rj* + ri«» + + r m .jx*~J, 

A J s\ 0 + \ l x + K t x i + + Am**" 1 ; 

in (1) any root a of the equation /(*) = 0, we have 



Xo + Aia + Ajo* + • • • + A/-i»> 



f-i 



Multiplying by a, a 1 , . . . a>-', a*- 1 , in succession ; making similar substitutions 
of the other roots ; and adding the equations thus derived, we obtain by aid of the 
relations of Ex. 4, p. 296, the following system of equations : — 

Ao«b + Al«l + . . . + A/-a*/-i + Xj-i's-i = 0, 
Ao«i + Ai#» + . . . 4- \M#H + AM H =0, 



Au*/-s + Ai «>.i + ... + AM + A>.i *v-a = 0, 
Ao«y_i + Ai*f -f . . . + Am*V-3 + Ay-i = 
From these equations we have, without difficulty, 

*o *i • • • *m 



r --i = TV 



*M 



Mj-\ tj ... *J/-1 



«m* 



, 4 = yj l 



*M *H • • • *2>-« 

1 «... *MxM 

the value of being so far arbitrary. It appears therefore that the coefficient of 
the highest power of x in Rj differs by this multiplier only from the determinant 
(*o«2*4 .... '9-2). We proceed to show that the sign of y, is positive. For this 
purpose we make use of the following relation connecting the successive values of 
the functions R and A : — 

A M Rk-Rk*A k =Ax). (2) 

To prove this ; substituting for Rk*\ Rk, Rk-\ their values in terms of A and B 
in the relation R k *i = QkRk - Rk-i, we derive 

Am a QkAk- Au-\, B k *\ = QkBk- Bk-\ \ 
by aid of which we readily obtain the following relations connecting the successive 



Ak+i Bk - Ak Bk*\ - Ak Bk-i - Ak.\ Bk = . . . = Ax Bo - AqBi-- 1, 
Ak.\Rk - AkRk.\ = AkBk-i - Ak-i£ k = . . . » AiB^ - A 0 Ri =/(*), 

in which Ri =/'(*), Ro =/(*). 

Now, comparing the coefficients of the highest powers of x in (2) ; observing that 

*" occurs only in Ak+\ Rk, and making use of the determinant forma above obtained, 

we have 

yk*\ («o*a*4 • • • »u-i) 7*('o*a** • • • *«* a) = l t 



7* 7**i = («0»2*4 . . • «3*-a)- J . 
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Also, calculating the value of 7?i in the ordinary manner, we easily find 



A 2 = ~ 



1 

1 



X 



whence it is aeen that the value of 73 is —. 

It followa, from the relation juat eetabliahed between any two successive value* 
of 7, that yi, yi, ... yj, &c, are nil positive squares ; and therefore, finally, that 
r m -j, the coefficient of the highest power of * in Jtj, has the same sign as the deter- 
minant (*o*2*4 ... *$-2). 

It may be observed that by aid of the preceding example the value of the quotient 
of Aj by yj may be written ae a symmetric function involving the roots and the 
variable. For example, when j = 4, we have 



8. 



— - = 2(0 - y)* (y - .)» (•-*)«(*- «) (* -fi)(x-y). 
fa, fa, . . . <f> Jt . . . <p p from the equations 
^1 + fa + . . . + <p P = To. 

fa 01 + fa9l + . . . + fa9p = T x , 

fa 0i J + fa 0 2 ? + . . . + fa9 P - = 7a, 



fadiP-* + fa$ 3 P * + . . . + fa9 p P- 1 = T p . x . 
Ant. ft is given as a function of the (p - 1)'* degree in 0, by the equation 



1 




• 


. 9,p- x 


fa 




•V, 




t- . 


. tp.\ 


To 






*2 


*i ■ 




Tx 


-0, 


• 


Bp 


■ • 

*#>«! • 


• • 

tip. 2 


Tp.y 





where s* = 0i* + 0a* + 03* + • • . + 9 p k . 

9. If a, fi, y, 8 be the roots of the equation 

o 0 x« + 4a i z 3 + Ga 2 x* + 4« 3 x + <r 4 = 0, 
calculate in terms of ao, 77, 7, / the value of the symmetric function 

flo s 2(3a-/B-7-8) 2 (3/5-7-8- a)- (3-y - S - a - 
Here tf 0 *2 = 4«2=, 4 z a W, 

where si, s», r s , u are the roots of the equation 

a* + 677s 2 + 40; + itf/ - 37/ 2 = 0. (See Art. 37.) 

Hence, by Ex. 2, Art. 136, 

Am. V { - 77/J + of HI - 4<k>V } . 
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10. Prove that 

n S «o 6 08 - 7 )» (7 - «)' (« - *)« (« - 8)' (0 - 8)' (y - 8 )» = //* + m 7* 
where m = - 27/. 

The weight of this function of the root* is 12, and the order 6. 

We now make use of a proposition which will he proved subsequently, namely, 
that any even, rational, and integral symmetric function of the roots, of the order », 
and involving the differences only of the roots, is, when multiplied by ao», a rational 
and integral function of ao, E, I, J. (Compare Ex. 17, p. 124.) 

Hence, expressing the function whose order is 6, and weight 12, in terms of 
«o, E f I, J, it is easy to see from the table 





Order. 


Weight. 


J 


3 


6 


J 


2 


4 


H 


2 


2 



that E cannot enter, for the terms of the sixth order containing E, viz., E*, J5P J, El *, 
have not the proper weight. Therefore n must be of the form 

IP + mj*, 

where / and m arc numerical coefficients. 

Now put «s and o« equal to zero, and n will vanish, since in that case the 
quartic will have equal roots ; hence, employing the reduced values of / and /, 

0-/(3«a J ) s + m(-a a »)», 

and m = - 27/. 

11. Calculate the symmetric function of the roots of a biquadratic 

2(^- 7 ) , (7-«) , («-i8)'. 

Since the order of this symmetric function is four, and its weight six, we may 
ass ixmc 

ao«3(/* - 7 )' (7 - a) 2 (« - = IEI + m^J. (1) 

The values of / and m may be found by putting a, = 0, a« = 0, as in the pre- 
ceding example, and calculating the value of the reduced symmetric function (when 
7 = 0, 8 = 0) in terms of the coefficients of the quadratic equation 

Ho* 2 + 4aix + 6«a = 0. 

Identifying then this value with the reduced value of IE I + tna 0 J, we obtain two 
simple equations to determine / and m. Or we may proceed as follows by taking 
two biquadratics whose roots are known, and calculating in each case the sym- 
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metric function by actually substituting the roots, and then comparing both Bides 
of the equation when B, I, J are replaced by their values calculated from the 
numerical coefficients. 

First wo take the biquadratic equation 6x* - 6x» = 0, whose roots are 0, 0, 1, - 1 ; 
whence 

1 = 8, E = -6, /= 3, /= 1. 

Substituting in equation (1), we have 

1728 = - 3/+m. 

Proceeding in the same way with the biquadratic equation 

x A - 6** + 6 = 0, whose roots are ± %/5, ± 1, 

5 = 768, S = -l, 7=8, - 4 ; 
- 192 = 2l+m, 
I = -2x192, m = 3x192; 
ao«2= 192(-2JT/+3«o/). 
12. Calculate the determinant 



we find 



and 

and, finally, 



A = 



*o *i «a 
«i * 3 

*2 *3 «4 



in terms of the coefficients of a quartic. 

This determinant is a function of the differences of the roots (sec Ex. 2, Art. 139) ; 
we may therefore remove the second term of the quartic before calculating it ; aud 
if the equation so transformed be 

y* + Pay 5 + P s y + P 4 = 0, 

4 0 - 2P 2 

0 -2P, -3P 3 

-2Pj -3P 3 2/y-4P 4 

oo'Pa = 6ir, «o 3 P3 = 4<7, a^P* = a 0 'J -3JP. 
for P 2 , Pj, P 4 these values, we have 

«o 4 A = 192 (- 2SJ+ Za 0 J) : 



= 4{8P a P4-2P a '-9P,*}; 



but 



the same result as in the preceding example. (Compare Ex. 3, p. 311.) 
13. If a, 0, y, i be the roots of the equation 



ffo** + 4S1* 3 + 6«ix 3 + iotx + ai = 0, 
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express H», J#, J$, G, of the equation 

«o** + 4*i X s + 6*j*» + 4*»* + »i = 2(* + «)*= 0 
in terms of E, 2, /, G. 

J H, S 1$ iSin-afl G, O 
Ant. —-=-3— -r = —j 1 Z\ = ~ 6 ,7s > 

and by the aid of the relations 

G* + 4If» ■ «o a (^ " «o /), <?.* + W « «o a - *> J *)> 

109 

/,= l^(3ao/-2Ji). 

14. When is even, prove that 

2(ai - oj)' = «o«p - jwi V-i + ~ 1) - *< • 

8ince 



changing * into ai, oj, as, . . . a», in succession, and adding the results on both 
sides of the equations thus obtained, we find 

22 (ai - 03)' = *h ~ J»*> Vi + P 'i"^ X *i *>■»-...- J»«i + 

where all the terms on the right side of this equation are repeated except the middle 
term. Thus 

2(«i - a,)« = *o»4 - 4*i *, + 3*,*, (Compare Ex. 1, Art. 139.) 

2 (<Xl — Oj)' = *0*6 — 6*1 *6 + 1 6*3*4 — 10*>', &c. 

15. Form the equation whose roots are <t>'(a), +'(»), $'(7), *'(*), where 
a, 0, 7, 3 are the roots of the equation 

<p(x) a <*>** + 4oi*> + 6ajx» + 4a 3 x + <r 4 = 0. 

r Co 5 «o 4 «o* 

ic. if a(«-ny"0-7) B (T -«)•(*-»)•. 

when expanded, becomes 

JT 0 r« + 4 JTi x» + 6 JTi *» + 4 JT 3 * + £4 ; 

prove that 

r 0 agy + K x (fly + ya + afl) + Kt( a + fl + 7) + ft m ± IS^/a 
(fl_ y )( y -«)(«_0) «o» * 

where 

A = I* - 27/». 

17. Prove that 

Oo«2 (fl + 7 - « - «)* (0 - 7)* (a - 8) 2 = 192 (3«o/- 22T2). 

18. Prove that 

„ 0 6 S (/j + 7 _ B _ 8 )« (fl - 7)* (a - 8)« =612 (««' 2 3 - 36 «© 2/7 + 1222*2). 
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ELIMINATION. 

140. Definitions. — Being given a system of n equations, 
homogeneous between n variables, or non-homogeneous between 
n - 1 variables, if we oombine these equations in such a manner 
as to eliminate the variables, and obtain an equation R = 0, 
containing only the coefficients of the equations ; the quantity 
R is, when expressed in a rational and integral form, called their 
Resultant or Eliminant. 

In what follows we shall be chiefly concerned with the dis- 
cussion of two equations involving one unknown quantity only. 
In this case the equation R = 0 asserts that the two equations 
are consistent; that is, they are both satisfied by a common 
value of the variable. "We now proceed to show how the 
elimination may be performed so as to obtain the quantity R t 
illustrating the different methods by simple examples. 

Let it be required to eliminate x between the equations 

ax 2 + 2bx + c = 0, rtV + 2b x + c' = 0. 

Solving these equations, and equating the values of * so 
obtained, the result of elimination appears in the irrational form 

a a da' 

Multiplying by aa' we obtain 

ab' - db = Ov/6'»-flV- a'v/V - ac. 

Squaring both sides, and dividing by ad (for R does not 
vanish when ad vanishes), and then squaring again, we find 

R - 4{ac - 6 J ) (oV- 6") - (ac'+ dc - 2bb')\ 
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This method of forming the resultant is very limited in ap- 
plication, as it is not, in general, possible to express by an 
algebraic formula a root of an equation higher than the fourth 
degree. Other methods have consequently been devised for 
determining the resultant without first solving the equations. 
We now proceed to explain the method of elimination by sym- 
metric functions of the roots of the equations. 

141. Elimination by Symmetric Functions. — Let two 
algebraic equations of the m th and n th degrees be 

<p (x) » a i) x m + axx"- 1 + (hx™-* + . . . + a m = 0, 
$ (x) = box* + a,**" 1 + + ... + b n = 0 ; 

and let it be required to find the condition that these equations 
should have a common root. For this purpose let the roots of 
the equation tp{x) » 0 be oi, o„ . . . a m . If the given equations 
have a common root it is necessary and sufficient that one of the 
quantities 

should be zero, or, in other words, that the product 

^(a.) ^(a,) i£(a,) ... ^(o w ) 

should vanish. If, now, we transform this product into a rational 
and integral function of the coefficients, which is always possible 
as it is a symmetric function of the roots of the equation <f> (x) = 0, 
we shall have the resultant required. Further, if /3i, ft, . . . j3» 
be the roots of the equation ^ (x) = 0, we have 

i£(«0 = M«i " j3i)(oi - ft) . . . (a, - /3»), 

*M - M«, - ft)(°* - ft) . . . (a, - ft), 

+ (a») = K (a m - /3.) (o. - ft) . . . (a m - ft). 

If we change the signs of the m n factors, and multiply theso 
equations, taking together the factors which are situated in the 
same column, we find 

* («,) + (a,) . . . + (a m ) = (- 1)«" b~ * (3.) * (ft) . . . * (ft) . 
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Wo may therefore take 

22«(-l)-V>0,) *(/3»)...^(/3„)=«o n '/'(aO^W ».*(«•), (1) 
for both these values of R are integral funotions of the coef- 
ficients of <f>(x) and ij>(x), which vanish only when <p (x) and 
\p (x) have a common factor, and which beoome identical when 
they are expressed in terms of the coefficients. 

142. Properties of the Resultant. — (1). The order of 
the resultant of two equations in the coefficients is equal to the sum 
of the degrees of the equations, the coefficients of the first equation 
entering R in the degree of the second, and the coefficients of the 
second entering in the degree of the first. 

This appears by reviewing the two forms of R in (1), 
Art. 141 ; for in the first form a 0 , a„ . . . o» enter in the n th 
degree, and in the second form b 0 , 6„ . . . b H enter in the m th 
degree. Also it may be seen that two terms, one selected from 
each form, are (- l) mn b 0 m a m n and a 0 n b H m . 

(2) . If the roots of both equations be multiplied by the same 
quantity p, the resultant is multiplied by p mn . 

This is evident, since any one of the mn factors of the form 
op - p q becomes p (a p - f$ q ), and therefore p mn divides the result- 
ant. From this we may conclude that the weight of the resultant 
m ww, in which form this proposition is often stated. 

(3) . If the roots of both equations be increased by the same 
quantity, the resultant of the equations so transformed is equal to 
the resultant of the original equations. 

For we have 

±R = a?b»U{a p -$ q ), 

where n signifies the continued produot of the mn terms of the 
form a p - fi q ; and this is unaltered when a p and (5 q receive the 
same increment. 

(4) . If the roots be changed into their reciprocals, the value of 
R obtained from the transformed equations remains unaltered, except 
in sign when mn is an odd number. 

Making this transformation in 

R = aSb<m(a p -P q ), 
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we have 



R = a m n b n m (- 1)"" U ^ ap 2?I 



(a, a,... a m )" (ft ft... ft)"' 

but 

«>«,...«„=(- 1)-S? f ft ft ... ft, - (- 1)» j? J 

substituting, we obtain 

R = a," 6 0 - (- 1)*" n («, - ft) = (- 1)-*. 

From this it follows that in the resultant of two equations 
the coefficients with complementary suffixes of both equations, 
e.g. a©, <*» ; a* &c-, may be all interchanged without alter- 
ing the value of the resultant. 

(5). If both equations be transformed by tomographic transfor- 
mation ; that is, by substituting for x 

\x + [A 
X + fl 

and each simple factor multiplied by Xx + //, to render the new 
equations integral; then the new resultant K =• (A/u' - \'ii) m *R. 
To prove this, we have 

$(x) = a 0 (z - ai) (x-a t ) ... (x- oj, 

#W-M*-W(*-ft)..-(»-ft); 

* - o r becomes (A - A V) (x - ^ 

-* - -S^g} 

Multiplying together all the factors of each equation, 
Oo becomes a„(A - A'a,)(A - A a,) ... (A - A'a m ), 
t> 0 „ (A - A'ft) (A - A'ft) ... (A - A'ft). 

Also, since a r , ft are transformed into v ** , t^-tttt* 

A — A a r A — A p r 

L«nn»n M (A// - A>) (a r ~ ft) 

« r - /3 r becomes (A _ Var)(A _ vfr) ; 

Y 



also 
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whence 

a 0 n b 0 m n (« r - Pr) becomes a 0 n 6 0 w (A«' - *'«)-" n (a, - 0r), 

that is, the resultant calculated from the new forms of $ (;) and 

\p(x) is 

This proposition includes the three foregoing ; and they arc 
collectively equivalent to the present proposition. 

143. Kaler* Method or Elimination — When two 
equations <f> (x) = 0, and ^ (*) = 0, of the m tk and n th degrees 
respectively, have any common root 0, we may assume 

♦ (*) 

*(*) -(*-*) *«(*). 

where 

^p l X m ~ l ...+p m , 

M x ) s fi*"' 1 + ft**"* + ... + ?„, 

the coefficients being undetermined constants depending on 6. 
Whence we have 

an identical equation of the (m + n - l) th degree. Now, equating 
the coefficients of the different powers of x on both sides of the 
equation, we have m + n homogeneous equations of the first 
degree in the m + n constants p„ p it ... p m q lt q 3l . . . q n ; and 
eliminating these constants by the method of Art. 125, we 
obtain the resultant of the two given equations in the form of 
a determinant. 



Suppose the two equations 

ox* + bx + c = 0, aix- + 6| x + fi = 0 
to have a common root. We have identically 

(fi* + $«)(«** + *» + *) = (p\Z + pfiiayx 2 + + 

or 
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Equating to zero all the coefficients of this equation, we have the four homo- 



?i« -pmh =0, 
q\b + q%* -p\b\ - = 0, 
q\c+ qtb-pxci -jubi =0, 
q*c -pic x = 0; 

and eliminating the constants pi f p% y gi t q*, we obtain the resultant as follows 

• 0 a x 0 
i a bx «, 
C b c\ b\ 
0 e 0 0i 

The student can easily verify that this result h the same as that of Art. 140. 



= 0. 



144. Sylvester's Dialytic Method of Elimination.— 

This method leads to the same determinants for resultants as 
the method of Euler just explained ; but it has an advantage 
over Euler's method in point of generality, since it can often be 
applied to form the resultant of equations involving several 
variables. 

Suppose we require the resultant of the two equations 
(p (x) ■ flos"* + diX**- 1 + (hx* * + . . . + a m = 0, 
\fr{x) « b 0 x* + hx"' 1 + b z x*-* + . . . -f b n - 0, 

we multiply the first by the successive powers of x, 

x*-\ x*-* t ... x f x° ; 

and the second by 

x"*' 1 , a*" 1- ', ... x* t x, s", 

thus obtaining m + n equations, the highest power of x being 
m + n - 1. We have, consequently, equations enough from 
whioh to eliminate 

, . • • x j J*j 



considered as distinct variables. 

t2 
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Example. 

In the case of two quadratic equations 

a* 5 + bx + e = 0, «i j» + ii* + a = 0, 

we have 

ax 3 + Ar' + ex «= 0, 

ax* + 4* + e = 0, 

aix* + bis* + e\x = 0, 
+ biz +ci = 0 ; 

from which, eliminating *», x\ x, we get tho same determinant as before, columns 
now replacing rows : 



a 


b 


c 


0 


0 


a 


I 


c 




bx 


Cl 


0 


1 0 


«i 


bx 





145. Bezout'g Method of Elimination. — The general 
method will be most easily oomprehended by applying it in the 
first instance to particular oases. We proceed to this applica- 
tion — (1) when the equations are of the same degree, and (2) 
when they are of different degrees. 

(1). Let us take the two cubio equations 

ax i + bx i + cx + d=0, axx* + b x x* + CxX + dx = 0. 
Multiplying these two equations successively by 

ax and a, 
a x x + 6, „ ax + b, 
axX 2 + bxX + Cx „ ax % + bx + c, 

and subtracting each time the produots so formed, we find the 
three following equations : — 

(abx)x* + [ad) x + (adx) - 0, 

{acjx* + {{adj + (b Cl )]x + {bdx) = 0, 

(«/,)** + (bdx)x + (cdx) = 0. 
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By eliminating from these equations *, as distinct 
variables, the resultant is obtained in the form of a symmetrical 
determinant as follows :— 

(ab x ) (ac x ) (ad,) 
(ac x ) (ad x ) + (hex) (bd x ) 
(ad x ) (W0 (cd x ) 

To render the law of formation of the resultant more ap- 
parent, the following mode of procedure is given : — 
Let the two equations be 

ax 4 + bx* + cx* +dx + e =0, 
a x x* + b x x* + c x x* + d x x + e x = 0 ; 

whence, following Cauohy's mode of presenting Bezout's method, 
we have the system of equations 

a bz* + cx* + dx + e 



a, b x x* + c x x* + d x x + 

ax + b cx* + dx + e 
a x x + b x ~ c x x* + d x x + c x 

ax* + bx + c dx + e 
axx 1 + b x x + c x d x x + e x 

ax* + bx* + cx + d e 
a x x*-¥ b x x* + c x x + d x e x 



whioh, when rendered integral, lead, on the elimination of 
X s , x*, x, to the following form for the resultant : — 



(ab x ) (ad) (ad l ) {ae x ) 

(«ci) + + (k.) 

(orf.) (<k?,) + (bd x ) (be x ) + (cd x ) (ce x ) 
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(be,) (bd,) 
(bd,) (erf,) 



If, now, we consider the two. symmetrical determinants, 

(flftj (<&;,) (ad x ) (ae,) 

(ae,) (ad,) (ae,) (be,) 

(ad,) (ae,) (be,) (ce,) 

(ae,) (be,) (ce,) (de,) 

the formation of which is at once apparent, we observe that R 
is obtained by adding the constituents of the second to the four 
central constituents of the first. 

Similarly in the case of the two equations of the fifth degree 

nit* + bx* + cx* + dx* + ex +/ = 0, 
a,x* + b,x* + c,x* + d,z* + e,x+ f, = 0, 

the resultant is obtained from the three following determi- 
nants : — 



(be,) (bd,) (be,) 
(bd,) (be,) (ce,) 
(be,) (ce,) (de,) 



. to). 



(flftj {aex) (ad,) (ae,) (of,) \ 
.(ac,) (ad,) (ae,) (a/,) (bf,) 
(ad,) (ae,) (of,) (bf,) (cf,) 

(«0 W) (V.) m m 

(«/.) (bf) (cA) (df,) (ef,) j 

by adding the constituents of the second to the nine central 
constituents of the first, and then adding the third to the central 
constituent of the determinant so formed. The student will 
have no difficulty in applying a similar process of superposition 
to the formation of the determinant in general. 

(2.) "We take now the case of two equations of different 
dimensions, for example, 

ax 1 + bx 3 + cx 2 + dx + c = 0, a,x* + b,x + c, = 0. 

Multiplying these equations successively by 

a, and or', 
a,x + b, „ (ax + b)x\ 



Digitized by 



Bezoufs Method of Elimination. 3*27 

and subtracting each time the products so formed, we find the 
two following equations : — 

(ab x )x* + {ad)^ - da x x- ea x = 0, 

(ac x )x* + {[bc x ) - da x }** - [db x + ea x )x - eb x = 0. 

If, now, we join to these the two equations 

a x x* + b x x* + c x x = 0, 

a x x* + b x x + Ci = 0, 

we shall have four equations by means of which a?, a? 1 , x can be 
eliminated ; whence we obtain the resultant in the form of a 
determinant as follows : — 

(ab x ) (aci) da x ea x 

[act) (bc x ) - da x db x + ea x eb x 

a x b x -c x 0 

0 a x -b x - d 

This determinant involves the coefficients of the first equa- 
tion in the second degree, and the coefficients of the second 
equation in the fourth degree, as it should do ; whence no 
extraneous factor enters this form of the resultant. 

We now proceed to the general case of two equations of the 
m tk and n th degrees. 

Let the equations be 

${x) = doX* + a x x**- 1 + a- t x m ~' 1 + . . . + a m = 0, 

yf,{x) a b^x" + b t x*- x + b 2 3*~* + . . . + b n = 0, 

where m > n ; and let the second equation he multiplied by x m n . 
We have then 

b 0 x" + + bix—* + . . . + b n x m ~ n = 0, 

an equation of the same degree as the first. This equation has, 
however, in addition to the n roots of \p(x) = 0, m - n zero roots ; 
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so that we must be on our guard lest the factor aj*** (i.e. the 
result of substituting these roots in enter the form of the 
resultant obtained. From these two equations we derive, as in 
the above case— (1) the following n equations 

a 0 fli# JW " 1 + a^x*** + . . . + a m 
b Q = + b*x n -*+ . . . + b n af"^' 

a 0 x + a t atx*-' + a#?*' z + . . . + a m 
b 0 x + h " ha?*-* + 6,^"'+ . . . + bfiX"-"' 



b 0 x* Zl + b l a? T +~~~+ 6.., = " bnX™-* ~' 

which, when rendered integral, are all of the (m - l) th degree ; 
whence, eliminating z"- 1 , x"- 9 , . . . x as independent quantities 
between these n and the m - n equations, 

b^x"" 1 + 6,a^- 1 + 6 a a"-» + . . . =0, 
b 0 x"- % + b x *»* + . . . =0, 



b 0 x* + A,^ -1 + . . . + b n = 0, 

we obtain the resultant in the form of a determinant of the m th 
order, the coefficients of the first equation entering in the degree 
/*, and the coefficients of the second equation entering in the 
degree m ; whence it appears that no extraneous factor can enter ; 
and that the resultant as obtained by this method has not been 
affected by the introduction of the zero roots. 

If R be the resultant of two equations, <p (x) = 0, \J/ (x) = 0, 
whose degrees are both equal to m 9 the resultant R of the 
system 

(x) + nij, (x) = 0, X<p (x) + fi'4, (x) = 0 
(A/u'-XVyi*; 

for each of the minors (a r 6«), which in Bezout's method con- 
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Btitute the determinant form of J?, becomes in this case 
\a r + fib n \'a r + fi'br 

| \a, + /ib ai A'fl, + fib, 

whence R = (A/u" - \'n) m R, since R is a determinant of 
order m. 

146. We conclude the subject of Elimination with an ac- 
count of a method which is often employed, but whioh has the 
disadvantage, when applied to equations of higher degree than 
the second, of giving the resultant multiplied by extraneous 
factors. The process about to be explained is virtually equiva- 
lent to that usually described as the method of the greatest 
common measure. 

In forming by this method the resultant of the two quadratic 
equations 

ax 3 + bx + c = 0, aix 3 + b x x + Ci = 0, 

we multiply these equations successively by 

a t and a, d and c, 

and subtract the products so formed. We thus find the two 
linear equations 

(a&,)*+ (ad) = 0, 

(aci) x + (bci) - 0 ; 

from whioh, eliminating x f we have 

(«»)■- («6i)(&i)«0. 

As the degree of this expression is four, and its weight four, 
it can contain no extraneous factor, and is a correct form for the 
resultant. 

To form by the same process the resultant of the cubic 
equations 

ax i +bx*+cx + d<=0, a x x* + biX 3 + c x x + d v - 0, 

we multiply these equations successively by a x and o, d x and d> 
and subtract each time the products so formed. We have then 

{ab^x 1 + [aci)x + (adi) = 0, 

(1) 

(firf^ + (M^+W)o0. 
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Now, eliminating x between these two quadratics by means 
of the formula above obtained, we find for their resultant 



(ad,) (cd,) 



(ab,) (ac,) (ac,) (ad,) 

x \ 

I (ad,) (bd,) | (bd,) (crfi) 



an expression whose degree is 8 and weight 12, in place of de- 
gree 6 and weight 9 ; whence it appears that it ought to be di- 
visible by a factor whose degree is 2 and weight 3. This factor 
must therefore be of the form / (be,) + tn (ad,). We proceed 
now to show that it is (ad,) ; and to find the quotient when this 
factor is removed. 

For this purpose, retaining only the terms which do not 
directly involve (arfi), we have 

WW) {(«*.) K) + (<•*.) Wl, 

whioh is divisible by (ad,), since 

(be x ) (ad,) + (ca,) (bd,) + (ab,) (cd,) - 0. 

Expanding the determinants, and dividing off by (ad,) t we 
find ultimately the quotient 

(aa\)* - 2 (cd,) (ad,) + (K) (ca.) (ad,) 

+ (ca.)'K) + (oft.) (H)' - (a*,) (6*,) («*,), 

which, being of the proper degree and weight, is the resultant. 

If we proceed in a similar manner to form the resultant of 
two biquadratic equations, by reducing the process to an elimi- 
nation between two cubic equations, we shall have to remove an 
extraneous faotor of the fourth degree, which is the condition 
that these cubics should have a common factor when the biquad- 
ratics from which they are derived have not necessarily a com- 
mon factor; and in general, if we seek by this method the 
resultant of two equations of the n th degree, eliminating between 
two equations of the (n - l) th degree, we shall have to remove 
an extraneous factor of the order 2n - 4. This method there- 
fore is inferior to all the preceding methods ; and it cannot be 
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conveniently used except when, from the nature of the investi- 
gation, extraneous factors can be easily removed. 

147. Discriminants. — The discriminant of an equation in- 
volving a single variable is the simplest function of the coeffi- 
cients, in a rational and integral form, whose vanishing expresses 
the condition for equal roots. We have had examples of suoh 
functions in Arts. 43 and 68. We proceed to show that they 
come under eliminants as particular cases. If an equation 
f(x) = 0 has a double root, this root must occur once in the 
equation f(x) = 0 ; and subtracting xf{x) from nf(x), the same 
root must occur in the equation nf{x) - xf(x) = 0. 

This is an equation of the (w - l) th degree in x ; and by eli- 
minating x between it and the equation f (x) = 0, which is also of 
the (« - l) th degree, we obtain a function of the coefficients whose 
vanishing expresses the condition for equal roots. The degree 
of this eliminant in the coefficients of f(x) is 2 (n - 1) ; and its 
weight is n(n - 1), as may be seen by examining the specimen 
terms given in section (1), Art. 142. Expressed as a symmetric 
function of the roots of the given equation, the disoriminant will 
be the produot of all the differences in the lowest power which 
oan be expressed in a rational form in terms of the coefficients. 
Now the product of the squares of the differences n (a x - a 2 ) 1 
can be so expressed ; and since it is of the 2(« - l) tb degree in 
any one root, and of the n(n - l) th degree in all the roots, it 
follows that the discriminant multiplied by a numerical factor 
is equal to a 0 l ( *~° n (m - a 2 ) 2 ; and is, moreover, identical with 
the eliminant just obtained. 

If the function f{x) be made homogeneous by the introduc- 
tion of a second variable y, the two functions whose resultant is 
the discriminant of f(x) are the differential coefficients of f(x) 
with regard to x and y, respectively. In the same way, in go- 
neral, the discriminant of a function homogeneous in any num- 
ber n of variables is the result of eliminating the variables from 
the w equations obtained by differentiating with regard to each 
variable in turn. 
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£XAMPL£8. 

1 . Find the diaeriminant of 

a 0 x a + 3ajx 3 + 3a,x + a, = 0. 
We have here to find the eliminant of the two equations 

a 0 x' + 2a t x+ a, = 0, 

ttix 1 + 2a,x + «3 = 0. 

This is, by Art. 140, 

4(a 0 a, - ai J ) (a^j - a,») - (</ 0 a, - fliOj)* = 0 ; 
or it may be written in the form of a determinant, as follows, by Art. 144 :— 



«0 


2a\ 


a, 


0 




0 


«o 


2a, 


a, 












= 0. 


«i 


2a, 


«3 


0 




0 


a\ 


2« 2 







It tun be easily ycrified that this value of tho diaeriminant is the same as that 
already obtained in Art. 42. 

2. Express as a determinant the discriminant of the biquadratic 

«oX* + 4ai** + 6a,x» + 4a 3 * + a 4 = 0. 

We havo here to eliminate x from the equations 

oo* 3 + 3ai*» + 3a,x + a, = 0, 

aix 3 + 302X 3 + 3aax + a* =0. 
By tho method of Art. 144 the result is 



a« 


3aa 


3a, 


a. 


0 


0 


0 


ao 


3ai 


3a, 


a. 


0 


0 


0 


ao 


3ai 


3a, 


a. 


ai 


3a, 


3a, 


a* 


0 


0 


0 


ai 


3a, 


3a, 


a* 


0 


0 


0 


ai 


3a 2 


3a, 


a* 


same as 


I* 


-27.P 


of 


Art. 68. 





= 0. 



Express the discriminant of the quartic as a determinant by Bezout's method 



of elimination. 
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4. Prove by elimination that /= 0 is one condition for the equality of three 
rooti of the biquadratic of Ex. 2. 

Since the triple root must bo a double root of 

Ui ■ oo* 3 + Sxix 3 + 3a 3 x + a s = 0, 

and therefore a single root of <nx* + 2«*x + a 3 = 0 ; and since it must also be a 
single root of 

XTt = fl»jf» + 2«i* + a t = 0, 
it follows from the identity 

Ui a x 1 ^ + 2x(«ix» + 2a a x + a s ) + xax* + 203* + a 4 

that the triple root must be a root common to the three equations 

oo** + 2«jx + oa = 0, 

a t x» + 2a a x + a s = 0, 

ojx" + 2a j x + 04 = 0. 

Hence the condition 



a„ 








«l 








a. 


«3 


«4 





That the other condition for a triple root is J = 0 may be inferred from Ex. 10, 
p. 316 ; for when three roots are equal the discriminant must vanish, and it is of the 
form //» + mJ*. 

6. Prove that the dixcriminant of the product of two functions is the product of 
their discriminants multiplied by the square of their eliminant. 

This appears by applying the results of Art. 141 and the present Article ; for the 
product of the squares ot the differences of all the roots is made up of the product 
of the squares of the differences of tho roots of oach equation separately, and the 
square of the product of the differences formed by taking each root of one equation 
with all the roots of the other. 

148. Determination of a Root eommon to two 
Equations.— If R be the resultant of two equations 

U=a m z m + a m _ x x™- 1 + . . . + Oo = 0, 

V~b n z» + ... + 4,-0, 

and a any common root, then 

dR dR dR 

dR dli dR 

da 0 da x da* 
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To prove this we substitute in i?, for a 0 and b„ a 0 -U and 
b 9 - r, and obtain an identical equation connecting U t V whioh 
is satisfied by every value of z, and which is of the form 

R - Cfy + V) ; 

whence 

da FJt i da P n aa pttX 

and when o is a common root of the equations U = 0, and F- 0, 
we have, substituting this value for a: in the preceding equations, 

dR ^ dR 
da p da p +i 

which proves the proposition. 

A double root of an equation can be determined in a similar 
manner by differentiating the discriminant A. 

149. Symmetric Function* of the Root* of two 
Equations.— If it be required to calculate a symmetric func- 
tion involving the roots a„ a„ a 3f . . . a m , of the equation 

$ (x) ^ a^x* + flr,^" 1 + a % **~* + . . . + a m = 0, (1) 
along with the roots j3„ 02, ft, • . . 0», of the equation 

*W = + 6 >y n " 1 + k^~ a + • - • + fc« o, (2) 

we proceed as follows : — 

Assume a new variable t oonneoted with * and y by the 

equation 

t = \z + tiy ; 

and let ybe eliminated by means of this equation from (2). The 
result is an equation of the n th degree in x whose coefficients in- 
volve X, fi t and t in the n tk power. Now let x be eliminated by 
any of the preceding methods from this equation and (1). "We 
obtain an equation of the mn tk degree in t t whose roots are the 
mn values of the expression Aa + pfi. 



Digitized by 



Miscellaneous Examples. 



335 



If, now, it be required to calculate in terms of the coefficients 
of <p {%) and \f/ {y) any symmetric function such as Sa^ j3*, we 
form the sum of the (p + q) ,h powers of the roots of the equation 
in t We thus find the value of 2 (Aa + fifi)*"* expressed in 
terras of the original coefficients and the several powers of A 
and /i. The coefficient of X p n q in this expression will furnish 
the required value of 2a p /3 ff in terms of the coefficients of 
<t>(z) and yV(y). 

MlSCKLLA N KOUS EXAMPLES. 

1. Eliminate x from the equations 

ax* + bx + e = 0, 
x» = 1. 

Multiplying the first equation hy x, we have, since x* = 1, 

bx 2 + ex + a = 0 ; 

and multiplying again by x, we have 

ex 1 + ax + b = 0. 

Eliminating x* and x linearly from these three equations, the result is expressed 
as a determinant 

a b e 



a 
b 



0. 



If the method of symmetric functions (Art. 141) be employed, and the roots of 
the second equation substituted in the first, the resultant is obtained in the form 

(a + b + e)(a** + 6« + c)(aw + + c). 

2. Eliminate similarly x from the equations 

mx i + bx i + cx* + dt + e = 0, 

x i = 1. 

The result is a circulant of the fifth order obtained by a process similar to that 
of the last example By aid of the method of symmetric functions the five factors 
can bo written down (cf. Ex. 27, p. 284). An analogous process may be applied in 
general to two equations of this kind. 

3. Apply the method of Art. 143 to find the conditions that the two cubics 

tp{x) e ox 3 + bx* + ex + d « 0, 
+ [x) * a*** + b'x* + cx + a" = 0 
should have two common roots. 
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Elimination, 



When this is tho case, identical results must be obtained by multiplying by 
the third factor of <f (*), and $(x) by the third factor of <p (*)• We have, therefore, 

+ ♦(*)■(** + *>*(«>, 

where X, m X', /*' are indeterminate quantities. This identity leads to the equations 

x'« - xa' = 0, 
X'* + fi a - Kb' - fia' = 0, 
X'e + - - M*' = 0, 
X'rf+ M 'c-Xrf'- M *' = 0, 
A»'rf - juT=0. 

Eliminating x', n', X, ft from erery four of these, we obtain fire determinants, 
whose vanishing expresses the required conditions. There is a convenient notation 
in use to express the result of eliminating from a number of equations of this kind. 
In the present instance the vanishing of the five determinants is expressed as 
follows : — 



a 
0 
a 
0 



V 



d 

d' 
e' 



0 
d 
0 

d- 



= 0, 



the determinants being formed by omitting each column in turn. 
4. Prove the identity 



a* 


2aj3 


0* 




» 




W 




a'* 


2a& 


m 





This appears by eliminating x and y from the equations 

or+/9y = 0, a'x + $'y = 0; 

for from those equations we derive 

(o* + £y)'=0, (ar + 0y)(a'* + /8'y) = O, («'* + j9'y) J = 0. 

The determinant above written is the result of eliminating x*, xy, and y 2 from tho 
latter equations ; and this result most be a power of the determinant derived by 
eliminating x, y from the linear equations. 
6. Prove similarly 

o> 3a'j3 3a$* 0 s 

a 2 P + 2aa'$ 2afl&' + a'fi* 0-0' 

«a*> o^fl + 2aa'$' 2afi$'+ a&* 00"> 
a* 3a'</T 3«*j8> 



a 1 a' 



r,(«3'-a'iB)«. 
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This appears by denying from the linear equations the following equations of 
the third degree :— 

{ax + /8y) s =0, {ax + 0y) J (a'x + /3'y) = 0, Ac, 

and eliminating z 3 , x*y, xy 1 , y 3 . 

6. Prore the result of Ex. 12, p. 278, by eliminating the constants X, /*, a', p', 
from four equations 

, Xa 4 n A , _ Xg + . 
X a+ m X 0 + m 

connecting the variables in homographic transformation. 

7. Given 

V S Au 1 + 25wp + Cp*, 

r*A'u*+2B , uv+ C'v* f 

u m ax 2 + 24xy + <y*, 

p s a'x 1 + 26'*y + c'y 3 ; 

determine the resultant of U and P considered as functions of x, y. 
Since 

V=A(u-av)(u-fi V ), 
F=A'(u-a'v)(u-$'v), 

if C and T vanish for common values of x, y, some pair of factors, as u - oc and 
u - a'r, must vanish ; whence forming the resultant of m - op and m - a'v, and re- 
presenting the resultant of u and v by B(u t v), we have 

J?(« - op, «-o'p) = (a-o') J JJ(M, r); 

and multiplying aU these resultants together, we find 

■ff ( U„ F.) = ^M'«(a - o*) a (0 - 0f (o - &)* (fi - a'^ •) }«, 

or 

J?(CT„ V g ) = {R(U t V)Y{R(u y v)}*. 



8. Prove that the equation whose roots are tho differences of the roots of a given 
equation f(x) = 0 may be obtained by eliminating x from the equations 

/(*) = o, /w+rw^+rw^ + fc^o; 

and determine the degree of the equation in y(cf. Art. 44). 

Z 
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COVAMANTS AND INVARIANTS. 

150. Definitions. — In this and the following Chapters the 
notation 

(flo, «i, Ot, ... a n )(x, y) n 
will be employed to represent the quantic 

a Q x" + na x x*-*y + ^ a^xT^y 1 + . . . + na^xy*- 1 + a H y H , 

which is a homogeneous function of x and y, written with bino- 
mial coefficients. If we put y = 1, this quantic becomes U n of 
Art. 35. 

Let <ft be a rational, integral, and homogeneous symmetric 
function, of the order w, of the roots a l9 «r 2 , a 3 , . . . o n of the 
equation i7„ * (</ 0 , fli, «a — o n ) (x, 1)" = 0, this f unotion involv- 
ing only the differences of the roots ; then if 

1 1 1 

, , . . . — — — 

di — X Oj — X a n — X 

be substituted for a„ a a , . . . a„, respectively, the result multi- 
plied by U H m (to remove fractions) is a covariant of U n if it in- 
volves the variable x, and an invariant if it does not involve x. 

From this definition of an invariant we may infer at once 
that 

«u~tp (a i, a 2 , a 3 , . . . a n ) 

is an invariant of U n when <p is made up of a number of terms 
of the same type, each of which involves all the roots, and each 
root in the same degree sr. 
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These definitions may he extended to the case where <j> (the 
function of differences) involves symmetrically the roots of seve- 
ral equations U p = 0, U q = 0 t U r ~ 0, &c, the roots of these 
equations entering 0 in the orders vs" y &c. . . , respectively. 

We may substitute for each root a, — — as before, and remove 

fraotions by the multiplier TJ p *TJ q *'TJ r *" . . . . &o. If the result 
involves the variable x y we obtain a covariant of the system of 
quantics U py U qy U ry &c. ; and if it does not, <p is an invariant 
of the system. 

151. Formation of Covariants and Invariants. — We 

proceed now to show how the foregoing transformations may 
be conveniently effected, and covariants and invariants cal- 
culated in terms of the coefficients. With this object, let the 
symmetric function of the differences of the roots be expressed 
in terms of the coefficients as follows : — 

a 2 , . . . o„) = F(a 0f a Xy a ly . . . a H ). 

Now, changing the roots into their reciprocals, and conse- 
quently a 9 into a ny &c., a r into a^ y &c. (that is, giving the suf- 
fixes their complementary values), we have 

Oo^fai, ai> • • • a„) = F(a ny «„_„ . . . a„), 

where \p is an integral symmetric funotion of the roots, and F 
the corresponding value in terms of the coefficients. This 
function is called the source* of the oovariant derived therefrom. 

Again, substituting a t - x y a 2 - x y . . . a* -x for en, a iy ... a„, 
and consequently U n &c, for a r , &c. (see Art. 35), we find 

«o Tp{a x -x, a 2 -x, ... a n -x)=F(V ny Z7„_„ . . . U ly U v ). 

Thus, by two steps we derive a covariant from a function of 
the differences, and find at the same time its equivalent calcu- 
lated in terms of the coefficients. 

To illustrate this mode of procedure we take the example in 
the case of the cubic 

af2(a -ft*- 18(0? -a 9 a t ); 
* This term waa introduced by Mr. Roberts. 

z2 
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whence, changing the roots into their reciprocals, and a oy a l9 a 3 , a % 
into «r 3 , a 7i a h a ot we have 

ffo a 2a'(/3-7) a =18(o, a 

Again, changing a, |3, 7 into a - x, /3 - x t y - x, and a l9 a u a* 
into «7„ £7,, U 3t respectively, we find 

2(0 - 7)* (* - af = 18 (CV - U*Ui). 
The second member of this equation becomes when expanded 

This oovariant is called the Hessian of 17",. We refer to it 
as H ti since H is its leading coefficient. 

As a second example we take the following function of the 
quartio: — 

a* 2(0 - yY [a - «}* = 24 {a 0 a< - 4« lfl , + 3a, s ) ; (1) 

whence, changing the roots into their reciprocals, and a„ a Xt a,, a,, a t 
into a u a 3 , a,, a„ a oy we have 

a 0 a 2( 7 - 0)' (8 - o) a = 24 (a 4 a 0 - 4a,a, + 3a,') . 

These transformations, therefore, do not alter equation (1) : 
again, since in this case i£ (a, 0, y, S) is a function of the diffe- 
rences of the roots, i/> is unchanged when a - x, 0 - x, &c. . . . , 
are substituted for a, 0, 7, 8. We infer that a<>a 4 - 4a, a, + 3cr a 3 
is an invariant of the quartio J7 4 . 

We observe also, in accordance with what was stated in 
Art. 150, since 

* - (/3 - 7 )' (a - S)' + ( 7 - a)' (3 - S)' + (a - 0)' (y - S)', 

that each of the three terms of whioh j> is made up involves all 
the roots in the degree sx, whioh is here equal to 2. 
In a similar manner it may bo shown that 

I (7 - «X0 -«)-(«- 0)(r - «) ){(<•- 3) (r - «) 

-(/3- 7 )(a-S))((/3- 7 )(o-S)-( 7 -a)(0-8)j 
= - 432 (a 0 aja4 + 2ai a a a 3 - cr 0 flr 3 ' - ai*ff 4 - fli 5 ) 
is an invariant of the quartic. 
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There is no difficulty in determining in any particular case 
whether <f> leads to an invariant or covariant, for if <p leads to an 
invariant, <p = ± that is ^ is unchanged (except in sign, when 
its type term is the product of an odd number of differences of 
the roots, i. e. when its weight is odd), when for the roots their 
reciprocals are substituted, and fractions removed by the simplest 
multiplier (a,a 2 a 3 ... a») a . From another point of view an 
invariant may be regarded as a covariant reduced to a single 
term. 

152. Properties of Co variant* and Invariants. — 

Since 0 is a homogeneous function of the roots, the covariant 
derived from it may be written under the form 



U" ( x x x \ 

x* ^\ai - x* ai - x 1 ' " a„ -x)' 

where zj is the order, and k the weight of 

Also, as ^ is a function of the differences, we may add 1 to 

each constituent such as — — , thus obtaining ° r Again, 

a r - x a r -x 

multiplying each constituent by x, the covariant becomes 

■ 

x 3 * * \ai - x y a* - x " ' a„ - xf 
which may be reduoed to the form 

/I 1 1 \ 

\ai X a 3 x a n 

where 

^-••(i-36"i)-"G~i) : 

whence it is proved that the covariant form 

TT. ( 1 1 1 \ 

\ai - x aj - x a n -x) 

is unaltered when for a„ a 2 , . . . a„, x, their reciprocals are sub- 
stituted ; Oo, a„ Oa, . . . a H changed into a ni a*_ Xy . . . respectively, 
and the result multiplied by (- l)«af""**. 
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Now if any covariant whose degree is m be written in the 
form 



and as this form is an integral function of x of the same type as 
(1), we have, by comparing the two forms, 

w = m*-2ic, B 0 =(-l)*C m , ... Br-i-iyC^; 

thus determining the degree of the covariant in terms of the order 
and weight of the function <p, and showing that the conjugate 
coefficients (i. e. those equally removed from the extremes) are 
related in the following way : — 

If F(a 0 , a h a?, ... a n ) be any coefficient of the covariant, 
(~l)*F{a n , a n . x , a n _z y ... a 0 ) is its conjugate. 

From the expression for the degree of a covariant in terms 
of 73 and k, namely nzs - 2k, we may draw the following im- 
portant inferences : — 

(1) . If a 0 "<j> is an invariant, nzs = 2k. 

For, in this case <j> and ^ are the same funotion, and conse- 
quently their weights k and nzs - k also the same. 

(2) . All the invariants of quant ics of odd degrees are of even 
order. 

For if n be odd, it is plain from the equation nzs = 2k that 
ra must be even, and * a multiple of n. 

(3) . All covariants of qualities of even degrees are of even 
degrees. 

For in this case tm - 2k is even. 

(4) . The resultant of two covariants is always of an even degree 
in the coefficients of the original quantic. 



changing a 0 , a,, ... a n , x, into a„, a, 
another form for this covariant, namely, 



{B 0 ,B li B,,...B m )(x,l) m ; 
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For, the degree of the resultant expressed in terms of the 
orders and weights of the covariants is 

Ts{im- 2k) + vs'{nvs -2k) a 2{nvs-a- zsk' - zs'k). 

We add some examples in illustration of the principles ex* 
plained in the preceding Articles. 

Examples. 

1. Show that the resultant of two equations is an invariant of the system. 

2. Show that the discriminant of any quantic is an invariant. 

3. Prove directly that any function of the differences of the roots of the cova- 
riant 

u"<p(— — , — 1 -~, 1 ) 

\ai-x a>-x as-x a n -x/ 

equated to zero is a function of the differences of oj, 02, 03, . . . a«. 

4. If a, fl, 7 ; and a', &' be the roots of the equations 

U - ax 3 + 3£x* + 3c* + d = 0, 
V m a'x- + 2b'x +e = Q\ 
express in terms of the coefficients the function 

(0 - (« - «') (a - 0) + (7 - a)' ($ - «') (0 - /T) + (a - W (7 - «') (7 - ZD- 
Denoting this function by f, we easily find 

- o*a> = 9 { <t ( bd - c 2 ) - b*(ad - be) + c' (ae - 4 5 ) } . 

Attending to the definition at the close of Art. 150 we observe that this function 
is an invariant of the two equations ; for it involves all the roots of the cubic in tho 
second degree, and all the roots of tho quadratic in the first degree. If, in fact, wo 
make the substitutions of Art. 150, and render the function integral by multiply - 
ing by XT 1 XT, the result will not contain x, and is therefore an invariant of the 
system. 

The geometrical interpretation of the equotion <p = 0 is that the quadratic XT' 
should form with the Hessian of the cubic D a harmonic system, 
o. If a, 0, 7 ; a', 0*, 7' be the roots of the equations 

<!*"» + 3*x= + Zcx + d = 0, 

«*x 3 +3A'* s +3e\r+d'=0; 

express the following function (when multiplied by aa') in terms of the coefficients, 
and prove that it is on invariant of the system : — 

(a - a) (& - ff) (7 - 7') + (a - 0) ifl - V) (7 - «') + (« - Yi 0 - (? - V) ; 
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or, differently arranged, 

(a-a)(0- 7 ')(j-0') + (a-0'){0-*){y-j') + (a-y')(0-0'Hy-c;) 

Am. 3{(ad'-a'd)-3(be'-b'e)}. 

6. If o, 0, y, 8 ; a, &, y, 8' bo the roots of the biquadratics 

(., A, c, rf, e) (*, 1)« = 0, («', b\ c\ <T, O (x, 1)* = 0 ; 

prove 

-a' 2 (a - a) (3 - 0') (y - 7') (8 - = 24 { ae' + a'« - 4 (W + A'rf) + 6^ } , 

and show that thin function is an invariant of the system. 

7. Prove that the following function of the root* of a biquadratic and quadratic 
gives an invariant of the system, and determine its geometrical interpretation : — 



1 0 + y 0y 
1 a + 8 a8 

1 a + 0* aff 



y + a ya 
0 + 8 £8 



1 
1 

1 



a+ 0 a/3 

y + 8 y8 
a' 4- 0' aff 



The geometrical interpretation of the equation <p = 0 is, that two conjugate foci 
oftho three involutions determined by the biquadratic form along with the qua- 
dratic.an harmonic system. 

8. Prove that the following functions of the roots of a biquadratic and quadratic 
give invariants of the system, and determine their values in terms of the coef- 
ficients : — 

a«eVa(a' - a) (a' - 0) (0' - y) (0' - 8), 

«b» VJ (« " (7 " «') (« " V) (7 " <* -«')• 

9. Find the condition that one pair of roots of a cubic should form an harmonic 
range with the roots of a given quadratic. 

10. Find the condition that the roots of two cubics should determine a system 
in'involution. 

The condition is expressed by multiplying togother the six determinants of the 
type 

1 0 + 0' aa 

1 0+0' 00' 

1 7 + 7' 77' 
and equating the rosult to zero. 

p 

153. Formation of Covarf ants by the Operator D. — 

From Art. 138 we infer that the expansion of F{ U n , Un-\, • . . #0) 
may be expressed by means of the Differential Calculus in the 
form 



F 0 + zDF 0 + T —D 2 F„+ ... + 



1 . 2 . 3 . . . r 



jy F v + . . . ) 
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where F 0 is the result of making x = 0 in F( U n , £7*_i, . . . U 0 ), 
viz., 

F,, = F(a ni a„_„ . . . a 0 ), 
and D = a 0 ~ + 2a x ^ + 3a 2 ^j- + . . . + 

In forming a covariant by this process, the source F 0 with 
whioh we set out is altered by the successive operations D till 
we arrive at the original function F(a oi a lt . . . a„), from which 
the source was formed. Since this is a function of the differences, 
the coefficient derived by the next operation D vanishes, and the 
covariant is completely formed. The corresponding operations 8 
on the symmetric function u% have the effect of reducing the 
degree in the roots by one each 6tep, the final symmetric func- 
tion containing the differences only. Thus the successive 
operations supply between the roots and coefficients a number of 
relations equal to the number of coefficients in the covariant. 

The degree m of the covariant is plainly equal to the number 
of times 8 operates in reducing \p 0 to <p f i.e. equal to the difference 
of the weights of the extreme coefficients. And since 

if 0 =(a,a, . . .a n )*<t>(-, - , . . . — \ 

\ai a, a»/ 

the weight of \p 0 is nvt - *, where k is the weight of $ (a„ a 2 > . . . a«) ; 
hence the degree of the covariant whose leading coefficient is 
<7<r tf> is nzs - 2»c, the same value as before obtained. We add two 
simple examples in illustration of this method. 

Examples. 
1. Form the Hessian of the cubic 

a 9 x* + Zaxx 1 + Za 2 x + <? 3 - 0. 
Taking the function H = <? 0 a 2 - a x \ we find, as in Art. 161, 

o 0 2 2o ? {& - 7)' = 18 (*i 2 2 - a\ a 3 ). 
Operating on the left-hand side by S, and on the right-hand side by D, we obtain 

-« o »22a(0-7) ? = 18(«i«j-fl 0 Cj) ; 
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and operating in the same way again, 

«o s 22 (j8 - 7)' = 36 - a 0 a 2 ). 

The next operation causes both sides of the equation to vanish. Hence the re- 
quired covariant is, as in Art. 151, 

(a,a s - a 2 J ) + (ao<i 3 - <*\a 2 )x + {a^ - afix 3 . 

Wo find at the same time the corresponding expression in terms of z and the 
roots. 

2. Form the Hessian of the biquadratic 

a 0 x* + 4d 1 x 3 + 6<? 2 x 2 + 4a 3 x + ff| = 0. 

The covariant whose leading coefficient is H ^ a 0 «2 — ai* is called the Hessian 
of the biquadratic. Its degree is 4, since is = 2, and * = 2 ; and .•. nZ3 — 2ie = 4. 
Changing the coefficients into their complemcntaries, the source of the covariant is 
«4«2 - flj 3 , and we easily find 

R, - (a 0 a 2 - ar)*« + 2 (a 0 a 3 - ai a 2 ).r> + {a 0 <n + 2a,a 3 - 3«i 3 ) 
+ 2(a l ai-<i 2 «3)x+ (ff 3 rt t -fl 3 -). 

154. Theorem.* — In the discussion of covariants through 
the medium of the roots, as in the previous Articles, the following 
proposition, due to Mr. Miohael Roberts, is of importance : — 

Any function of the differences of the roots of two covariants is 
a function of the differences of the roots of the original quantic. 
Let 

(B v , B it B 31 . . . B p )(x, yY^ B 0 [x - Mfc-fay) . . . (*- fry), 
(Co, C„ C it ... C 9 ){x, y) q ^ C„{x- y x y) [x - y t y) ... (x- y q y) 
be two oovariants of the quantic 

(«», Oh «i> • • • y) n - 

Operating with D or S on the identical equation 
BSS + pB^ + ^ a fr ^ + . . . + B p = 0, 
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and remembering that, in general, Df = a 0 *$(f>, where 
f(a 0f a x , a„ . . . a n ) = « 0 W 0(ai, a 2 , . . . a„), 

we have 

p (BSr^ + (p - 1) ^/3 r "- s + . . . + £p-0 (1 + S/3 r ) = 0 ; 
and, therefore, 

S/3, = -l; 

similarly 

«r.--l, 

whence 

S(/3, - 7.) = 0, 

proving that /3 r - 7, is a function of the differences of the roots 
0i, <i2, 03, • • . a n . 

155. nomographic Transformation applied to the 
Theory of Covariants. — Hitherto we have discussed the 
theory of covariants and invariants through the medium of the 
roots of equations. We proceed now to give some account of a 
different and more general mode of treatment, by means of 
whioh this theory may be extended to quantics homogeneous in 
more than two variables, such as present themselves in the 
numerous important geometrical applications of the theory. 
Although this enlarged view of the subject does not come within 
the scope of the present work, we think it desirable to show the 
connection between the method of treatment we have adopted 
and the more general method referred to. With this object we 
give in the present Article two important propositions. 

Prop. I. — Let any quantic JJ n be transformed by the homo- 
graphic transformation 

- Ax + ft 
x ~ \' ' , / » 

AX + (X 

if I and V be corresponding invariants of the hco forms, tee have 

/' = (Aa'-A'nVJ. 

To prove this, let 

I = a 0 ' 2 (ai - a,)° (a 2 - a 3 )* . . . (o» - a„)', 
each root entering in the degree w. 
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Now, transforming the similar value of 1\ since x = ^ tP* 

A — AV X 

we have 

» 

/_ , (Aju r - A'ju) (a, - a q ) 
° p ° q (\-Xa p ){\-\'a q y 

Again, transforming U n , and rendering the result integral, 
Un takes the form 

a,') (*'-«/) ... {x-a n % 

where 

tfo' = <7o (a - A'aJ (A - A'a 2 ) ... (A - A'an) ; 

making these substitutions for all the differences, and for aj, 
the denominators of the fractions which enter by the transfor- 
mation disappear ; and we have, finally, 

/' = (A,/ - A»* J. 

Prop. II. — If $[x) be a covariant of the quantic U», the new 
value of<f>(z) t after tomographic transformation, is (tcfien rendered 
integral) 

(A^-AV)^W. 

The proof is similar to that of the preceding Proposition. 
"We have 

=a 0 *2(a, -a 2 ) fl (a 3 -a,)*. . . (x - m) p (x - a t ) q . . . , 
this expression being obtained by substituting 

x — aj, x — otf ... x — a n for di, Oj, . . . o n 

in the source of the covariant fix) expressed in terms of the 
roots. Now, transforming, as in the previous Proposition, the 
value of 0 {x) thus derived; since the factors A - A'aj, A - A'a s , . . . 
all enter in the same degree zj in the denominator (for each root 
enters the source in the degree ct), they will all be removed by 
the multiplier a»', and the transformed value of $ (x) is 

(A//- XfiY^(x). 
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156. Reduction of Homographic Transformation to 
a Double Linear Transformation. — With a view to this 
reduction let the quantio be written under the homogeneous 
form 

Un^a^ + na^y + Q ^ gt3 w ~'y a + . . . + a n i/* ; 

Xx f + u 

and, in place of putting as before x = „ and removing 

A x + fi 

fractions to make U n integral, let now - = ^*f* , where - 

and - are the variables in the ordinary sense. The transfor- 
mation may therefore be reduced to a linear transformation of 
both the variables x and y, and can be effected by putting in 
the original quantio 

x = Xx + py\ y = XV + 

the introduction of fractions being in this way avoided. 

Thus we pass from a homographic transformation of 
functions of a single variable to the linear transformation of 
homogeneous functions of two variables. 

The determinant Xfi - X'p, whose constituents are the coef- 
ficients which enter into the transformation, is called the modulus 
of transformation. 

We are now enabled to restate Propositions I. and II. of 
Art. 155, in the following way : — 

Prop. I. — An invariant is a function of the coefficients of a 
quantic, such that when the quantic is transformed by linear trans- 
formation of the variables, the same function of the new coefficients is 
equal to the original function multiplied by a power of the modulus 
of transformation. 

Prop. II. — A covariant is a function of the coefficients of a 
quantic, and also of the variables, such that when the quantic is 
transformed by linear transformation, the same function of the new 
variables and coefficients is equal to the original function multiplied 
by a power of tlie modulus of transformation. 
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The definitions contained in the preceding propositions are 
plainly applicable to quantics homogeneous in any number of 
variables, and form the basis of the more extended theory of 
covariants and invariants referred to in the preceding Article. 
We give among the following examples an application in the 
case of a quantic involving three variables. 

Examples. 

1 . Performing the linear transformation 

x = aX+mF, y = XiX+ M iI r , 

if 

ax* + 2bxy + ey* = AX* + 2BXY + CY*, 

prove tliftt 

AC- 2?» = (X/ii " AiM) 5 ^ - 

2. Performing the same transformation, if 

(a, b, e, d, e)(x, y)» = {A, B, C t D, £){X, Y)\ 

prove that 

AE — iBD + 2C* = (Km - Aim)* (m - 4bd + 3e=). 

3. Performing the same transformation, if 

+ 2*xy + cy* = AX* + 2BXT 4- CT\ 

and 

flii 8 + 2*j zy + fi y* = Ai X* + 2Bi XY + <?i F 3 , 

prove that 

^Ci + A X C- 2BB X = (Ami - Aim)*^ + «i* - 2**i). 

This follows from Ex. 1, applied to the quadratic forms 

(a+Ka l )x' + 2{b + Kbi)zy+(c + KC l )y*=(A+KA l )X*+2(B+KB l )Xrt-(C + KC l )Yi, 

by comparing the coefficients of w on both sides. 

Whence we may infer that, if two quadratics determine a harmonic system, the 
new quadratics obtained by linear transformation also form an harmonic system. 
For their roots being a, fl and a u fi u we have 

<wM(«-«i)O8-0i) + (o-/90(/3-oi)} =2(ari + aic-2Wi). 

4. If the homogeneous quadratic function of three variables 

ax* + by* + cz* + 2/yc + 2gzx + 2Axy 

bo transformed into 

AX* + BY* + CZ* + 2FYZ+ 2QZX + 2HXY 
by the linear substitution 

x = Ai X + ^Y+nZ, y = \ 2 X + wY+nZ, z = A,X + ^Y + v*Z\ 
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prove the relation 



A 
R 
O 



H 
B 
F 



G 
F 

C 



't 
h 

9 



A 
b 

f 



9 

f 

c 



where the determinant (\imvs) is the modulus of transformation. 

This is easily verified by multiplying tho proposed determinant of the original 
coefficients twice in succession by the modulus of transformation written in tho 
form 



Ai 


A 2 


A3 


Ml 


M2 


Ms 


»\ 







and comparing tho constituents of tho resulting determinant with the expanded 
values of the coefficients of X\ 7», Ac, in the new form. 

It appears therefore that the determinant hero treated is an invariant of the 
given function of throo variables. 

157. Properties of Covarianto derived from Linear 
Transformation. — We proceed now to show, taking tho second 
proposition of Art. 156 as the definition of a covariant, that the 
law of derivation of the coefficients given in Art. 153 imme- 
diately follows; that is, given any one coefficient , all the rest may 
be determined. 

For this purpose, performing the linear transformation 
z = X+hY t y = 0X+F, 

whose modulus is unity, the quantio 

(a 0 , a lt « 2 , • . • a n )(x y y) n becomes (A 0 , A ly A it . . . A„)(X, Y) H , 
where 

A 0 = tf„, Ai = a x + aji y A i = a 1t + 2a x h + OoA 1 , &c. (See Art. 35.) 

Now, if <f> (flo, a lf a„ . . . a n , x, y) be any covariant of this 
quantic, we have by the definition 

<p (a 0> a„ . . . tf„, x, y) = <j> (A Q , A Xl A 2l . . . A H1 X, Y), 

or 

^ (a 0 , a M a^ ... a ny x, y) = <p (A 0 , A lt A 2 , ... A Hi x-hy, y). 
Expanding the second member of this equation, and eon- 
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fining our attention to the terms which multiply h ; ol 

dA. 

also that - = ra r _ x when terms are omitted which would bo 

an 

multiplied in the result by //*, Zt s , &c, we have 

0 + h(- y ^ + D<^J + h* ^ ^ + &o. . . . ■ <p y 

whioh must hold whatever value h may have ; henoe 

' I, ■ * s; + 2< " ^ + Ztt - sr, + • • • + rf«v (1 > 

and, substituting for <f> the value 

(B» B l9 B» . . . B m )(r, y)- 9 

we have 

ic m -'y + m (m - 1) B i x mr - i y i + . . . + mBm-ttf* 

* DBoX" + mDB x *- x y + . . . + DB m y m ; 

whence, comparing coefficients, we have the following equations : 

DB V = 0, DBx = DB 2 = 2£„ . . . DB m = mJ?^,, 

which determine the law of derivation of the coefficients from 
the source B m ; the leading ooeffioient B 0 being a function of 
the differences, sinoe DB 0 = 0. 

The calculation of the coefficients is facilitated by the follow- 
ing theorem which has been proved already on different prin- 
ciples : — 

Two coefficients of a covariant equa lit/ removed from the extreme* 
become equal (plus or minus) when in either of them a 0t a lf . . . a n 
are replaced by a m a^ i9 . . . respectively. 

To prove this, let the quantio be transformed by the linear 
substitution 

x = OX + Y, y = X + OF, whose modulus = - 1. 
Thus 

(a 0 , a l9 a,, . . . a n )(x, y) n = (a n9 a^ 9 . . . ffx>)(X, F)", 
and, by definition, any covariant 

#(«n, «n-l, (*n-2, . • . X, F) = (- 1)* ^(do, flfj, . . . (t n> X, 

- (- 1)* «„ o,, . . . d„, F, X) ; 
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whence it follows that the coefficients of the oovariant equally 
removed from the extremes are similar in form, and become 
identical (except in sign when k is odd) when for the suffixes 
their complementary values are substituted. 

We may infer similarly that a oovariant satisfies the diffe- 
rential equation 

d<b dd> _ ddt d<h ddt 

x E a * ~j~ + j~ + 3 «n-3 j 2 — + . . . + nai -f-- 9 
ay da tt _ } aa^ 3 da^ da* 

as well as the equation (1) already given. 

Again, if d>(a 0l a X) a 2f , , , a n ) be an invariant of the quantio, 
the former transformation of the present Article gives, employ- 
ing the definition of Art. 156, 

<t> (fl 0 » a h <hi • • • °n) = <f> {Ao> Ai t A lf . . . A H ) ; 

and proceeding as before in the case of a oovariant, we prove 
that an invariant must satisfy both the differential equations 

dd> _ dd> _ dd> dd> 
a 0 -r- + 2a, -j- + 3a, ~ + ... + no«_, -~- = 0, 
da, da-i da* da n 

d<f> d<f> Q d<f> ddt 



</<?„_! dOn-2 da*.* da* 

either of which may be regarded as contained in the other, since 
if we make the linear transformation x - Y, y = X (whose 
modulus = - 1), we have from the definition of an invariant 

4* (<*n, dn-if • • • «o) = (- 1) 0 (flo, fli, O,, . . . a„) J 

proving that an invariant is a function of the coefficients of a 
quantio which does not alter (except in sign if the weight be odd] 
when the coefficients are written in direct or reverse order. 

Having now explained the nature of Co variants and Inva- 
riants of quantics, and the connexion between the two modes in 
which these functions may be discussed, we proceed to prove 
certain propositions which are of wide application in the forma- 
tion of the Covariants and Invariants of quantics transformed 
by a linear substitution. The student who is reading this sub- 

2 a 
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jeot for the first time may pass at once to the next chapter, where 
the principles already explained are applied to the cases of the 
quadratic, cubic, and quartio. 

168. Prop. I. — Let any homogeneous quantic of the n th degree 
/(x 9 y) become F(X, Y) by the linear transformation 

s = AX + M r, y=XX+fi'Y; 

also let any /unction uof x,y become U by the same transformation ; 
then tre have 

-SMS- -S> (■• 

where Mis the modulus of transformation. 

To prove this proposition, solving the equations 

x = XX + /iF, y = \'X + p'Y, 

we have 

MX = fix - ny y MY = - Xx + \y ; 

whence 

M d*- mfi > M Ty = -* M dx-=~ X > M ^ = X ' 

Again, 

du dUdX dUdY W f dU_ y dU\ 
dx" dXdx + dY dx~ My 1 dX dYf 

du = dUdX dV_dY_^\_( dU dU\ 
dy dX dy + dY dy M\ fi dX + dYJ* 

which equations may be put under the form 

du .fl dU\ ( 1 dU\ 
a^ m \MdY) +fi \Mdx) 

and since 

/(XX + „r, XX + ■ F(X, Y), 
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changing X and Y into ig, and -ig, respectively, 

the proposition is proved. 

In an exactly similar manner, changing X and Y into 

if F' M dX' 

it may be proved that 

« 

The results (1) and (2) may be applied to generate oova- 
riants and invariants as we proceed to show. 

Suppose /(ar, y) and u to be co variants of any third quantio r, 
where v may become identical with either as a particular case ; 
also, denoting by F e (X, Y) and U e the same 'oovariants ex- 
pressed in terms of the X, Y variables and the new coefficients 
of f> after linear transformation, we have, by Prop. II., Art. 156, 
the identical equations 

M>F{X, Y) s F e (X t Y) y and M<UmU e ; 

whence, substituting from these equations in (1), 

fdu du\ (dU e dU e \ 
Mf W'a%)' Fc [dY> 'dXj* 



proving that / 




is a covariant of r. 



And in a similar manner it is proved from (2) that 

leads to an invariant or covariant of p, according as u is of the 
n tk or any higher order. 

We add some applications of this method of forming inva- 
riants and oovariants. 

2a2 



Digitized by Google 



356 Covariants and Invariants. 



d d 

1. If — . - — bo substituted for z and y in the quartic (a, b, c, d y e) {x, y) 4 = V t 

ay ax 

and the resulting operation performed on the quartic itself, show that the invariant 
I is obtained. 
We find 

<«, *, e, d, e) (£,-~)V= 48 (a. - 4W + W). 

2. Prove, by performing the same operation on H t , the Hessian of the quartic 
(see Ex. 2, Art. 163), that the invariant J is obtained. 

Here we find 

(«, A, c, d, 0) -£) 72(ac* + 2bcd-ad* -,b>- 

3. Prove that 

(«, *, <?, rf) _£J S 0, = _ 12(«'rf»-6a6rtf+4 < M a + 4y»rf-3*»c»), 

where 0, is the cubic covariant of the cubic (a, b, <?, rf) (*, y) s . 

4. Find the value of 

:( " " it) % ~ {ad ~ bC) d\ *"* + (W " ^ (S) '» 
where m =s (a, b, e, d) (x, y) 3 . 

159. Prop. II. — If 0 (<?<>, «», ... «») «» invariant of 
Die form (fl 0 , a t9 a,, . . . a») (a?, y)", and u any quantic of the n th or 
any higher degree, 

(cPw o?u d n u d*u\ 
o&' d^ay d^dp* ''''ay) 

is an invariant or covariant of u. To prove this, lot 

y = A'X +/ /F, t/=XX' + fi'Y'; 
and, transforming as in the last Proposition, 

, d , d d , d 
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also, transforming m, we have 

TJ = ii ; 

whence 

d d \ H f d d\* 

and writing this equation when expanded under the form 

(Do, A, A,... D H )(X\ Yy = (,/„ d t , </„ . . . </„)(*', 
we have, from the definition of an invariant, 

<p {Do, A, A, .. !>•) = (rfo, </„ rf,, . . . </„), 

showing that <p (rf 0 , rf, , r/„ ... '/„ ) is an invariant or co variant. 

When ;r, y and x, if are transformed similarly, as in the 
present Proposition, they are said to be cogredient variables. 

Examples. 

1. Let the quadratic 

+ 2ai*y+ a^y* become A 0 X* + 2^i XF + A% Y 1 . 
We have then, as in Ex. 1, Art. 166, 

-4 0 -4i - ^i' = JTfaoaa - «!*). 

Now since 

-~**V or.*. d * u ^* 2u « . . -. rf2 « 

r- —4 «x-r ^ + ri — = ^ - + 2*> — + „ ^ 

it follows from the last result, considering X', F* and x', y as variables, that 

dX* dY* ~ [dXdYJ ~ \dx* dy* \dxdy) )' 

This covariant is called the Heuian of V. 

2. When u has the values 

(a, e, d)(x, y) s , and (a, b, e, d, e)(x, y)«, 

m hat invariants are derived by the process of the last example P 
An*. (I), {ae - P) x» + (arf - b,)xy + {bd - e»)y«. 

(2). (ac - Ir) x* 4 2{ad - bc)x*y + (a« + 2bd - 3c 3 )a»y» 

+ 2(6<-«f).ry 3 + (*-rf')y«. 
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160. Prop. III. — If any invariant of the quantic in x, y, 

U+k(xy'-tSy)» 

be formed, the coefficients of the different powers of k t regarded as 
homogeneous functions of the variables of, tf, are covariants of U. 
For, transforming U by linear transformation, let 

K, <*!, a,, . . . a n ) [x,y) n = {A* A lt A u . . . A n ) (X, Y)»; 

also if x, y and x f 1 if be cogredient variables, 

xif-aTy = M(XY'- XT). 

Whence 

(flo, «i, . . . a*) y) n + - afy)* 

becomes when transformed 

{A* A lt A tt ... A n )(X, F)» + AJf» (If - X'F)-; 

and formiDg any invariant 0 of both these forms, we have 

*i, • . • = JT* (*, *i, • • • *,) (1, 

proving that 

<p r = M< <P r , 

or that 0 r is a covariant. 

When (xy* - x'y)* is replaced by (6* b lt 6,, . . . fl n )(a?, y)", we 
have the following Proposition which is established in a similar 
manner : — 

If 0 (flo, a u a,, . . . a n ) be an invariant of [a* a l? a„ . . . a*) (*, y)\ 
M« coefficients of k in 

^(flo + A:ft 0 , «i + kb lt ...an + kb n ) 

are invariants of the system of quantics 

(«c a lt aj, . . . On) (x f y) n , (6 0 , &i, k, . • . b n ) {x, y) n ; 

or, which is the same thing, 

«r« invariants of the system. 

If, further, tf> be replaced by a oovariant, we may in like 
manner generate new covariants, a similar proof applying in 
this case. These results hold for any number of variables. 
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161. Pbop. IV. — If $(z, y) and \p(z, y) are homogeneous 
quantics, the determinant 

d<j> d<p 
dx dy 

dip (hp 
dx dy 

is a covariant of these quantics. 

For, transforming <\> and \p by the linear substitution 

z = \X + nY, y^XX + n'Y, 

have 

T) = ♦(*, y), *(X, T) - +(*, y), 

giving 

dX~ A dx +A d? dX-*dx+*dy' 

d<b d<f> ,dd> d* d-p ,d\P 
dY = fl dx + fl d-y' dY = fl dx^dy' 

Whence 

dQ d<P d(p ,d$ d$ ,d<p 

dX dY X dx* dy' ^Tx+^dH 

d*_ d*_ dip dip dip t diP 

dX dY A ^ + A ^' fl dx +fl dy 

which reduces to 

/4+ dip_d+ i£\ 
\dz dy dy dx)' 

and the proposition is proved. 

This covariant is called the Jacobian of <p and \p, and is often 
written under the form J (<p f \p). The Jacobian of n functions 
in n variables is a determinant of similar form, and can be 
shown to be a covariant by an exactly similar proof. 

We now conclude this Chapter with some examples selected 
to illustrate the foregoing theory. The student is referred for 
further information on this subject to Salmon's Lessons Intro- 
ductory to the Modern Higher Algebra, and to Clebsch's T/ieorie 
Der Bindren Algebraischen Formen. 
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1. From tho definitions, Art. 160, prove that all the invariant* of the quantic 
U(xy f — z'y) are covarianU of U, the variable being x* : y. 

Hence derive the covarianU of a cubic from the invariants of a quartic expressed 
in terms of the roots. 

2. If it, 2i» is. • • • 1% be the same invariant for each of the qualities 

♦ W m ♦<fL....±W <rf the orders, where .„„,..... .re the 

x-ai x-aa x- oj x-a« 

rooU of <p{i) = 0, prove that 

Tm9% 

is a covariant of <(>{x). 

3. If ai, 02, o3, . . . a« be the roota of the equation 

K ...a.) (x, l)- = 0; 

and if 

oo»^i . , . ^ M = F(ao, «i, «ti • • • «■)» 

where 4>3, • • • +m are all the values of a rational and integral function of aome 
or all the roots obtained by substitution, find the equation whose roota are the 

0. 

Am. F(U(h Ui, Ut, • • • Um) = 0. 

4. Denoting by «, 0, 7, snd «', 7' the roots of the cubic equations 

(«,*,*,rf)(x,l)> = 0, <«',*', ✓,rf)(x f l)»=0, 

prove that the following covariant of the system 

2 { 3 OB - fS) (7 - V) + 3 08 - y) (7 - (?) + (0 - 7) {ft - 7*) } (* -« ) (* — ') 

expressed in terms of the coefficients is 

18 { (ac' + a'* - 2W) x> + (**' + a'rf - be' - b'e) x + (bd' + Vd - 2*?)} . 

6. Express the identical relation connecting three quadratic* in terms of their 
invariants. 

Let U — a\x* + 2b\xy + ejy*, 

V = flax* + 2*»xy + cy», 
» r =«,x» + 24,xy + dy*; 

multiplying together the two determinants 



m values of - — , given &<p 



Ol 




«» 


0 




*i 


- 2*1 


«i 


0 






<i 


0 
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«t 
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ea 


0 
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x» 


0 
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we have 



In 


In 


In 


U 


In 


Iu 


Iu 


V 


In 


In 


In 


w 


U 


V 


W 


0 



s 0, where 2I n = a p o q + a f ^ — 26, 6 f . 



Expanding this determinant we have 
(/«/»- J M J ) CP+ (7»/n-/3i 2 ) F« + (/u «" + 2(/«/ la -/ u /») FJT 
+ 2(/u/ M - /aa/si) JT^ 2(7»/>i - CTF = 0. (1) 

There are two particular cases worth noticing : — 

(1). When the three quadratic* are mutually tujrmoni*. — In this case 
Iu-0 f iji = 0, ii, = 0 ; and the identical equation assumes the following 
simple form: — 



(v/n) + (v/ M ) + (v^) 5 ' 0 ' 



(2). When on* of th* quadratic* W = 0 determine* the foci of the involution of 
the point* given by the other two, U = 0, and V = 0.— In this case In = 0, and 
In = 0 ; and making this reduction in the geueral equation (1), we have 

(In % - In In) 0^ = /»(/«i7»- 2/„ ITP+ 7n P*) ; 
but from the equations 7 U = 0, and In = 0, we find 
whence «» = «(«i*i), - 2*3 = jc («ia a ), «s = /c(*i«»); 

4 (a, - V) = «i { 4 (a, 4,) (*, *) - <„ « 2 )» J , 

or 

/» = «*{ in Jm - Ji } , 
and reducing, when « = 1, or W=J(U t V), 

n}* = ^^-2/i l 0T+/i,F». 

6. Determine the invariants of the quartic 

Ai (x - ai)« + A 2 (* - aa)« + . . . + A„(* - «.)«. 

An*. /= lA,A»(ai - a«)«, /= 2Ai A2A3 v"(«i, as, a.), 

where w (ai, 03, . . . or) represents the product of the squared differences of 
ai, «s, . . . Or. 

7. Prove that the condition that four roots of an equation of the »** degree 
should determine on a right line a harmonic system of points may be expressed by 

equating to zero an invariant of the Agree — — — 

2 

8. If e)(ao, ai, as, ... On) be any rational, integral, and homogeneous function 
which depends on the differences of the raits of the quantic (a 0 , ai, a*) (x, 1)"; 

WOT. <ktf £ .Upend, on th. difference, of ft. roof 1«, 
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9. Prove that the function* 

which depend on the differences of the roots of the equation 

(fl 0 , *i, a it ... «,)(*, 1)"= 0, 
give rise to covariants of the degrees 

In - 4, In - 8, 3* - 6. 

10. Prore that the coefficient of the penultimate term in the equation of the 
squares of the differences of any quantic leads to a covariant of that quantic of the 
fourth degree in the variables. 

11. Prove that the product of two covariants of the same quantic whose i 
are <p and «f may be written under the form 



+ + — 2>«(f)t» + *e. ... 

Mr. M. Roberta. 

12. Provo that the m th power of the quantic 

(«o, «i, ««, . . . «»)(*, 1)* 



X* X 3 

«„« + *2> (*»«") + — - + r—jT-i JP{a,r) + &c. 

Mr. M. Roberta. 

13. Prove from both definitions of a covariant that any covariant of a covariant 
is a covariant of the original quantic or quantics. 

14. If «,, at, as, . . . a-, and 0 U jfc, . . . A, be the roots of the equa- 



...«.)(*, l)- = 0, and r S (*o,*i,*»,...M(*,l)" = °i 
from the simplest function of the differences of their roota, via., 2 (a, - it i* 
required to derive a covariant of the system U and V. 
This question will be solved if wo express 

a p - 0 4 



^ (*-«,)(*-*,) 



in terms of the coefficients of U and V. 
For this purpose we have 

and if U and P be written as homogeneous functions of x and y, 

^» 1 log P ^% a rflogP- ^ 

x - ay ~ dx * ^ x - ay dy ' 

Whence, substituting these values in the las|pquation, we have 

^{x-ay)(x-fa)~~dx~dy dy dx 1 

which is the Jacobian of U and Y. It should be noticed also that the leading coef- 
ficient of •7(17', V) is «o*i - «i*o- 
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16. To reduce the two cubic* 

U S (a, *, c, d) (x, y)>, V 3 (a', rf') (x, y)> 



to the forms 



I— r- 1 — 



by means of a linear transformation 

x = \X + fiY, y = \'X + n'Y, 

the coefficients in which are to be determined in terms of the coefficients of the 
given cubic 3. 



Let 
then 



F = (A, B, C, D, B) (X, T)* ; 

Um («, *, c, d) (x, y)« = (J, B, C, D) (X, T)\ 

Vm rf*)(*,y) 3 = (*, C, J), B)(X, 7)>. 



Now, substituting the differential symbols D v , - D, for x, y, and jj^r, -^^x 
for X and 7 in the Hessian of both forms of U, we find the operational equation 



a 

b 



b 

c 



e 
d 



jT 4 



i>x' 2>xr i>r« 



A 
B 



B 

C 



C 
D 



whence, operating on both forms of F, we have 





«* 


V 


0 

e 








d' 




y) = 


a 


b 


c 


x + 


a 


b 


e 


JT 

y- 


Similarly, 


I 


e 


d 




b 


e 


d 






• 


b 


e 




b 


e 


d 




y) s 




b' 


✓ 


X + 


0 

a 


b' 




JX 

y - j^ 4 » 




V 


e' 


d' 






i 


d' 





where / is the ternary invariant of F. 
Again, since 

4>(D„ -D*) = ^Dr, and -D,)-^D It 

performing the operation 

+(D„ - D.) +(x, y), or +(D„ - D,) *(x, y), 
on equivalent forms we have 

bed 



Q = 



a b c 
a V 9' 
b' e' d' 



b' e' d' 
a b e 
b c d 



a' b' e' 
a b e 
b e d 



a' b' i = 



*' c d' 
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We arc now in a position to determine the 

of and V. 
For we hare from former equations 



terms of the coef- 





*' 


if 


d- 




b 


c 


d 




Qx = 




b 


e 


*- 


a' 


b 


e' 






b 


c 


d 




V 


e' 


d' 








V 


e 




a 


b 


e 




<2y = - 


a 


b 


e 






V 


if 






b 


c 


d 




V 


» 

e 


d' 





whence, substituting those values of * and y in IT" and F, we find 

Q^U={Ao,B 0l Co, A) (*,+)», 
Q»F=(Po,<7 0 , Do, *)(**)», 



and, therefore, 



where P 0 = Mo, Po, Cb, Ud, Jo) (* *) 4 ; 



16. Determine the invariants of P 0 in the 
We have, from the equations of Ex. 16, 

/"> = M u Jot and j»/=jf«»/ 0 ; 

and, substituting differential symbols for *, y and X, F in both forms of F, and 
operating on U, we find 

P^ad'-m'd- 3 (be - b'e) = 

j* 

which equation, along with the equation Q = — , enables us by previous results to 
express To and 7 0 in terms of P and Q in the following way : — 

Jo = PQ 3 , and = Q 5 . 

17. Prove that the resultant of the cubica U, Vol Ex. 15 is P 9 - 27 Q, where 
/' and Q have the same signification as in the preceding examples. 

From the results of Ex. 16 we derive the equations 

^ _ - = — 

from which it follows that when I* = 27/ s , we have P* = 27Q ; but the first rela- 
tion holds when Fh&s a square factor, which necessitates U and V having a common 
factor ; whence we infer that P 5 - 27 Q, being of the proper degree and weight, is 
the resultant of the cubics V and V. 

18. Prove that if it be possible to determine a so that U + kV should be a perfect 
cube, the relation Q = 0 must hold among the coefficients of the cubics ; and that 

case the transformation of Ex. 15 fails. 
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The transformation plainly fails when Q = 0, for the values of X and Y become 
then identical. If U + k V be a perfect cube the derived functions with regard to 
x and y vanish simultaneously ; whence we have the equations 

a + ko' ft + Kb' c + kc 
A + Kb' ~ c + kc' ~ d + Kd'' 

Equating these fractions separately to - k 0 , we find the equations 

a + jco / + ( t'4 + icjt'A'=0, 
* + Kb' + k'c + kk'c' = 0, 
c + K<f + icrf + KK*d'= 0 ; 

and solving for <c, wo may eliminate them, and thus find the condition that 

IT+ it V be a perfect cube in the form 



a b e 

a ft' 4 
ft' e d' 



V c' d' 
a b c 
b c d 



a' b' e' 
a b e 
b e d 



b c d 

* ft' c' 

v e d' 



= o. 



Or, eliminating k and k 3 without introducing k', we have from the above equa- 
tions another form for Q, viz., 

ac-P ad + a'c- 2bb' oV - ft** 

ad- be ad'\ ad- be' - b'c a'd' - ftV 

bd-c* W+ b'd - led b'd' - <T- 

19. Prove that the quartic 

/(*,*) = <«, *«)(*. y) 4 

may be reduced by a linear transformation x = \X + pY, y = x'JC + f*T to the 
form 

/(X, X 1 ) Z« +/0*. /) T* + 6p2H & **. 



V-//» + /=0, MsKii'-X'fu 

A, it 

20. Retaining the notation of the last example, prove that — , and — are conju- 
gate roots of the sextic covariant of the quartic. 

21. Prove that the common factors of two quantics are double factors of their 
Jacobian J(U t F), when the quantics are of the same degree. 

22. Prove that the 2 (» - 1) double factors of IU +■ m V, obtained by varying 
/ and m, aro the factors of /( U y F), where V and F are both of the n 1 * degree. 

23. Find the resultant of two cubics U and Fby eliminating between 



F=0 , r=0> *^=. 
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COVARIANTS AND INVARIANTS OF THE QUADRATIC, CUBIC, 

AND QUARTIC. 

162. The Quadratic. — The quadratic has only one inva- 
riant, and no covariant other than the quadratic itself. 

For, if a and J3 be the roots of the quadratic equation 

U * az 2 + 2bx + c = 0, 

the only functions of their difference which can lead to an inva- 
riant or covariant are powers of a - /3 of the type (a — /3)'* ; the 
odd powers of a - /3 not being expressible by the coefficients in 
a rational form. Whence, expressing 

H- - aM* 

\a-x p-x) 

by the coefficients, we oonolude that the quadratic has only the 
one distinct invariant ac - b*, and no covariant distinot from U 
itself. 

163. The Cubic and it* Covariants.— In the present 
Article the covariants of the cubic will be discussed as examples 
of the principles already explained, and in the following Article 
the definite number of covariants and invariants will be deter- 
mined. 

In the case of the cubic a covariant is obtained from a 
function of the differences of the roots most simply by sub- 
stituting 

/3y + os, ya + /3<r, a/3 +yx for - a, -/3, -y, 
and thus avoiding fractions ; for, transforming a - /3, we have 

1 1 ~ (frr + «*) + (yq + ftr) 
a-x~ p-x" {x-a)(x-fi)(x-y) ' 



Digitized by Google 



The Cubic and itsJCovarianU. 



and when fractions are removed we arrive at the above trans- 
formation (the order being equal to the weight in the case of 
either function of the differences H or G). This mode of trans- 
forming funotions of the differences will now be applied to the 
covariants of the oubio. 

(1) . T/te Quadratic Covariant, or Hessian, H s . 
Transforming both Bides of the equation 

flo a (o + wj3 + (a + <ii*/3 + ary) = 9 (o, f - OoO,), 

we have 

af{\a + wj3 + ut*y)x + /3y + wya + »*a/3) 

x {(a+ <u*/3 + <oy)x + fa + w'ya + wa/3) - 9(U t * - CT, C^) ; 
thus showing that 

Lx + Lr and Mx + if, (See Art. 59.) 

are the factors of 
where 

Xi a j3y + wya + to'ap, M\ ■ /3y + a>* ya + toafi. 

From the form of the Hessian in terms of the roots in Art. 151, 
or from the relations of Art. 43, we conclude that when a cubic 
is a perfect cube, each of the coefficients of the Hessian vanishes 
identically. 

(2) . The Cubic Covariant, Q t . 
We have, as in Art. 59, 

Oo s ( (a + w/3 + iSy)* + (a + a* 2 /3 + wyf) - - 27 (of a* f 2a, 1 - 30^0,). 

Transforming both sides of tins equation as before, we find 
o, 8 {(£* + £,)» + (Mx + M x y\ = -21{lTU 9 +2lK-ZU i U % U) 

= 270,, 

where G x denotes the oovariant formed from the function of dif- 
ferences O ; and operating as in Art. 153 on the souroe derived 
from G (the sign being changed in order that G may be the 
leading coefficient), we easily obtain 

G x = (flo*o, - 3ao«i Ox + 2a, 1 ) x* + 3 (o<,OiO, + a x % - 2a, a*') x* 

- (Vao - 30,0^ + 2o,») - 3 (0,0,00 + o, f o, - 20,0!*) x. 
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Resolving (Lx+ Li) 3 + (Mx + if,) 3 , we may obtain the factors 
of Q x ; or, more simply, since the factors of Q are fi + y - 2a, 
7 + a - 2/3, a + /3 - 2-y, the factors of (? x are 

1121121 12 

_ . . .{ _j_ |_ . 

/3-a? 7-* a - x y - x a- x ft - x a - x ($-x y-x* 

when fractions are removed. 

We have ohviously the following geometrical interpretation 
of the equation G x = 0 : — If three points A>B, C determined by 
the equation U = 0 be taken on a right line ; and three points 
A\ B\ C", such that A' is the harmonic conjugate of A with 
regard to B and C ; B> of B with regard to C and A ; and C 
of C with regard to A and B ; then the points A\ B t C are 
determined by the equation O z = 0. (Compare Ex. 13, p. 88, 
and Ex., Art. 65.) 

(3) . Expression of the Cubic as the difference of two cubes. 
This can be effected, by means of the factors of the Hessian, 

as follows : — 

(Lx + LxY - (Mx + M x )> = 27 • 
For, as in Ex. 6, p. 114, we have 

D - M> = <S^27{P -y)(y- a) (a - j3). 
Transforming this equation as before, the first side becomes 

{Lx + Z,) s - (Mx + M x )\ 

and the second side 

S^27(P-y)(y-a)(a-P)(x-a)(x-P)(x-y). 
Substituting from previous equations, we have 

(i^ + X0 3 -(ifc + i/,) 3 = 27^ v /6^ + 4^'=27^^. 

(4) . Relation between the Cubic and its Covariants. 
The following relation exists : — 

O x x + 427",* = A CP. 
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For, from Ex. 6, p. 114, 

*• O " 7)' (r -a) a (a -/3)' = - 27 ((?' + 4JT') = - 27ao a A, 
and transforming this equation as before, 

^-7) a (7-«)H«-W(*-ar(^-0) l (^-7) > =-27(^ + 4fl- x J ); 

whence &TP = G? + ±H Z \ 

(5). Solution of the Cubic. 
The expression 

(17-/* + fly* + (U</± - G x )l 

is a linear factor of U. 

For, from the relations in (2) and (3), we have 

W (Lx + X,) 5 = 27 ( U -/I - 0,), 
- W (Ifc + 27 (0VS+ <?0; 

and since 

(Z« + A) - (Jf* + Mi) 

is a factor of U, the proposition follows. 

This form of solution of the cubic is due to Prof. Cayley. 

164. Number of Covarlanta and Invariant* of the 
Cable. — The following method of determining the number 
of covariants and invariants of the cubio is similar to that 
employed by Professor Cayley for the same purpose: — 

The cubic has only two covariants, their leading terms being 
H and G ; and only one invariant, viz., the discriminant A, where 

o*A - G* + 4JT 3 , or A = a a rf l + 4ac* - 6abcd+ 4db* - 36V. 

To prove this, let 0(a, /3, 7) be any integral symmetric 
function of the differences of the roots (of order w), expressible 
by the coefficients in a rational form. 

We have then (Art. 36), 

*>(a,0,y)--F(«, J5T, G) (1) 

(where r remains to be determined) ; and, in the first place, if $ 
be an even Amotion of the roots, G can enter this equation in 
even powers only, since IT is an even function of the roots. 

2 B 
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Eliminating the even powers of O by means of the relation 

G f +4ff» = a*A, 

we show therefore that in the case of an even function of the 
roots equation (1) takes the form 

ft y)-F(a 9 H,&), 

which may be written 

«>(., 0, 7 ) = FM 2T, A) + S F ' ( ^ >A) , (2) 

where ts is the order of ^(a, /3, y), and J^o an integral funotion. 
It is now necessary to prove the following Lemma : — 
No function of II and A exists which is divisible by a. 

For, suppose F p (II, A) to be divisible by a ; then making a 

vanish, we have 

F,[H\ A-) = 0, 

where H' = - 6", A' = 4db* - 36V, the values of R and A when 
a vanishes. This equation is plainly impossible ; for, eliminat- 
ing b by means of the equation W = - 6*, c and d remain in the 
equation connecting H' and A'. 

Wherefore equation (2) must assume the form 

a-0(a, 0, y)-F 0 (a, H, A); 

for the first side of the equation is expressible as an integral 
funotion of the coefficients ; therefore bo must the second side 
also, and consequently the fractional part disappears. 

Now, to extend this result to odd functions of the roots, we 
have only to multiply the first side of the equation by 

o'(2o-0- 7 )(20- 7 -«)(2 y -«-/3), 

and the second side by 27 Q, for G must bo a factor of every odd 
funotion, since H is even. 

We are now in a position to prove the original proposition 
as to the number of invariants and oovariants. For since a' <p 
is of the form 

GF(a t H, A), or F{a, H t A), 
according as <p is an odd or even function of the roots, it follows 
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in the first place that there cannot be an invariant of an odd 
degree in the roots, since OF (a, H, A) does not remain the 
same funotion when a, b t c, d are changed into d, c f b 9 a, 
respectively ; and the only invariant of an even degree must be 
a power of A, since if F(a, H, A) contained a or IT besides A, it 
could not remain the same funotion when the coefficients are 
similarly interchanged. 

Again, the cubio has only two distinct oovariants ; for it has 
been proved that every funotion of the differences a°<p is of one 
of the forms 

F(a, 2T, a), or QF(a, 2T, A). 

Now, considering these forms as the leading terms of oova- 
riants, every covariant must be expressible as 

F(U t E- x ,*) t or Q t F(U> U n A) ; 

that is, every covariant is expressible in a rational and integral 
form in terms of H x and 0 X1 along with U and A ; or in other 
words, there are only two distinot oovariants. 

165. The Uuartic. Ito Covariant* and Invariants. — 

We have shown already that the quartio has two invariants, I 
and J (see Art. 151). From the functions II and Q of the diffe- 
rences of the roots we can derive two oovariants H x and O s> 
whose leading coefficients are H and O ; for from the relation 

we derive, by the process of Art 151, 

aS S (a - p? (« - yY (m - o? - 48 ( U U t - Uf) ; 
and, expanding UUt- CV, we have 

H x 3 (aoO, - a,')* 4 + 2 (aoo, - a x <h)a? + (aoO« + 2a x at - oVV 

+ 2 (aia 4 - (h(h) x + - a,'). 
In a similar manner, since 

Q * oo'a, + 2a, s - 3^0,0,, 
2b2 
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we obtain the oovariant 

- G x - XPU X + 2C? - ZUUtTTt, 

which reduces to the sixth degree ; and if it be written as 
follows : — 

G x = A 0 z* + + Aitf + A*x> + Arf + A % x + A, y 

we find, by expanding the above, or more simply, by forming 
the source A 6 , and performing the successive operations of 
Art. 153, the following values of the coefficients : — 

A s ~- a?a x + 3<z 4 a, - 2a? > A 6 = - a? ao - 2a 4 « 3 d - W at + 9a 4 a*, 
A { =- 5^0,4, - lOafa^ + 15(7 4 a,a„ = - lOa^a* + l(Wa 4 , 
.4, = 5a 0 fl 1 fl 4 + 1(W<? 3 - lSa^,, <4, = Co'o 4 + 2a 0 «i*3 + 6a ! 1 <i»-9« a a 5l , > 
A 0 -a*(h- SaodxO* + 2ai*. 

Here it will be observed that, when A s is determined, 
A 3 , A it and A» may be obtained from A it A Si and -4« by 
changing the suffixes into their complementary values, and 
altering the sign of the whole, in accordance with what was 
proved in Art. 152. 

We proceed in the following Articles to discuss the leading 
properties of these two covariants of the quartic. 

166. Quadratic Factors of the Sextic Covarlant,* 
G z . — As the quadratic factors of G x enter prominently into the 
following discussion, we proceed in the first place to find expres- 
sions for those factors in terms of the roots of the quartic, and to 
deduce their prinoipal properties. 

Since the factors of G, expressed in terms of o, /3, 7, S, are 

/3 + y- a-S, 7+a-/3-S, a + /3 - 7 - 8, 

the factors of G x are obtained from these by substituting 
1111 

^ f jry for °> ft * respectively, and mul- 
tiplying each factor by ^ to remove fractions. 



•Sea a Paper by Prof. Ball, Quarterly Journal 0/ Mathefnotic*, vol. Yii. p. Z6S. 
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Whence, denoting these factors by w, v f w t we have 

tt( 1 1 1 M 
\J?-p X - y X - a X-CJ 

av=u(— + — ^---A (1) 

\X-y X - a X-p X-CJ 



aw= XI 



1 M 

-y 



K x-a X- x~ 

which values Jo f w, r, tr, arranged in powers of x> are 

u = (fi + 7 - a - - 2 (07 - a%)x + 07 (a + S) - a$(/3 + 7), 

0 = (7 + a 2( 7 a + 7 a(j3 + 8) + a), (2) 

19- (a + 0-7-3)*'- 2(a/3- 7 S)* + a0(7 +8)- 78(0 + 0); 

and, consequently, 320, = a*uvw. 
From equations (1) we easily find 

9 = (« - 8) - 0) - 7) - (0 - 7} (* - a) (c - g), 

it- ( a -S)(*-0)(*-7) + (0-7H* -•)(•-«); 

and from these and similar equations we have 

tf-u? tf-u* tt »_t? n 

= r = -\ = 4— 9 (3) 

fi-v v-X X-fA a v ' 

where A, n, v have the usual meaning (Ex. 17, Art. 27) ; and 
consequently, 

(p - v)u* + {v -X)v* + (X -ju)t0* = 0 ; 

whence 

- {p. - v)u* a (w/ A~- + r</ X-v)(wi/X - fi- t</X-v). 

Since, as this equation shows, the faotors on the second side 
are both perfect squares, we may assume 



iCy/X-li + c v/A - v = 2ux\ 
tr y/X -fx - Vy/X-v = 2u?; 
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we have, therefore, 

U y/v-p = 2m!**,; 

from whioh values we conclude that «, r, w, the quadratic factors 
of O t , are mutually harmonic. 

167. Expression of the Hessian by the aoadratic 
Factors of G z . — Since 

-48^-s(«-/3)•(*-7) I ^-^) , ^ 

combining the terms in pairs, and noticing that 

2(j3-y)(a-S)Cr- 0, 
2(a -£)*(*- 7 )'(*-S)' 

= 2(«3- 7 )(*-a)(*-S) + ( a -S)(*-0)(*- 7 ))', 
the quantities between brackets being w, r, u>, we have 

a 

which is the required expression for H x . 

168. Expression of the Quartlc Itself by the ana- 
dratlc Factors of (?«. — From equations (3) a symmetrical 
value may be obtained for U ; for, substituting in those equa- 
tions in [place of A, p, v their values in terms of the roots 
Pi, pit P* of th© equation 4p s - Ip + J" 0, we find 

^(^-^ = 16 Go, - P> ) U, a* (t*» - t* a ) = 16 Go,- Px ) IT, 

a'(t*'-*») = 16 IT, 

from which equations, by means of the value of H s in the pre- 
ceding Article, we obtain 

(auy - 16 ( Pl U- JT X ), H» = 16 (p,CT- JT r ), (4) 

16 IT,). 
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We now make the substitutions 

w^A.X*, t^A,F», «7» S A,Z», 

where A lt At, A 3 are the discriminants of m, r, m> ; thus replacing 
u f v, to by three quadratics X, F, Z whose discriminants are 
eaoh equal to unity. By means of this transformation the 
forms of the quadratics are further fixed, and the identical re- 
lation connecting their squares (see (1), Ex. 5, p. 361) is ex- 
pressed in its simplest form. Calculating the discriminants, wo 
find 

A,-O + 7 -«-8){0 y (« + «)-7aO + *))-O7-««)% 
with similar values of A 2 and A s ; whence we have 

Ai— (A-mHA-f), At—Oi-vX/i-A), A.— (y-A)(v-ri. 
Making these substitutions, the preceding equations become 
(p» - P»)(pi - Pi) X* = H S - p x U> 
(p. - pi) Oh - P.) Y*= H x - p % U, (5) 
(ps ~ Pj)(/>* - P>) Z' = E x - piV ; 

from which are easily deduoed the following values of U and 
H sy and the identical equation connecting X, Y f Z: — 

ff x = Pl *x* + pSY* + P sz\ 

-U- Pl X* + p>Y*+ Pi Z\ (6) 
O-X'+F' + Z 1 ; 

where, as has been proved, X, F, Zare three mutually harmonic 
quadratics whose discriminants are reduced to unity in eaoh case. 
The value of O x may be expressed in terms of X, F, Z as fol- 
lows. Since 

iiVtf -fa - vJV-A^A-^'X'F'Z* (J 3 - 27<7 , )X a F\Z*, 
we easily find 

G,= i - 27t/ a . XFZ. 
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169. Resolution of the Q.uar(lc. — From the equations 
-Cr-piX' + ^F' + p^, 
0 = X* + Y*+Z\ 

we find 

CT= fa - pt ) F' + fa- p,) Z\ U-fa-rfP+fa- Pl ) X \ 
U=fa- Pi )X*+fa-p i )Y* i 

where X', F% Z 1 have the values determined by equations (5) ; 
and breaking up these values of TJ into their factors, we have 
three ways of resolving U depending on the solution of the 
equation 

4p»-/p + «/=(>. 

The resolution of the quartio has been presented by Pro- 
fessor Cayley in a symmetrical form whioh may be easily 
derived from the expressions already given for U and H z . 
For, since in general 

l{a x t& + 2bxxy + erf) + + 2b t xy + c,y*) + »(a,a? + 26,gy + cy") 

is a perfect square when 

2/* fad - bf) + 2>nn (a,c,+ <hCt- = 0, 

IX + m F-f nZ is a perfect square when /* + m l + n* = 0, 

X, F, Z being mutually harmonic, and the discriminants of eaoh 
reduced to unity. 

The resolution of U is therefore reduoed to finding values of 
/, m t n such that IX + mY + nZ, or 

ly/p%-p**/H x - p x U+ m»/p%- pxVH x - pxU 

+ n -v/p, - p 3 y H t -p 3 U f 

being a perfect square, may vanish whenJCT vanishes ; or in fact 
to satisfy the two equations 

l</p t - p % + m y /p,-p l + n y/ pi - p 2 = 0, / a + m' + n' = 0. 
These equations are plainly satisfied if 

/ m _ n 

y/ pi - pt pi - pi p\ - pt 
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whenoe, finally, 

(/> 3 - Pi ) yS x - Pl U+ (p,- Pl ) yH x -p t U+ { P i - (h) </H x - P tU 

■ 

is the square of a linear factor of the quartio U. 

If it be required to resolve the quartio kU - XH xt it appears 
in a similar manner that 

Wp%-p* y/Hz - p\U + m y/ pi - pi - p%U 

+ n ypi - p% vh* - p*u* 

being a perfect square, must vanish when kU - XS X vanishes ; 
or, values of /, m, n must be determined so as to satisfy the 
equations 

P + m* + n' - 0, 

/ y(pt-pi)(K- P i\)+m y {ps- P i){K-p2\) +» %/ {pi-p*) («c-/o 3 X) = 0. 

These equations are plainly satisfied if 

/ m n . 

</(fH-p>){K-pl\) </{pi -pi)(K-p*\) Sipl- Pt) («C- pi X) 

whence 

fa ~ P^ V* - P i A yil x - P , U + [jh - p ,) v/k - pt X -/ H m - p, U 

+ &»i - p^y *-p*x\/ - p*u 

is the square of a linear factor of kU - XR X . 

170. The Invariants and Covariant* of k U - XH X . 
— Employing the equations (6) of Art. 168, and denoting 

X 2 + F»+ Z* by F, we may, by adding - ^Kto XH X - kU, 

reduce it to the form Ri X % + R* Y* + RiZ* y where R { + Ri + R 3 = 0. 
When this is done, we have the following reduced values of 
Ri f R%, Ri : — 

322, = k(2/»i - p t - pt) + A (2ptp> - p%pi - pipt), 

ZRt = ic(2p 3 - pi - p x ) + X (fyipi - P ipi - ptpi), 

3i? 9 = K(2pi - p x - p^ + X(2p ip% - ptpi - pj^i). 
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On account of the similarity of the forms 

p,P + p t Y* + p,Z» and R X X* + R % Y t ^ R % Z t t 

which are of a fixed type, we calculate the invariants and cova- 
riants of kU- \H x by simply changing p„ p„ p, into R lf Rt, R% 
in the expressions for the invariants and covariants of U. 
Therefore, since 

and 

Et - R% - {p*-p*)(k - Ap»), It* - Ri - {p% - pi){k- ApJ, 
R x -R t = [pi - p,) (k - A/oj), 
we find the following values for the invariants of kU-\H x : — 

/(«,*) = /k*-3JkA + ^ A', 

«7i«, a> = - -g * A + T «V - 216 A', 

If we form the covariants ITj^A), and of 

40 - 4k> - 7kA s + «/A» 

(the reducing cubic rendered homogeneous in k, A), we find, 
as M. Hermite has remarked, 

A) = ~ t/i« fA ) = 4#(«,A) 

Again, to caloulate the Hessian oIkU- AJ9T*, we reduce 

by the substitutions 

P?X* + pi'F* + p,»£* - - \{IU+ JV) « - ±IU t 

P SX* + pSY* + pSZ* - \{IH X +JU), 

the first of which follows from the equations 

Pi = p* p> + W pi* - p*pi + W /t>3* - pi p» + -J-/, 

multiplying by piX 1 , p 2 F", p s Z a , respectively ; and the second 
from the first by changing X*, I™, Z* into pi X*, paJP, pjiT*. 
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Number of Covarian ts and Invariants of Quartic. 379 
In thia way we find the following form for the Hessian of 

J(*(«-Jv)-I7g/«X-/X-)j; 
which may be expressed in the form 

Again, sinoe 

p - 27 j* » 16 (p. - Pi y (p> - Pl y o>! - Pi y, 

and G,-i</P-27<r.XYZ; 

transforming p x , p 2 , p, into R lt ik, R*, we find 

/£, x, - 27 J7«, A) = O* (/> - 27J*), <? ( «, x) , = Q<?,. 

We have therefore expressed the invariants and covariants 
of kZT- \H t in terms of the invariants and covariants of U. 

171. Number of Covariants and Invariants of the 
Qaartic. — We proceed to prove the following proposition, 
which determines the number of these functions: — 

The quartic has only the two distinct invariants I and J, and 
tico distinct covariants whose leading coefficients are H and G. 

This proposition asserts that every invariant is a rational and 
integral function of I and J, and every oovariant a rational and 
integral function of U, H xy G„ I, J. The following discussion 
is founded on principles similar to those already employed in 
the case of the cubic 

Attending to the observations in Arts. 36, 37, it is plain 
that if <p (a, j3, 7, S) be any integral function of the differences 
of the roots expressible by the coefficients in a rational form, we 
have, in general, considering the equation with the second term 
removed, 

«'*(a,/3, 7 ,o>F(a,JT,J,G% 

where F is a rational and integral function, and r remains to be 
determined. 
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And if, in the first place, <p be an odd function of the roots ; 
changing their signs, and subtracting the two values of <p, we 
find 

2a r <p (a, j3, 7, S) = F(a, H t J, O) - F(a, JET, /,-<?). 

This value of <f> plainly vanishes with G\ whence, eliminat- 
ing the powers of O beyond the first by the identical equation 
of Art. 37, we have 

«■>(«, ft 7> $)-GF l {a,H,I 9 J). 

It follows that every odd function <f> of the differences of 
the roots is divisible by 

0 + 7-a-8)( 7 + a-/3-«)(a + P-y-S); 

and removing this factor on the first side of the equation, and 

32 ~ on the second side, we have 
a 3 

a"* (a, ft 7, t) - F x (a, ff, I, J), 

where <p x is an even function of the roots, and Ft a rational and 
integral function. 

We proceed to prove, in the second place, if <p (a, /3, 7, 5) 
be any even integral function of the differences of the roots, of 
the order u, expressible by the coefficients in a rational form, 
that a*(p (a, j3, 7, S) can be expressed as a rational and integral 
function of a, 2T, I, J. 

To prove this, the following lemma is necessary : — 

There exists no function o/H,I f J which is divisible by a. For, 
suppose F[H 9 I, J) to be divisible by «. Making a vanish, we 
have F(H\ T, J') = 0, where H' = - b\ I'=- 4bd + 3c 2 , 
J' = 2bcd - eb 2 - c 3 (the values of H, I, J, when a = 0} ; and as 
it is impossible to eliminate b t c y d, e f so as to obtain a relation 
between H\ I\ J\ we conclude that no relation such as 
F(H\ J') « 0 exists ; and therefore there is no function of 
the form F(H, I, J) which is divisible by a. 

We now proceed with the proof of the proposition ; and 
since, as has been already proved in the case of an even function 
of the roots, 

a>(a, 0, 7, S) = 2Z, /, </), 
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we have, dividing by a 1 ^*, 

«•*(«, 0, y, 8) = K(a, H,I,J)+S Ff{H 'J' J) . 



iin, since the first side of this equation is expressible as a 
rational and integral function of the coefficients not divisible by 
a, the second side must be a similar function of the coefficients ; 
and this, by the lemma just established, is impossible unless such 

terms as S^A^ disappear. 
Wherefore 

j3, 7 , S) = F 0 (fl, tf, /, J); 

and, finally, we have proved that o"^(a, |3, 7, 8) may be ex- 
pressed by the forms 

QF{a i H i I,J) i or F(a, H t I, J), 

according as <j> is odd or even. 

"We are now in a position to prove the original proposi- 
tion as to the number of invariants and covariants. For, if 
F{a, H, J, J) be an invariant, a and H must disappear, sinoe 
if they were present this function could not remain the same 
when the coefficients are written in direct or reverse order. Simi- 
larly, no odd function such as GF(a t JI, I, J) can give an in- 
variant. It f 0II0W8 that every invariant is a function of /and J. 

Again, the quartio has only two distinct covariants ; for we 
have proved that every function of the differences a"$ is of one 
of the forms 

F{a, H, I, J) or QF(a, 2T, J, J). 

Now, considering these forms as the leading terms of cova- 
riants, it has been proved that every covariant is expressible as 

F(U,H„I t J) or 0 M F(U, H„ /, J); 

that is, every oovariant is expressible in terms of H x and 0„ 
along with U, J, and J ; and this is the proposition which 
was required to be proved. 
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Miscellaneous Examples. 

1. If U be any cubic, and O, its cubic covariant, prove that the Hessian of 
XU + M0« bas tbe same roots as the Hessian of U % A and n being constants. 

2. If ai, $u yi be the root* of 0, = 0, prove that 

(*T + £ + *• *> - (a + h + 4) * ( *- * ^ 

where 

/s, 7) s fi(*i» A, ri); 

prove also that 

B«i « Wi = 9yi = - 1. 

3. Prove that any co variant of a quantio, whoso roots are ai, a*, . . . a«, satis- 
fies the equation 

where w is the degree of ^ in the coefficients of the quantio, and «i = 5a. 

4. Find the condition in terms of the coefficients that two cubics 17* and F should 
determine a system in involution, the roots of one cubic being the conjugates of the 
roots of the other. 

In this case the cubics mar be written under the following form : — 

Vb(1x*+ 3kcx* + Ztc*bz+ «>a; 
also, writing the discriminant of pU + Fin general in the form 

pW + p*M+ p*N+ P M'+ V- 0, 

we find in this case 

M' = K 'M, D' = k*D ; 

whence the required condition is DM* - DMP = 0. 

(For this condition expressed in terms of the roots see Ex. 10, p. 344). 

5 Given 

U - («, *,«,*) (x, y)», F - («', (x, y)», 

find the relation which connects the coefficients of those cubics when it is possible 
to determine the ratio A : so that kU+ fiV should be a perfect cube. 

In this case the Hessian of \U+ fiV must vanish identically; and writing it 
under the two forms 

a' H m + am*; + p?Hm m L# + ifxy + ivy , 

where 

K, m («/ + tic - 1W) x» + (ad' + a'd - be - Vc) xy + («' + Vd - 2«0 y», 
we have 

£ «= 0, If = 0, N=0 ; 
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and elimination A», A/*, /i' from these equations, the condition is obtained in the 
following form : — 



ad -be bd-c* 
*S+a'e-2b6' ad' + a'd-be' - b'e bd'+b'd-2ee' 
wV - b' % a'd' - Vc* b'd' - 



0 = 0. 



6. Given two cubics, /(*) and *(*), the roots of /(*) being a, /B, y (no two of 
which are equal) ; prove that 0 = 0 when the roots are connected by the relation 



(» - y) + ( y _ a ) + (a _ 0) = 0 

Rationalizing, we have 

j S -27^(«)^08)^(y) = O ; 



[ (g - 7) 3 <P (a) 4 f y - «)» <p (0) + ( a - jS )> » ( y ) ) 
(0-7)(7-a)(«-j8) 

also, since 



3 (a + A) (0 - 7 )> = 3 (a + A) (0 + A) ft + A) (/8 - <y) (7 - a) (a - /8), 



comparing the coefficients of the different powers of A we can 
tion an integral function of the roots, which again, expressed in terms of the 
ficients, takes the form 

{3P}»-27(P>-27Q)=0, or 0 = 0. 

7. If a quantic have a square factor, prove that the 
its Hessian. 

8. If a quartic have a square factor, the covariant Q a has that factor as a quin- 
tuple factor. 

9. If f(z) and <p (x) be two quartics with unequal roots, the roots of /(*) _ 
«t A % • ; prove that the condition that a quartic of the system A/(*) + 
hare two square factors may be expressed as follows :— 

1 a a* $(a) 

1 0 v <SW) 

1 7 7 2 \/*W) 
1 5 8' VTW 

10. Determine the condition in terms of the coefficients that the quartic 
V(*) + h4> (*) ma 7 have two square factors. 

In this case the Hessian of A/(x) + (*) is equal to k {A/(s) + m*(*)}> from 
which identity we have five equations to eliminate A a , A/», /*», jcA, Kft ; thus 
obtaining an invariant of the fourth degree in the coefficients of both equa- 



= 0. 
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11. Prove that the resultant of two quartics becomes a perfect square when the 



ring rational the determinant in Ex. 9, and dividing by the product of 
the squares of the differences of the roots, we find, introducing the coefficients, 

Iu = Aa a - 64J? ; whence, 4c, &c. 

12. Prove that the sextic covariant 0, of the quantic 4>(x) may be written 
the form 



13. Applying the principles of Art. 171, determine the form of the sextic cova- 
riant of the quartic x U + /iff,. 

14. Calculate the values of JT, /, O, J for the Hessian of a quartic. 

AlU ' H 12~~ * 7 "12' ~"T' J 216~' 

15. A function <p of the differences of the roots of the equation 

(«o, a 2 ,... a n ){x y 1)»=0 
arranged in powers of a n being 

* m A, + pAp.\On + P '* 2 1 A P .%af + . . . + A 0 Ont> ; 

prove that DAj = - na n .ijAj. h and hence show that if ^(«o, «i, «a, • • • <h) is a 
function of the differences so also is Au . . . A r ). 

16. If the d^riminant of a biquadratic be written under the form 

(A 0 , Ai, A 3 , Ai){a iy 1)\ 
prove that the discriminant of this cubic is 

27* Gs^, 

where Aj is the discriminant of (oo, «i, <*2, flj) (x, l) 3 . 

17. Form the equation whose roots are 

♦ *M *(«*), • • • *(*.), 

where ai, 02, eo, ... a* are the roots of f(z) = 0, the resultant H of /(*) and $(x) 
being given. 

Change the last coefficient b m of <p(x) into b m - p, and substitute this value for 
b m in tho equation 21 = 0. 
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CHAPTER XVL 

TRANSFORMATIONS. 
Srction I. — Tschirnhausen's Transformation. 

172. Under the general beading of this Chapter we purpose 
collecting several propositions whioh could not have heen con- 
veniently given elsewhere, and which are of importance in 
connexion with the subjects discussed in the foregoing pages. 
We commence with a general theorem relating to rational 
transformations. 

Theorem. — The most general rational algebraic transforma- 
tion of a root of an equation of the n tk degree can be reduced to an 
integral transformation of the degree n - 1 at most. 

For every rational function of a root a r of the equation 
/ (x) = 0 is of the form 

where \ an d ^ are integral functions ; also 

X(°r) _ / \ lft(fli) .... ^ (o r -i) l/> (or»0 - • . - *t>M 

XW *(a«)*W ^o,.,) *(«„)' 

and the denominator ^(aj ^(a 3 ) . . . \fr (o w ), being a symmetric 
function of the roots of f(x) « 0, can be expressed as a rational 

function of the coefficients. Whence is reduced to an in- 

tcgral form. 

Moreover, the numerator of the former fraction is a sym- 
metric function of the roots of the equation = 0, and may 

X ~~* Of 

consequently be expressed as a rational function of the coef- 
ficients of that equation ; that is, in terms of a r and the coef- 
ficients of f{x). 

2c 
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Now, denoting by F(a r ) this integral form of we aave 
by division 

F(ar)= Qf{ar) + f(«r)-f (a r ), 

where <f> (or) does not exceed the degree n - 1 ; which proves the 
proposition. 

In tho particular cases of the quadratic and cuhic it followB 
that the most general rational function of a root can be reduced 
to a linear function, and a quadratic function of that root, 
respectively. In the case of the cubic this quadratic funotion 
may be roduoed to another form which is often useful, as fol- 
lows : — Denoting the quadratic function by \fr{0), and dividing 
the oubio/(0) by i£(0), we have 

/(0) = (?o + M0) + r 0 + r,0 = 0 ; 

proving that 

whence it appears that the most general transformation of a root 
of a cubic may be reduced to a nomographic transformation. 

In connexion with the proposition here established it is easy 
to justify the remarks made in Arts 59, 66, relative to the solu- 
tions of the cubio and the biquadratic equations. With this 
objeot in view, let <j> and xfr be two rational functions of n quan- 
tities d, a„ . . . o„ (which may be considered as the roots of an 
equation) , each having only p values when the roots are inter- 
changed in every way. Denoting these values of both functions 
in order by 

0»> ^3, • • • fay 
+1, t%, . . . tV» 

we have, for every integer/, 

*W*>+ • • • + f>V- T s \ 

a symmetric funotion of the roots, since it is the sum of all the 
possible values which ^ can take. 
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In this way we obtain the system of equations 
fa +^>3 + 0» + • • • + = T oi 



where are all symmetric functions of a, 

Solving these equations, we find at once expressed as a 
symmetrio funotion of 0 S , . . . ; and therefore by the 
present proposition reduoible to a rational and integral function 
of i^i of the degree p-1, since ^ has only p values considered as 
a function of a u ajy . . . a n . Now considering the special oases 
referred to — (1), when p = 2, and n 3, it is proved that a 
linear relation connects <p and tp in terms of symmetrio f unotions 
of a„ a t| <h ; and (2), when p = 3, and n = 4, 0 and i// are in a 
similar manner shown to be connected by a nomographic 
relation. 

173. Formation of the Transformed Equation. — The 

transformation explained in the preceding Article was first em- 
ployed by Tschirnhausen for the reduotion of the oubio and 
biquadratic We proceed to explain the method of forming 
in general the equation whose roots are 

0(ai), 0(o a ), 0(a,), 0(a«), 

where $(x) is a rational and integral funotion of x of the degree 

Let s oo + a t x + a t x* + . . . + a^i x*~ l . 

Raising <p (x) to the different powers 2, 3, ... n in succession, and 
reducing the exponents of x in eaoh case below n (by dividing 
by /(a?) and retaining the remainder), we have 

o* = b 9 + b x x+ bjx* +.... + A^i** -1 , 

<t> 3 = Cb + CiX + +....+ cw-iaf" 1 , 

0 n « + + + ln-\^. 

2c2 
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Substituting for x in these equations each of the roots of the 
equation f[x) = 0, and adding, we find, if S u &, S 3i &c, denote 
the sums of the powers of the roots of the required equation, 

Si = na 0 + a,*! + «,«,+ .... + a»_i*»-„ 

S % = nb 0 + + Ma +.... + 

#«= n/ 0 + /!«, + + d*,.,. 

Now, expressing 4, . . . in terms of the coefficients of 
f(x), we have S Xi . . . S„ determined in terms of the coeffi- 
cients of ^ {x) and /far) ; we are also enabled by Art. 133 to 
express the coefficients of the equation whose roots are $»(a,), 
0(a»), . . . ^(a») in terms of S lf S 2f . . . S n , and therefore finally 
in terms of the coefficients of <p (x) and f(x) ; thus theoretically 
the transformation is completed. 

174. Second Method of forming the Transformed 
Equation. — There is another way of finding the final equation 
in 0 by elimination, whioh we now give. Since 

a 0 -$ + a l x + a 2 x*+ . . . + a n _ x x nr ' l = 0, 

if this equation be multiplied by x, x*, . . . x n ~\ and the expo- 
nents of x reduced below n by means of the equation f(x) = 0, we 
have in all n equations to eliminate dialytically the » - 1 quan- 
tities x, x*, . . . ar" -1 . We thus obtain the transformed equation 
in the form of a determinant of the n th order, <p entering into 
the diagonal constituents only. For example, if f{x) = - 1, 
we obtain the transformed equation in the following form : — 



a x ai a% . . a 0 -<p 

Although these methods of performing Tsohirnhausen's 
transformation appear simple, yet if they be applied to par- 
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tioular oases the result usually appears in a complicated form. 
Professor Cayley, by choosing a form of the transformation 
suggested by M. Hermite, was enabled to take advantage of 
the theory of covariants, and thus to complete the transforma- 
tion for the oubio, quartic, and quintic. We shall content our- 
selves with showing in an elementary way how Professor Cay ley's 
results for the oubio and quartio may be obtained. 

175. Tschlrahaiuea's Transformation applied to the 

Cable— Let the oubic equation 

ar*+3&p' + 3<* + <* = 0 
be written under the form 

s*+31/s+ G-0; 
and let it be transformed by the substitution 

y = X + kz + s\ 

If *n Hi *» be the roots of the oubio, and yi, y f , y, the correspond- 
ing values of y, we have 

y« - yi = (** - *»)(« - 

y s -yi-(« s -*0(ic-s,), (1) 
yi-y* = (*>-**)(«-*,), 

and consequently, 

2yi - y, - y, = (2s, -s,-s,)k + (2s, s, -*,*,-*,*,), 

2y, - y, - y, = (2s, - s, - s,) K + (2z>z x - % x s, - s, s,), (2) 

2y, - y, - y, = (2s, - Si -*,) k + (2^*, - s,s, - *,*,). 

"Wherefore, if the equation in y with the second term removed be 

F s +3.ff'F+ (/=<), 

we have from equations (1) and (2) 
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where 2T« and G K are the Hessian and cubio covariant of 

k» + 3jBk + G ; 

and the transformation is therefore completed, since t/i + y 3 + y 5 
can be easily determined. 

176. TsehlrnhauHen'a Transformation applied to 
the <4uartie. — In this case we do not attempt to form direotly 
the transformed quartic, but prove the following theorem, which 
shows how this transformation may be resolved into two others. 

Theorem. — Tschirnhausen's transformation changes a quartic 
U into one hating the same invariants as IU + mff ry and therefore 
in general reducible to the latter form by linear transformation. 

To prove this, let the quartic 

a? 4 + p v x* + jhz* + PiX +p A =0 

be transformed by the substitution 

y = a 9 + + <h& + a***- 
If *i» #i» *s, be the roots of the quartic, and y u y t , y* y* 
the corresponding values of y, we have 

— = a, + a, (x t + ar 3 ) + a, (ar, 2 + ar«ar, + a-, 2 ), 

a% - a*j 

- — — - a, + flf, (*» + a? 4 ) + a, (a-,* + ar^ + a- 4 *) . 
Xi - x K 

From these equations we proceed to show that 

where P 0 and Qo involve the roots of the quartio symmetrically. 
In the first place, we find 

(«V + a*r, + xf) (x x * + a?,a? 4 + **) - /h* -J?* Pi+Pi-PzK 
where A has its usual value, viz., a^r, + ar,a- 4 ; and secondly, since 
x t * + x& + Xt* = (a* + ar 3 ) 2 - a^,, &c, 

we find again 

(* a + a?,) (*»» + *,a- 4 + a: 4 s ) + (a-i + ar 4 ) (a** + avr, + xj) p x p* +px\. 
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Finally, since the other terms in the product are obviously of 
the same form as P« + QoA, we have proved that 

whence 

= (v-*)(P.+ 4A). 

Now, introducing pi, p 3 , pj, in plaoe of X, ft, v, this and the 
similar equations preserve their forms ; whenoe, altering P 0 and 
Qo into similar quantities, we obtain the equations 

(y» - y») {yx - y*) = 4 (p» - pi) (P - Qp»)» 
(y.-y.)(y.-y0-4(p 1 -p 1 ) (P-fyJ, 
(yi - y>) (yi - y«) = 4 (*, - pi) (P - Qp>), 

which lead at onoe to the invariants of the transformed quartio; 
and comparing their values with the invariants of kU-XM, 
given in Art. 170, the theorem follows at once. 

177. Redaction or the Cable to a Binomial form by 
TBcblrnbauaen's Tran»formatlon.— Let the cubic 



ax 5 + Sbx* + 3cx + d 

be reduced to the form y* - V by the transformation 

y = q + px + x 9 . 

If x Xy x,, X* be the roots of the given oubio, and y x a root of 
the transformed oubic, we have the following equations to deter- 
mine p and q : — 

a?i* +pxi + q = y Xi 
xj + px t + q - wyi, 

from which we find 

x x % + war** + <*>W . x 
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Adding x x + x% + x* to this value of p, we have 
+ — ; 

X x + toXi + ufXi 

it follows (see Ex. 25, p. 57) that there are only two ways of 
completing this transformation, as the values of p f q ultimately 
depend on the solution of the Hessian of the oubio. 

178. Redaction of the duartlc to a Trinomial Form 
by Tttchlrnhaugen's Transformation. — Let the quartio 

ax 1 + 46«* + 6cx* + 4dx + e 

be reduced to the form y 4 + Py* + Q, in which the second and 
fourth terms are absent, by the transformation 

y = q + px + x*. 

If x u xt t x» Xi be the roots of the quartio ; also y„ y, two 
distinct roots of the transformed quartio, we have the follow- 
ing equations to determine p and q : — 

** + p*x + q = yi, *% + p** + q = y», 

xj +px t + q = - yx, x t % +px t + q - - y,; 
from which we find 

#1 + X* — X} — X4 

And, adding #i + + # s + <r« to this value of p, we have 

2{x x x t -Xir i ) 
p + a?i + aj, + ar, + ar 4 = — ; 

hence, by Ex 5, p. 130, it follows that there are three ways of 
reducing the quartio to the proposed form, the determination of 
which ultimately depends on the solution of the reducing oubio 
of the quartio. 

179. Removal of the Second, Third, and Fourth 
Terms from an Equation of the n th Degree. — We begin 
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by proving the following proposition, which we shall subse- 
quently apply:— 

A homogeneous function V of the second degree in n quantities 
*i» • • • Xn con be expressed in general as the sum of n squares. 

To prove this, let V, arranged in powers of x it take the fol- 
lowing form : — 

V^PiX x % + 2Q l x l + R u 

where Pi does not contain x u x 2t . . . . x m ; also Q, and R t are 
linear and quadratio functions, respectively, of ar„ x* . . . x n . 
We have then 

also, assuming 

where P> is a constant, and Q, and Pi do not contain ar, and x* , 
we have, similarly, 

so that 

Proceeding in this way, we arrive ultimately at R»-\ - 

which is equal to P»a^ l , ; and the proposition is proved. 

Now, returning to the original problem, let the equation be 

x* + p x x*- x + p#r* + . . . + p n - 0 ; 

and, putting 

y = aar 4 + /3ar 8 + 7«* + &r + «, 
let the transformed equation be 

JT + QitT x + + . . . + On = 0, 
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where, by Art. 173, Q„ Q„ ... Qr, ... are homogeneous functions 
of the first, second, . . .r Jk degrees in a, {3, 7, 8, «. 
Now, if a, /3, 7, 5, e can be determined so that 

Qi-0, Q, = 0, Q.-0, 

the problem will be solved. For this purpose, eliminating c from 
Q 2 and Q 2 , by substituting its value derived from Qi = 0, we 
obtain two homogeneous equations, 

R % = 0, i?, = 0, 

of the second and third degrees in a, /3, 7, 8 ; and by the pro- 
position proved above we may write Rt under the form 

m 1 - r 5 + to 8 - 

which is satisfied by puttiDg u = v and = t. From these 
simple equations we find y = la + iw/3, and 8 = + »»i/3; and 
substituting these values in Q t = 0, we have a cubic equation to 
determine the ratio /3 : a. Whence, giving any one of the 
quantities o, /3, 7, 8, c a definite value, the rest are determined, 
and the equation is reduced to the form 

y n + QijT 4 + ^y- 4 + . . . + On = 0. 

In a similar way we may remove the coefficients Q l9 Q*, Qi> 
by solving an equation of the fourth degree. 

Applying this method to the quintic, we may reduce it to 
either of the trinomial forms* 

x* + Px+Q, s» + P**+Q; 

or again, changing x into to either of the forms 

x 

x> + Px*+Q, x> + Px* + Q. 

In this investigation we have followed M. Serret (see his 
Court d'Algkbre Suptrieure, Vol. I., Art. 192). 

♦ See Note A. 
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180. Redaction of the Halnttc to the Sum of Three 
Fifth Powers. — This reduction can be effected by the solu- 
tion of an equation of the third degree, as we proceed to show. 
Let 

(a* a lf a*, a,, «„ a t ) (x, y) % * ft, (x + )3, y) s + b t (x + /3,y)» + + /3,y)% 
where /3i, j3 a , /3 3 are the roots of the equation 

Now, comparing coefficients in the two forms of the quintio, 

ao^bi + ft, +6, , a l = bfi x + bfi % + 

(h - W + kjCV + bfif, a, = + bfa* + kft', 

a* - 6,0/ + kft 4 + ty3,«, a s - W + bfiS + «&• ; 

whence 

i> 0 ffo +i? 2 a 2 + = o, 

JPofli + i?i«> + p*<h + J0»*« = 0, 
P 0 a> +Pi<h +p%a<+p i a i = 0. 

When these equations are taken in conjunction with the 
equation 

p 0 + piX + pix* + ptx* = 0, 
we have the following equation to determine j3i, /3j, /3 a : — 



1 


* 


















<h 


a* 


a, 


«8 


«4 


a 6 



-0. 



Also, b lt ft,, 6, are determined by the equations 

6, +6, + ft, = a*, 
ft./3, + bfa + ft,/3, = a,, 
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whence the question is completely solved when /3», /3>, ft are 
known. 

This important transformation of the quintio is a particular 
case of the following general theorem due to Dr. Sylvester : — 

Any homogeneous function of x, y, of tlx degree 2n - 1, can be 
reduced to the form 

M* + + M* + M*" 1 + . . . + M* + fry) 3 - 1 

by the solution of an equation of the n th degree. 

The proof of the general theorem is exaotly similar to that 
above given for the oase of the quintio. 

181. (luartica Transformable Into each other.— We 

proceed to determine under what conditions two quartics can be 
transformed, the one into the other, by linear transformation. 

Let the quartics be 



IT- (a, b, c t rf, e)(z,yy~a(x-ay)(z-Py){x-yy)(x-$y), 

v = b\ <r, o (/, /) w y- «y ) py ) (*'- 7 y > ay) 5 



showing that the six anharmonic ratios determined by the roots 
must be the same for both equations. 

From these equations we have also the following relations 
between the invariants of the two forms : — 



and if they beoome identical by the transformation 

*' - Xx + fiy, if = X'x + fi'y t 
we have, by Art. 38, 



/' = r*J, J' = r*J; 



(1) 



whence 



(2) 
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p 

The quantity being absolutely unaltered by transforma- 
tion when the quartio is linearly transformed, is called the 
absolute invariant of the quartio. The condition expressed by 
equation (2) is, therefore, that the absolute invariant should be 
the same for both quartics. The condition here arrived at 
agrees with the result of Ex. 6, p. 146, where it is proved that 
the sextio which determines the anharmonic ratios of the roots 
involves the absolute invariant, and no other funotion of the 
coefficients, of the quartio. 

The conditions expressed by the equations (1), (2), are 
always necessary; but not always sufficient, as we proceed to 
illustrate by two exceptional cases. 

Suppose, in the first place, 

where m, v , tr, n', tf, are of the linear form Ix + my. 

r r* 

Although the condition -j^ = is satisfied in this case, the 

common value of these fractions beiDg 27, it is impossible to 
transform U into V, since it is impossible to make v w a perfect 
square by linear transformation. 

Secondly, if U - u% V*u'*; 

although the equations /' = r*7, J' ' = r*J are satisfied, since 
I' - 0, 1=0, J' = 0, J = 0, it is, nevertheless, impossible to 
transform Z7into V. 

In both these cases it would be impossible to identify the 
six anharmonic ratios depending on the roots of the quartics. 
In general, it may be stated that it is impossible to transform 
one quantio into another by linear transformation when any 
relation exists between the invariants of one of them which 
does not exist between the invariants of the other (see Clebsch's 
Theorie der Bindren Algebraischen Formen, Art. 92). 
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Miscellaneous Examples. 



1. Transform two given quadratics in r, y to the 

where u and v are linear functions of x and y. 

2. If the coefficients of three quadratics 

ai**+ 2*i xy + fty* «,** + 2fc*y + <»y», «,*»+2*j*y + <*y 3 
be connected by the relation 

*i *i *i 
a* *» fa =0; 

«3 *S * 

prove that they may bo reduced by linear transformation to the forms 
iil'+ftr 1 , MF+CtT 1 , A S X*+C*7*. 

The determinant here written is the condition that the three quadratics should 
determine a system of points or lines in involution. 

3. Reduce (a, b, e, d) (x, y)» to the sum of two cubes by the method of 
Art. 180. 

4. Prove that two cubic* can in general be transformed one into the other by 



5. Express three cubic*, J7, V, W> by means of three cubes. 
Assuming 

Mr+ M r+rjr-(x- W )», (i) 

and comparing coefficients, we have 

A«i + ftat + va% = 1, 
\b\ + (ibt + *h = - p, 
A*i + pc% + v*i=p*y 
Arfi + ndt+rds = - p*. 

These equations, by eliminating A, ji, v, give three values of p, and corresponding 
values of A, fit 9 : in this way we obtain three equations of the form (1) to deter- 
mine U t V, Win terms of 

(*-piy)', (*-i»i0 9 . 
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= 0. 



It is easy to see that p is given by the equation 

cip + di e%p + a\ csp + ii 

A similar method may be applied to express n quantics of the *'* order in 
of n n A powers. 

6. Prove that the three roots of a cubic may be 



whore 



From Art. 60, putting 5 J - f - X, where c = 1 or - 1, we derive 
K(0 -7) = S0y + Si (jB + 7) + St, 



K(y - o) = Jya + IT, (7 + a) + St, (1) 
JT(a -/8) = lfa0 + Si (a + £) + JT a . 
These homographic relations between the roots may be written in the form 

0 -•(*). *-•(■). « = «<*); 

where the numerator and denominator in 0 are supposed to be divided by 2JT; and 
this being done it will be found that /, m, T, m' are connected by the relations 
lm' — Vm 1 = / + m', and the roots a, 7, 3 may be represented as a, 9(a), 0*(a) ; 
fl 3 (a) being equal to a. It is important to observe that the equations (1) are con- 
sistent, the sum of the expressions on the right-hand side being zero ; that is to 
say, 2T must have the name sign in all three, any other combination of signs being 
inadmissible. (See Serret's Court VAlgkbre SupirUurt, Vol. II., Art. 511.) 

7. Given a binary cubic U and its Hessian S„ the cubic being satisfied by the 
ratios x : y and 4 : /; prove that 

I ax ay 

is an absolute constant, A being the discriminant of U. 

Reduce U to the sum of two oubes by a linear transformation whose modulus 



= 1 , and the constant may be easily shown to be 



This is another form of 



the homographic relation of Art. 60. 

8. Prove that a rational homographic relation in terms of the coefficients con- 
nects any two rational functions of the same root of a oubic equation; but that 
the relation is not rational when the roots are dif 
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9. Transform the quartic 



(«, b t c t d,e)(x, 1)« 



into one whose invariant / shall vanifh. 



Assuming 



y = X s + 2iix + (, 



and making the invariant J of the transformed equation vanish, we have 



which determines <p, and consequently ij, hy means of a quadratic equation ; and ( 
may have any value. 

By a similar transformation / can be made to vanish. 

10. Prove that the most general rational transformation of a quartic /(*) may be 
reduced to the transformation 



When P = Jt/ip) f{g), and Q = - Rf{g) f(j>) t show that the second term 
of the transformed quartic is absent. 
11. Provo that the transformation 

ox* + 20x + y 



may be resolved into the three successive transformations--^) a nomographic 
transformation ; (2) a transformation of the roots into their squares; (3) a homo- 
graphic transformation. 

12. Up he any integer, prove that 



where f is a known quadratic function of 17, not involving (. 
Expanding (1), we have 



(1) 



V = 




ai* 2 + 201* + 71 




13. If ${x, y) and ^(x, y) be two covariants of the binary form 

U e (ao, a u a^, ... a n )(x, y)» 
of the degrees p and g, respectively ; and if 




be expanded in the form 



prove that Fo, Fi, Fa 



(F 0 , f,, f 2| .... r r )(x t iy ; 

i V, arc covariants of U. 
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Section II.— Hermite's Theorem. 

182. Homogeneous Function of Second Degree 
expressed as Hum of ftquarea. — We have already shown, 
in a general way (Art. 179), that a homogeneous function of 
the 6econd degree in the variables may be reduced to a sum of 
squares, no hypothesis being made as to the nature of the coef- 
ficients of the function considered. We now return to the con- 
sideration of this problem when the coefficients of tho function 
are supposed to be all real; and we proceed to determine, in 
magnitude and sign, the coefficients of the squares in the 
transformed function. 

Let F(x tt 3*5, . . . x n ) be a homogeneous function of the second 
degree in n variables with real coefficients ; and let us suppose 
that it is reduced by the method of Art. 179 to the form 

Pi (*i + a i x i + a s xi + . . . + a n x n y 

+p t (x t + b,x* + . . . + b n x n y 

+J>j(*a + . . . +c n x H y 

where all the coefficients of this new form are real. 
Making now the linear substitution 

Xi = Xi + + + cttXi + . . . + a n x H , 
J, = x* + biX, + 6 4 * 4 + . . . + b n x n , 
X}= Xs+ C A Xi + . . . + c n x ni 

we have 

F(x xt ;F„ . . . X n ) e/J,!,' +/> a Za a + Pt J,» + . . . + p n X n 2 . 

Since the modulus of this transformation is equal to 1, the 
discriminants of both these forms of FmuBt be absolutely equal. 

2 D 
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Denoting, therefore, the discriminant of F by A», we have 

A n =P\P*pi . . . Pn ; 

and similarly, when the variables a^,, ay«, ... a*,, are made to 
vanish in both forms of F t we have 

Ai = / > ii > « J P» • • • 
Now, giving j the values 1, 2, 3, &o., we find 



and the coefficients are determined in terms of the discriminant 
<A the original quadratic form in n variables and the discrimi- 
nants of the forms in n - 1, n - 2, &c, variables derived from 
the given form by causing one, two, &c, of the variables to 
vanish in succession in the manner just explained. 

Again, since the constants in the form F(T ly x*, ... x n ) are 
in number J»(n - 1) less than in a form composed of a sum of 
squares of m linear functions of n variables, we learn that F can 
be reduced to a sum of squares in an infinity of ways. It is 
most important, however, to observe that in whatever way the 
transformation is made, provided it is real, the number of coefficients 
(affecting these squares) which fiaee a given sign is always the same. 
This theorem, which is due to Sylvester, is easily proved ; for 
suppose the contrary possible, and let 

F**pi X, J +ptXJ + . ..+p n X n * = q x F,' + 0,17 + . . . + q n Y n \ 

where the number of positive coefficients on both sides of this 
identity is not the same. Making all the terms positive, by 
transferring those affected with negative signs to the opposite 
sides of the identity, we shall have a sum of / squares identically 
equal to a sum of m squares, where m is greater than /. Now, 
substituting such values for x ly a* a , . . . x n that each of the 
/ squares may vanish (which may be done in an infinity of 
ways), we find a sum of m squares identically equal to zero, 
which is impossible. 



A 3 A> 



_ • 



» • • 



• Pn = 
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183. Hermlte's Theorem. — The principles explained in 
the preceding Article have been applied by M. Hermite to the 
determination of the number of real roots of an equation f(x) = 0 
comprised within given limits. The special form of the funotion 
F which he makes use of for this purpose is 

% --— (z l + a r x t + ar*Xi + ...+a r n ' l x n y y 
or- p 

in which x } , x 2j . . . x n are any variables in number equal to the 
degree of the equation ; and r takes all values from 1 to n in- 
clusive, the roots of the equation being a„ a„ . . . a n ; also p is 
any arbitrary parameter. 

This form is plainly a symmetric function of the roots of 
the equation f(x) = 0 ; and as the coefficients of this equation 
are supposed to be real, F will be also real, when expressed in 
terms of these coefficients and /», provided the parameter p be 
given any real value. If the roots ai, a } , a 3 , . . . a» are not all 
real, the assumed form of F will not be obtained by real trans- 
formation ; but it is easy to deduce from it, as follows, another 
form which will be so obtained. 

If a, and a, be a pair of conjugate imaginary roots, we may 
write 

ai = r 0 (cos a + i sin a), a 3 = r 0 (cos a - t sin a). 

Denoting for shortness x x + a r x t + uSx* + . . . + a^Xn by F r , 
and substituting these values in F, and F a , we find 

where U andj V are real ; also putting 

— — = r(cos ip + i sin — — = r (cos*^ - t sin 
ai - p a s - p 

the part of the funotion ^depending on <n and a„ viz., 

F,» F, J 

+ - , 

ai - p a, - p 

2d2 
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becomes 

r |(cos| + ,• sin |J (P + ,TJ» + (cos*- /mi |)V-t F)'|, 

which may be also written as the difference of the squares 

2r (U cos I - V sin Jj - 2r(V sin | + F cos |J; 

proving that two imaginary conjugate roots introduce into F 
two real squares, one of which has a positive and the other a 
negative coefficient. 

now state Hermite's theorem as follows : — Let the equa- 
tion/ft) ^ (x - ai)(x - d a ) . . . (x - o„) = 0 have real coefficient* 
and unequal roots : if then by a rkal substitution tee reduce 

17 IV *7 Y n * 

+ + +...+ , (1) 

a, -p a, -p a 3 -p a n -p 

where Y r = x x + a r ;r, + a,'*, + . . . + a r n ~ l x ni 

to a sum oj 'squares , the number of squares having positive coefficients 
will be equal to the number of pairs of imaginary roots of the equa- 
tion f(x) = 0, augmented by the number of real roots greater than p. 

This theorem follows at once from what has preceded if we 
consider separately the parts of the function (1) which refer to 
real roots and to imaginary roots, for obviously there is a posi- 
tive square for every root greater than p, and we have proved 
that every pair of conjugate imaginary roots leads to a positive 
and negative real square, without affecting the other squares 
independent of these roots. 

The number of real roots between any two numbers p x and 
Pi may be readily estimated. For, denoting in general by Pj 
the number of positive squares in F when p = pj, by iV, the 
number of roots of the equation f{x)= 0 greater than p Jt and by 
21 the number of imaginary roots, we have 

P,«2V, + /, P 2 = iVT J + /; 

whence 

-AT. - N t = P* - P„ 
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proving that the number of real roots between p x and p t is equal 
to the difference between the number of positive squares when 
p has the values p x and p 2l respectively. 

The number here determined may be shown to depend on a 
very important series of functions conuected with the given 
equation. In order to derive these functions we consider F 
under the form (Art. 182} 

a, a, A„_r 

The number P expresses the number of coefficients in this 
form which are positive, or, which is the same thing, ,the number 
of the following quantities which are negative : — 

Ai A, A, An 

~T' ~" a? "a,"-"'"^" { ) 

We proceed now to caloulate Ai, A 2 , . . . A,-, . . . A„ in terms 
of p and the roots of the equation f(x) = 0 ; and as the method 
is the same in every case it will be sufficient to calculate A 3 , 
i. e. the discriminant of the original form of F when all the 
variables except a?„ # a , vanish. 

Writing for shortness v r = — — , we have in this case 

Ft = 2v r (ff 1 + a r X t + Or'^)*. 

The discriminant of this form is 

| 2f 2av SoV 
A s = 2av Sa'v 2a 3 v 
2a J v 2a 3 v 2a*i/ 

which may be written as the product of the two arrays 



1 


1 . . 










Ox 


a% . . 


• °\|' 


aiVx 


ajv 2 . • 


• a„v„ |; 


_ a 


a% . . 


. dn J 


a x i v x 


O; If] . . 


. a n % v H 1 
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and, consequently, 



A) = 2 vi v 2 v 3 



1 1 1 

ai o 8 a 3 

2 _ a 



-2 



(o; - a 3 y (a» - qQ' (ai - a t ) 3 
{a t -p)(a 2 -p)( ai -f>) ' 



ai a- a 3 
In an exactly similar manner we find 

V (ai, a 2 , a 3 , . . . ay) 



{a l -p)(a t -p) . (ay-p)' 

where the notation v (oi> <*a> *»„ . . . ay) is employed to represent 
the product of the squares of the differences of a„ a*, aj, . . . ay. 
Hence the quantities A„ A 2 , A, . . . A„ are all determined. 

Now, multiplying the numerator and denominator of each 
of the fractions in the series (2) by /(/>), each value of A is 
rendered integral, and the series becomes 

r, r, r, k 
v v: r„ ■ ■ • r„' 



(3) 



where 



V = {p - a,) - a,) (jo - a„), 

- 2 (/» - a 3 ) - a 3 ) - a n ), 

Vt = 2V (ai, a,) (p - a,) (/o - a„), 

Pj = 2V (a„ a„ a 3 ) (p - a*) (/» - a«), 



Since negative terms in the series (3) correspond to varia- 
tions of sign in the series V, Pi, P a , P 3 , . . . . Pn, it is proved 
that the number of variations lost in the series last written, 
when p passes from the value pi to the value p 3i is exactly equal 
to the number of real roots of the equation / (p) - 0 comprised 
between p x and p 2 . 

184. Sylvester's Forms of Sturm's Functions.— It 

will be observed that the functions P, Pi, P 2 , &c, arrived at 
in the preceding Article have the same property as Sturm's 
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functions ; from which in fact they differ by positive multipliers 
only, as was observed by Sylvester, who first published these 
forms in the Philosophical Magazine, December, 1839. The 
identity of the two series of functions may be established as 
follows : — 

We make use of the notation already employed in Ex. 7, 
p. 312, and we propose to show that the Sturmian remainder 
Rj differs only by the positive factor yj from the function Vj. 
From the example referred to, we have 

Rj - A s f{x) - BjA*), (1) 

where 

Rj = r 0 + r x x + r a ;r* + . . . + r^jx"-*, 
Aj = A 0 + \\x + \ 2 x* + . . . 4 A,.!^" 1 , 
Bj = fi 0 + fl\X + fJtj^ + • • . + MM*^"' i 
and from the value of r«_y there given we have immediately 

- Jj 2V (a\ t o», a s , .... ay), 
showing that the leading coefficients in Rj and Vj differ only 
by the factor yj. We now proceed to prove that the last co- 
efficients in these functions differ only by the same factor. 
For this purpose, dividing the identity (1) by /(a?), sul 
in it from the equation 

/(*) ' x + x* + + •••• , 
and comparing coefficients, we find 

fio e Aj^o + Aj<i + Aa*a + .... + Aj-\ ty-aj 

Hi = A,«o + A 3 *i + — + A>-i*>_3, 



Also, putting a: = 0 in (1), we have 

and, substituting for /i 0 in terms of Ai, A„ A„ Ac, 

- — = A 0 *_i + A,« 0 4 A, s, + + A/_i«,_j ; 
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whence, giving to A 0 , \» Aj-i the same 

calculation of fw, we find 



values as in the 



So 



«3 



8j-t 8j . . . 8 2 f_i 

Now, referring to the calculation of A, in Art. 183, and put- 
ting p = 0, or v r = — , in the value of A,- there found, we find 

Of 

for the determinant just written the value 

V (d, o», a», . . . oj) 

hence, giving p n its value in terms of the roots, we have 
r 0 » (- 1)*^7> 2 V (ai, a 2 , a,, . . . a,) a, + ,a^, . . . c, 

whioh was required to be proved. 

The first and last coefficients of Rj 9 when divided by 
having been thus shown to be the same as in the form Vj, 
it follows that all the intermediate terms must be similarly 
related ; for, in the first place, Rj is a function of the diffe- 
rences of the quantities a?, a lf a, . . . a„, as may be seen by 
transforming f{x) before calculating Rj by the substitution 
2 = OnX + a„ as in Ex. 3, Art. 92. When this transformation 
is completed, every coefficient in Rj, as well as s, is a function 
of the differences; consequently, Rj satisfies the differential 
equation 

showing, as in Articles 138 and 157, that all the coefficients 
may be obtained from the last by a definite law. The same 
conclusions plainly holding also for the function Vj f it is there- 
fore proved, finally, that 

Rj * yj Vj. 
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1. To reduce two quadrics in three variables to the 
squares with proper coefficients. 

Let 

U = «x* + 4y* + «' + 2/jfz + 2yzx + 2hxy, 
V = atx* + + 2/iy*+ 2y,s* + 2A,*y t 

^jr.O-Air+r, r-*£, 

We have then identically 



of the same three 



A(A) 



Xa + ai xA+Ai Ay + *i -X 

AA+*i a* + *i A/+/i r 

+ V+/i Ar + <?i ^ 

X Y Z 0 



♦JA) 
A (A)' 



where A (A) is the discriminant of A0"+ P; and w(a) is a 
degree in A, the symbols X, Y, Z being rotained in it for the 
replaced by the values involving A. 

Resolving into partial fractions, we have 



of the 2nd 
and not 



#(Ai) 



A' (A,) A-Ai A'(Aj) A - Aa A' (As) A - A 3 ' 



(1) 



in which ♦ (Ai), ♦ (a 2 ), ♦ (A3) are all perfect squares, since they are obtained by 
bordering the vanishing determinants A (A,), A (Aa), A (A,). (See Art. 1 29.) 

Now, replacing X, Y, Z by their values, \Ui + Pi, &c, ♦ (*,) is easily re- 
ducible to the form 



"(A-Ai)' 



A/A + h\ A>* + *, Ax/ + /i Ft 
A# + yi Ai/ + /i A/C-t-Ci 17, 
ff, Uz U s 0 



o (A - A/)****, 



where j = 1, 2, or 3, and «, is independent of A. 
Substituting theso values in (1), we find 
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Equating the coefficients of X, we have 



Ml* «»*_ Ms* 

™ A* (Xi) A^Xi) + A' (X3) ' 



Ml 



A' (A3) ' 



A '(A.) A' (A,) 

which was required to be done. 

It is to be observed that this problem has only one solution. The mode of 
reduction here given is due to Darboux ; and is plainly applicable whatever be 
the number of variables. 

2. Prove that a quadric in n variables may be reduced by a real orthogonal 
transformation to a sum of n squares. 

An orthogonal transformation is a linear transformation such that, when the 
modulus written as a determinant is squared the terms in the principal diagonal 
are each equal to 1, and all the other terms vanish. 

In a transformation of this kind it follows that the sum of the squares of the 
is equal to the sum of the squares of the old. 

3. Writing as before one of Sturm's remainders in the form 



prove that 



n 



0 Tx T t . . 



Tj-x 



where 
4. 



Tj = so**- 1 + + $t**-* + . . . + 

Vn 



or) (xi + a*a + a**, + . . . + a*-*x»)\ 



r-l 



prove that the discriminant of Uj may be determined by the equation 

where A, and yj have the samo signification as before; and show directly that if 
A} = 0 for a certain value of x, Aj.x and Aj*x have opposite signs for the same 
value of x. 

Note — Hermite's theorem holds where o r - p is changed into (a r - p) m in the 
enunciation on p. 404, m being any odd integer, positive or negative. 
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Section III— Geometrical Transformations.* 

185. Transformation of Binary to Ternary Form*. 

— We think it desirable, before closing the present Chapter, to 
give a brief account of a simple transformation from a binary to 
a ternary system of variables, whereby a geometrical interpre- 
tation may be given to several of the results contained in the 
preceding Chapters. The applications which follow in connexion 
with the quadratic and quartic will be sufficient to explain this 
mode of transformation ; and will enable the student acquaint « d 
with the principles of analytic geometry to trace further the 
analogy which exists between the two systems. 

Denoting the original variables, i.e. the variables of the bi- 
nary system, by x 0i y 0i we propose to transform to a ternary 
system by the substitutions 

x = y = 2a- c y„, s = !/*. 

For example, taking the simple case of a quadratic whose 
roots are a, /3, viz., 

V-(a + /3)^oyo+aj3y 0 '=0, 

and transforming, we obtain 

*-i(« + /3)y + aj3* = 0. (1) 

We have also the identical equation 

y' - 4zx - 0. 

This is the equation of a conic, which we call F, and (1) is 
plainly the equation of a chord of this conio joining the points 
a and /3, the point determined by the equations 

where * = J> 

being referred to as the point <p on the conic V. 



• Se« Quarterly Journal of Mathematics vol. x. t p. 211. 
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When a = /3 the quadratic becomes (x 0 - ay 0 )*, ie. the square 
of a factor of the first degree ; also (1) reduoes to x - ay + a l z = 0, 
which is plainly the equation of the tangent at the point a to 
the conic V; whence the line corresponding to a quadratio with 
distinct roots is a chord of the conio V, this line becoming a 
tangent when the roots are equal. 

The only invariant that a quadratic has is its discriminant, 
and this is also an invariant in the ternary system, its vanishing 
being the condition that the line corresponding to the quadratio 
should touch the conic V. We now consider the system of two 
quadratics 

axf + 2bx 0 yo + cyf, a'xf + 2b'x 0 y i) + c'y 0 \ 

whioh for shortness we call L and M. 

When transformed these become two lines 

L s ax + by + <*, M ■ ax + b'y + c z. 

Now the condition that the line whose equation is A L + fiM = 0 
should touch the conio V is 

A* (ac - V) + Aju K + a'c - 2 bb') + n 7 {a'c' - A") = 0. (2) 

All the coefficients of this equation are invariants in both 
systems : we have already seen that this is true of the first and 
last coefficients, and the intermediate coefficient whioh is the 
harmonic invariant of the binary system is an invariant in the 
ternary system also, its vanishing expressing the condition that 
the lines L, M should be conjugate with regard to the oonio V. 
This equation determines the tangents which can be drawn 
through the point of intersection of L and M to the conio V. 
When this point is on the conic the tangents coinoide, and the 
discriminant of the quadratio vanishes. Whence we obtain 
geometrically the following form for the resultant of two qua- 
dratics : — 

R = 4{ac - tf)(*V - 6") - {ac' + a'c - 2MJ ; 
for if Z, if, and V have a common point, the original quadra- 
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tics must have a common root, and the condition is in each case 
the same. 

Again, the pairs of points or lines given by the equation 
XL + fiM= 0 form a system in involution (cf . Ex. 2, p. 398), the 
double points or lines being determined by the equation (2) ; 
and in the ternary system the corresponding pencil of lines 
passing through a fixed point determines on a conic a system of 
points in involution, the double points being the points of con- 
tact of tangents drawn to the conic from the fixed point. 

If we consider next the three quadratics 

a^* + 2b l x i) y 0 + c l t/ l ? 1 a*r t > t + 2b 2 x 0 y Q +c i ij 0 \ a.xj + 26 3 * 0 y ( ,+ c 3 tj 9 \ 

it is seen that the determinant {a x bn,c 3 ) is an invariant in both 
systems, its vanishing being the condition in the binary system 
that the quadratics should form an involution (Ex. 2, p. 398), 
and in the ternary system that the three corresponding lines 
should meet in a point. 

As a final illustration, we consider a system of three qua- 
dratics connected in pairs by the harmonio relations 

a x Ci + OiCx - 2b x b 2 = 0, &c. 

Transforming the quadratics, we obtain three lines X, Y t Z, 
which form a self-conjugate triangle with regard to the conio V. 
The theorem relating to three mutually harmonio quadratics, 
viz., that their squares are connected by an identical linear 
relation (see Ex. 5, p. 360, and Art. 166), is suggested by a 
well-known property of conies ; for V expressed in terms of 
X, F, Z is of the form 

- F«X* + Y* + Z t \ 

whence, restoring the original variables #o, yo, V 0 vanishes iden- 
tically, and X, Y, Z become the original quadratics, each divided 
by a factor which may be seen to be the square root of its dis- 
criminant (see (1), Ex. 5, p. 360). 
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186. The Quartlc and Its Covarlants treated geo- 
metrically.— It will appear from the remarks to be made in 
the next Article that in applying the transformation now 
under consideration to the quartio U 0 = (a, b, c, d, e)(x 0i y 0 )\ the 
term Gcxjt/o* will be replaced by 2cx% + cy% so that the quartio 
will be replaced by the two following oonios : — 

U - ax 1 + cy % + ez* + 2dyz + 2czx + 2bxy = 0, 

the form of U here selected being connected with V by an 
invariant relation. The invariants of U and V are invariants 
of the original binary form, for the discriminant of U - p V is 

and the invariants of the ternary system are 

A' = - 4, e' = o, 0 = 7, A = </; 

where J and J are the invariants of the quartio, and the dis- 
criminant of U - p V is written as usual under the form 

A - pQ + ^9' - p'A\ 

Let the conies U and V intersect in the points A, B, C, D ; 
these points being determined by the equations 



when <p has the four values a, fi, y, 3, the roots of the binary 
quartio ; and let the points of intersection of the common chords 
BC, AD; CA y BD; AB, CD be E, F, G, respectively, the 
triangle EFO being self-conjugate with regard to both conies. 
Now, denoting by (a/3) = 0 the equation of the line AB> and 
using a similar notation for the remaining chords, we have by 
the theory of oonios 

ir- pi F-07)M)» cr-^r=( 7 a)(/3S), ff-*r«(«/5)( 7 c), 

whore p l9 p iy p* are the roots of the equation 4p* - Ip + J = 0. 
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On restoring the original variables a* 0 , y<> in these equations, 
Vo vanishes identically, and we have U 0 resolved into a pair of 
quadratic factors in three different ways, depending on the 
solution of the reducing cubic of the quartic Whenoe it 
appears that the resolution of a quartic into its pairs of quad- 
ratic factors, and the determination of the pairs of lines which 
pass through the intersections of two conios, are identical prob- 
lems, each depending on the solution of the same cubic equa- 
tion. 

We now proceed to show that the sides of the common self- 
conjugate triangle of U, V correspond to the quadratic faotore 
of tho sextic covariant in the binary system. Since the side 
FG is the polar of E y the co-ordinates x\ y of E are found by 
solving the equations {$y) = 0, (aS) = 0 ; we have, therefore, 

07(a+S) -aS(/3+ 7) 2{fiy-a$) fi+y-a-V 

and, substituting for x\ y\ z the values thus determined in the 
polar of E, viz., 

xz - — + x z = 0, 

we express this equation in the form 

(0 + 7 -a-$)x-2(£y-a$)y + (Py(a + $)-a$((} + y))z=0. 

On restoring the original variables .r 0 , y^ this is seen to be 
one of the quadratic factors of the sextio covariant (see Art. 
166). It is therefore proved that the points where FG meets 
V are determined by the quadratic equation 

(fi + y - a - B) <p 2 - 2 (fiy - aS) f + 0y (a + 8) - a8 (0 + 7 ) = 0 ; 

and consequently the six points on V which correspond to the 
roots of the sextic 00 variant are the points where this conic 
meets the sides of the common self-conjugate triangle of U 

and V. 

To determine the points on V which correspond to the roots 
of the Hessian, we caloulate for the conies TJ and V the co- 
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variant conic F (Salmon's Come Sections, Art. 378) ; thus 
finding 

-{W={ac-V)ar+ (bd - c 7 ) y> + [ce -d>)zU {be - cd) yz 

+ (ae - 2bd + c 2 ) jw + (ad - be) xy ; 
and on restoring the original variables, we have 

also, since the conic jP intersects U and Fin the points of con- 
tact of their common tangents, we see that the points on V 
corresponding to the roots of the Hessian are the points so 
determined. The Hessian has, moreover, a douhle geometric 
origin, for it may equally well he obtained by transforming the 
conic 4> (Salmon's Conic*, Art. 377) which is the envelope of a 
line cut harmonically by the conies U and V. 

187. "When the transformation of Art. 185, viz., 

x = x»\ y = 2x 0 y^ z = y 0 8 , 

is applied to a quantic /(r„, y 0 ) of even degree 2m, it is plain 
that the roots of this quantic will be represented geometrically 
by the points of intersection of a curve of the m th degree with 
the conic section V. If the degree of the quantic is odd, it 
must be squared before the transformation is effected ; and the 
roots will then be represented geometrically by the points of 
contact of the corresponding curve with the conic. 

In transforming the quantic f(x 0 , y 0 ), we may obtain an 
indefinite number of ternary forms by varying the mode of 
transformation ; for if U denote any one of these forms, 

in which the coefficients of <t> m .z are arbitrary, would equally 
well be a transformation of /(r 0 , y 0 ), Bince this form would 
on restoring the original variables return to the quantic 
yo). Moreover, every possible transformation is included 
in the foregoing. Among these innumerable ternary forms 
there is one, and only one, such that its invariants and co- 
variants are invariants and covariants of the binary quantic 




Digitized by Google 



The Quartic and its Covariants treated geometrically, 417 



also. To determine this form, take the tangential form of V, and 
let 17 be the operator obtained by substituting D Xi D y , D n for 
the variables therein ; operating then with n on XT + V> we 
obtain a result of the degree m - 2 ; and equating to zero 
its coefficients, we have equations sufficient to determine all the 
coefficients of ^^j. The required transformation is therefore 
unique, as these equations are of the first degree. 

The following method may be employed to obtain the 
proper form of TJ corresponding to a given binary quantio 
of even degree. Let the quartic u = (a^ o„ a,, a*> ««) (^b, y<>) 4 
be written in the form 



3 



1 ( t d*u d*u 2 d*u\ 



transforming the second differential coefficients, and multiplying 
the terms by x, y y z, respectively, we obtain the proper form for 
U, such that U (U) » 0, viz., 

tfo#* + <h.y % + fl»3 a + 2<?3ys + 2chsx + 2a x xy. 

Again, in the case of the sextic u, writing it in the form 

1 ( t d 2 u 0 d 9 u t d*u\ 
5*6 ( dx 0 2 cteodt/o * di/o 7 ) 

d*u d 2 u d*u 
transforming the quartics — %t ^ , in the manner 

just explained, and multiplying by z, y, s, respectively, we 
obtain a ternary cubic U of the proper form. In a similar 
manner the transformation of the octavio is made to depend 
on that of the sextic ; and proceeding in this way step by step 
we may transform any binary quantio u of even degree to a 
ternary quantio U of half the degree, such that n (U) a 0. 

The following examples are given to illustrate the trans- 
formation explained in the present section. 



2e 
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1. If /(**, y.) becomes U (*, y, s) by the 



prove in general that 



% =2(«-l) ^-4«n(fT), 
^ o »2(«-l) ^ + 2yn(CT), 



^ =2(«-l) -- -4*n(t/), 

where n is the degree of f(z, y), and n( U) s - — . 
Whence, in particular, if n (U) s 0, prove that 

l« + ^)V-*.-.)(^ + ^w^). 

where *©, yo, and *>', yo' are cogredient variables. 
2. If b 

prove that n(*t>, + y*i + - 0 when n («>,) = 0, n {*>,) = 0, n (<fr) = 0. 
8ince 

rfyo 2 dxodt/o rfacg a ' 

we have, by Ex. 1, 

* * dy = d* ' 

but 



and therefore vanishes by what precodes. We have thus a formal proof of the 
statement at the end of Art. 187. 

When n(o>i), n(o>j), n($s) do not vanish, we have in general 

(« -3) n(*+i + v<h + ■*) = (» - i){*n(fi) + yn«*) + :nW}. 

3. If two quantics u and u> be transformed ; prove that the Jacobian of «, to in 
the binary system becomes the Jacobian of U, V, IF in the ternary system. 

Express J{u, u>) in terms of Xo*, *&yo, yo a and the second differentials of u and 
w, and then transform by Ex. 1. 

4. Prove that the quartics 

(oi * J + 2/B, *y + 7l y*) (« + 2£,xy + 7^*) - («,i> f 2ft,ry + y,y»)», (1) 
(•1 *» + 2« xy + «,y») ( 7 ,r« + 2y»*y + Tay 1 ) - (A ac 3 + 2&*y + A y»)» (2) 
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Transforming (2) to the ternary system, we have the oonic 

(ai* + aay + «e) (y x x + ?sy + y*z) - (A* + Ay + A*)', 
which for shortness we write as IN- Jf>, where 

Z = a\x + aiy + 03s, Jfs A* + Ay + A*, JV= 71* + -yjy + (3) 
Now, when the discriminant of 

LN- JP + A(y* - 4 s*) 

is formed, the invariants of (2) are the functions — .'i/f and <? of this cubic in A (or 
the last two coefficients when the second term is removed). This discriminant may 
be obtained as the resultant of the three equations 

JVtti - 2Mfii + Lyi - 4As = 0, 

iY-« 2 -2ir3 a + Z 7 , + 2Ay = 0, (4) 

Jf« s -2Jf/»3 + 2^-4^ = 0, 

when *, y, t are eliminated ; or by eliminating the six quantities s, y, s, X, Jf, JV 
by means of the three additional equations (3) the resultant is obtained in the 
form 



ai 


A 


71 


0 


0 


-4A 






72 


0 


2A 


0 


03 


A 


7» 


-4A 


0 


0 


0 


0 


1 


ai 






0 


-* 


0 


A 


A 


A 


1 


0 


0 


71 


7» 


73 



A (A). 



If we had operated similarly on the quartic (1) we should have obtained the 
resultant A (A), the form the determinant takes in this case being obtained by 
dividing the first three rows of A (\) by - 4a, and multiplying the first three 
columns by - 4A. Whence it follows that the invariants are the same in both 
cases. 

To expand A (\) we replace L, Jf, N by their values in equations (4), and then 
eliminate x, y, t, thus obtaining 

In In Jis-2A 



7, 2 /» + A I» 

7i3-2a In In 
This determinant becomes when expanded 



where 21„ = 0,7, + m<y P - 2fi p 0 q . 



4A 3 + 4(/»-/ ls )A'-{/ii/ss-/n»+4(/ u /»-/i,/»)}A- 



Ju lit In 
In In Its 
In In In 



every coefficient of which is the same for both quartic*, as may be verified directly. 

2e2 
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5. Determine the condition that three quadratics should hy linear transfor- 
mation be reducible to the forms 

(Pf d J <p 
~dz*' dxTy' Jf' 

An: Inlzs - 4/u J M + 7 22 2 + 2i 2 */3i = 0. 

6. Prove that the condition in Ex. 5 is the same for the following two sets of 
quadratics : — 

a,*' + 2/k.ry + y*?', as* 2 + 2foxy + «y 3 y», 

and 

2aaxy + a3y J , 01* 8 + Ifary + fay*, yn* + lyixy 

7. Determine the condition that \u + kit should have two square factors, 
where u and w are quartics. 

Transforming, we have in this case 

\U + fiV+ *W= (ax + By + 7*)'; 

consequently, every term in the tangential form of kU+ fiV + wW must vanish, 
giving six equations to eliminate A 2 , /u 2 , r 1 , n», »K, A/* ; hence the required con- 
dition is determined. 

8. If a quartic have a square factor, prove geometrically that this factor is 
a quintuple factor of the covariant Oi ; and construct the point on the conic V 
which corresponds to the remaining root of the equation G, - 0. 

9. Resolve the quartic as in Art. 169 by finding the tangents to the conic V 
where U meets it, U and V having been expressed as sums of squares. 

10. Express in terms of their invariants the resultant of the quartic and biquad- 
ratic 

o«* + 4 bx>y + 6<srV + 4 + <y*, 
ox» + 2fixy + yy 1 . 

1 1 . Determine the condition that two quadratic factors (x - *)(x - $), {x- y) {x- 8) 
of a quartic Uq should form with a gi^en quadratic A* 2 + 2/ix + p a system in in- 
volution. 

Transforming, the three corresponding lines must meet in a point, which point 
is one of the vertices of the common self-con jugate triangle of the conies f/and V. 
The tangential equation of these points is J (2, 2', ♦) = 0, which is therefore the 
required condition, the tangential form of ir U + V being « 2 2 + «♦ + 2*. 

12. Apply the method of transformation of Art. 185 to prove the theorem of 
Art. 176. 

Let Tschirnhauscn's transformation be put under the form 

or- + 2/5.r * y 
: '~ aV~2jB'J - y' (1) 
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Make the numerator and denominator of the last fraction homogeneous in x, y ; 
replace t by - a, and transform : (1) becomes then 

Z + x//=0, 

where L = ax + /8y + yz, 1' — ax + /3'y + 

If x, y, z be eliminated from the equations L + AX' =0, U = 0, F = 0, we 
shall have the transformed quartic in K ; which, considered geometrically, deter- 
mines tho lines drawn from the point of intersection P of L and L' to the points of 
intersection A, B, C, D of and F. Again, if k be so determined that the conic 
U + kV pass through the point P, the anharmonic ratio of the lines PA, PB, PC, 
PD, is equal to the anharmonic ratio of the linos TA, AB, AC, AD, where TA ia 
the tangent to ff + icFat A ; that is, of the lines 

< + t + Pl t', t + fnf, t + ptf, 

where t and f" are the tangents to IT and Fat A. Now, forming the invariants of 
the quartic whose roots are a, pi, p%, p^ the theorem follows by Arts. 170 and 177. 

13. Let three points a, b, e be taken on the conic F given by the equations 

px = a t + *i <p + <?i, 
py = «M> a +*a4> + <*, 

the values of <p at these points being a, 0, 7, the roots of a cubio U ; prove the fol- 
lowing constructions for determining the points on the conic corresponding to the 
roots of the cubic covariant O m and the Hessian S M :— 

1°. Let tangents be drawn to tho conic V at the points a, b, c, forming a tri- 
angle ABC, the lines Aa, Bb, Ce meet the conic at points a*, b', J corresponding to 
the roots of G*. 

2". The four triangles abe, a'b'e', ABC, A'ffC are homologous, and their axis 
of homology meets the conic V at the points corresponding to the roots of IT*. 

14. From the constructions in the last example prove that U m and O m have the 
same Hessian 2T«, and that the roots of H m are imaginary when the roots of U m are 
real. 

Dublin Exam. Papers, Bishop Lauft Prize, 1879. 
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E COMPLEX VARIABLE. 



188. CJraphlc Representation of Imaginary Quan- 
tities. — The imaginary expression a + b may be written 
in the form 



where 



H (oos a + ein a «/- 1), 



fx = </ a* + 6*, and tan a = -. 



It may be regarded, therefore, as determined by the linear 
magnitude p, and the angle a ; fx being called the modulus, and 
a the argument of the imaginary quantity. 

Let rectangular axes OX, OF (fig. 7) be taken; and a 
point A suoh that 
XOA~a y s.nd OA = ft. 
We have then OM «= 
/a oos o =» , and ^ 
= ft sin a = 6. The 
expression a + 6 1 
may therefore be re- 
presented graphically 
by the right line 
drawn from 0 to a 
point in a plane whose co-ordinates referred to the fixed axes 
are a, b ; the distance OA of this point from the origin being 
equal to the modulus, and the angle XOA equal to the argu- 
ment of the imaginary quantity. 




Fig. 7. 
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The magnitude of an imaginary quantity is estimated by 
the magnitude of its modulus. When the imaginary quantity 
vanishes (that is, when a and b separately vanish) its modulus 
vanishes; and, conversely, when the modulus vanishes, since 
then a % + b* = 0, a and b must separately vanish, and therefore 
the imaginary quantity itself. Two imaginary quantities, a + ib 
and a* + ib', are equal when a = a* and b = b', i. e. when the 
moduli are equal and when the arguments either are equal or 
differ by a multiple of 2ir. 

In what follows we shall for brevity represent the modulus 

and argument of a + b %/^\ by the notation 

mod. (a + ib), arg. (a + ib), 

where • as usual represents </^T. 

189. Addition and Subtraction of Imaginaries. — 

Let a seoond imaginary quantity d + ib' be represented by the 
right line OA', so that 

OA! « mod. («' + ib'), XOA' = arg. (a + ib'). 

We proceed to determine the mode of representing the sum 

a + ib + J + ib'. 

Writing this sum in the form a + a + i(b + b'), we observe, 
in accordance with the convention of Art. 188, that it will be 
represented by the line drawn from the origin to the point 
whose co-ordinates are a + a', b + b'. To find this point, draw 
AB parallel and equal to OA'; since AP, BP, are equal to 
a', b', B is the required point, and we have 

OB= mod. {a + J + t (b + b') ) , XOB = arg. \a + d + i[b + b') ) . 

To add two imaginary quantities, therefore, we draw OA to 
represent one of them ; and, at its extremity, AB to represent 
the seoond (that is, so that its length is equal to the modulus, 
and the angle it makes with OX equal to the argument, of the 
second) ; then OB represents the sum of the two imaginary 
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quantities. Since OB is less than OA + AB f it follows that 
(he modulus of the sum of two imaginary quantities ut less than the 
sum of their moduli. 

This mode of representation may be extended to the addition 
of any number of imaginary quantities. Thus, to add a third 
a' + ib", represented by OA", we draw BC parallel and equal to 
OA", and join OC. Then OC represents the sum of the three 
imaginary quantities OA, OA, OA". It is evident also that we 
may conolude in general that the modulus of the sum of any 
number of imaginary quantities is less than the sum of their 
moduli. 

Subtraction of imaginaries can be represented in a similar 
way. Since OB represents the sum of OA and OA', OA will 
represent the difference of OB and OA'. To subtract two 
imaginary quantities, therefore, we draw at the extremity of 
the line representing the first a line parallel and equal to the 
second, but in an opposite direction (i.e. a direction which makes 
with OX an angle greater by tt than the argument of the first;. 
We join O to the extremity of this line to find the right line 
whioh represents the difference of the two given imaginaries. 

190. Multiplication and DlvUlon of Imaginaries. - 
To multiply the two imaginary quantities a + ib, d + ib', we 
write them in the form 

a + ib - /u (cos a + i sin a), a* + ib' - p'(cos a + i sin a'). 

"We have then, by De Moivre's theorem, 

(a + ib) (a' + ib') s ^ {cos (a + a) + t sin (a + a') ) , 

which proves that the product of two imaginary quantities is an 
imaginary quantity of the same form, whose modulus is the product 
of the two moduli, and whose argument is the sum of the two argu- 
ments. 

In the same way it appears that the product of any number 
of imaginary factors is an imaginary quantity, whose modulus 
is the produot of all the moduli, and whose argument is the sum 
of all the arguments. 
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To divide a + ib by d + t'6', we have similarly 

a -7 (cos (a - « ) + * sin (a - a )), 

which proves that the quotient of two imaginary quantities is an 
imaginary quantity of the same form, whose modulus is the quotient 
of the tico moduli, and whose argument is the difference of the two 
arguments. 

It is evident from the foregoing propositions that any power 
of an imaginary quantity, e.g. (a + ib) m , can be expressed in the 
form A + iB y where A and B are real quantities. And, more 
generally, if in any polynomial 

a„s" + ai**~ l + a*z*-* + . . . + + a ny 

whose coefficients are either real or imaginary quantities, an 
imaginary quantity a + ib be substituted for the variable z, the 
result can be expressed in the standard form of imaginary quan- 
tities, viz. A + iB. 

It was assumed in the proof of the theorem of Art. 16 that 
when a product of any number of factors (real or imaginary) 
vanishes, one of the factors must vanish. This is evident wh en 
the factors are all real. From what is above proved the sa me 
conclusion holds when the factors are imaginary; for, in order 
that the modulus of the product may vanish, one of its factors 
must vanish, and therefore the imaginary quantity of which 
that factor is the modulus. 

191. The Complex Variable.— In the earlier Chapters of 
the present work the variation of a polynomial was studied cor- 
responding to the passage of the variable through real values 
from - oo to + oo ; and the mode of representing by a figure 
the form of the polynomial was explained. Suoh a mode of 
treatment is only a particular case of a more general inquiry. 
Given a polynomial 

f[z) a a 0 z n + a x z n ~ x + a,*""* + . . . + a m . x z + a H , 
we may study its variations corresponding to the different values 
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of s, where z has the imaginary form x + iy, and where x and y 
both take all possible real values. This form t+ iy is called the 
complex variable. All possible real values of the variable are of 
course included in the values of x + iy, being those values which 
arise by varying x and putting y = 0. In accordance with the 
principles of Art. 188 we may represent the imaginary quantity 
x + iy by the line OP (fig. 8j drawn from a fixed origin O to 
the point whose co-ordinates are r t y. Or we may say, x + iy is 
represented by the point P. Thus all possible values of x + iy 
will bo represented by all the points in a plane. Since for any 
particular value of «,/(«) takes the form A + \B (Art. 190), the 
values of f(z) may be represented in a similar manner by points 
in a plane. We confine ourselves in the present Article to the 
representation of the variable 
x + iy itself. We conceive the 
variation of x + iy to take place 
in a continuous manner ; for ex- 
ample, by the motion of the 
point x, y, along a curve. If OP 
and OP' represent two consecu- 
tive values of the variable, we 
write the corresponding values 
x + iy, x' + iy, as follows : — Fig. 8. 

i^+tp r(cos 0 + * sin 0), / « + iy'm / (cos ff+ i sin 0'). 

Since OP' represents the sum of OP and PP' (Art. 189), it 
follows that PP' represents the imaginary increment of z ; and 
if %' = z + h, h may be written in the form 

h s p (cos 0 + i sin 0), 

where p - PP', and <p is the angle PP' makes with OX. 

The variation of the modulus of 2 is OP' - OP orr-r; the 
variation of the argument of z is P'OP or 0* - 0 ; the variation 
of z itself is h or p (cos ^ + i sin $\ as just explained. 

Let the point be supposed to describe a closed curve. When 
it returns to P the modulus takes again its original value ; and 
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the argument takes its original value if the point 0 is ex- 
terior to the curve, or is increased by 2ir if 0 is interior to the 
curve. 

If the complex variable describes the same line in two oppo- 
site directions, the variations of its argument are equal and of 
opposite signs, i.e. the total variation is nothing. From this we 
can derive a property of the variation of the argument of the 
complex variable, which will be found of importance in our suc- 
ceeding investigations. 



Let a plane area be divi- 
ded into any number of parts 
by lines BD y AF t EC, &o. 
(fig. 9) ; then the variation 
of the argument relatively to 
the perimeter of the whole 
area is equal to the sum of its 
variations relatively to the pe- 




rimeters of the partial areas: Fig. 9. 

all the areas being supposed to be described by the variable 
moving in the same sense. This is evident; for when the 
point is made to describe all the partial areas in the same sense, 
each of the internal dividing lines will be described twice, the 
two descriptions being in opposite directions ; and the exter- 
nal perimeter will be desoribed once ; hence the total variation 
of the argument relatively to the dividing lines vanishes, and 
the variation relatively to the external perimeter alone remains. 
In the figure, for example, when the point describes the areas 
ABF y AFD in the sense indicated by the arrows, the total 
variation relatively to the line AF vanishes. 

192. Continuity of a Function of the Complex 
Variable. — Suppose the complex variable s, starting from 
a fixed value So, to receive a small imaginary increment 
h = p (cos <p + t sin ; we have then, if f(z) be the given 
function, 
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and the increment of /(a), being equal to/(s 0 + h) is 

/w»^i' + rS* 5 + • • • 

In this expression the coefficients of the powers of h are all 
imaginary expressions of the usual form ; and if their moduli be 
o, b y c, &c, the moduli of the successive terms are ap f bp*, cp* y etc ; 
and since, by Art. 189, the modulus of a sum is less than the 
sum of the moduli, it follows that the modulus of the increment 
of /(a) is less than 

ap + bp* + cp* + &c. 

Now a value may be assigned to p (Ajt. 4), such that for it, 
or any less value of p, the value of this expression will be less 
than any assigned quantity. It follows that to an infinitely 
small variation of the complex variable corresponds an infinitely 
small variation of the function ; in other words, the /unction varir* 
continuously at the same time as the complex variable itself. 

193. Variation of the Argument of /(a) corresponding 
to the Description of a small Closed Carve by the Com- 
plex Variable. — Corresponding to a continuous series of values 
of a we have a continuous series of values of /(a), which can be 
represented, like the values of a itself, by points in a plane. 
We represent those series of points by two figures (fig. 10) side 




Fig. 10. 



by side, which, to avoid confusion, may be supposed to be drawn 
on different planes. To each point P, representing x + iy y cor- 
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responds one determinate point P f representing /(z). When P 
describes a continuous curve, P describes also a continuous 
curve; and when P returns to its original position after describ- 
ing a closed curve, P f returns also to its original position. 

Our present objeot is to discuss the variation of the argument 
of /(c) corresponding to the description of a small closed curve 
by P. Let A be any determinate point whose co-ordinates are 
<r„, y<» i. e. s 0 = a?o + i> 0 . We divide the discussion into two 
cases : — 

(1) . When x 0 + iy 0 is not a root of /(z) = 0, i.e. when /(z,,) 

is different from zero. 

(2) . When x 0 + iy 0 is a root of f(z) = 0, or/(z„) = 0. 

(1) . In the first case, to the point A corresponds a point A' 
representing the value of /(z 0 ), and OA' is different from zero. 
Let z = to + h, where h ~ p (cos <p + i sin ; and suppose P, which 
represents s, to describe a small closed curve round A. Let P f 
represent /(z) ; then A'P' represents the increment of /(s) cor- 
responding to the increment AP of z. By the previous Artiole 
it appears that values so small may be assigned to p, that the 
modulus of the increment of /(z), namely A'F, may be always 
less than the assigned quantity &A'; hence P may be supposed 
to describe round A a closed curve so small that the correspond- 
ing closed curve described by F will be exterior to (f. It fol- 
lows, by Art. 191, that corresponding to the description by P of a 
small closed curve, which does not contain a point satisfying the 
equation f(z) = 0, the total variation of the argument of f[z) is 
nothing. 

(2) . In the second case, suppose x 0 + iy<> is a root of the equa- 
tion /(z) = 0 repeated m times, and let 

/(z)-(z-z 0 )-^(z); 

then 

/(z) = h m \f,(z) ■= p m (cos m$ + * sin m$) if, (z). 



In this case &A' « 0 ; and when P desoribes a closed curve 
round A, P' returns to its original position, and the argument 
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of /(«) will be increased by a multiple of 2f, which may be de- 
termined as follows : — From the above equation we have 

arg.f(z)-m<l> + arg.xl,(z); 

and the inorement of arg./(z) will be obtained by adding the 
increment of mf to the increment of arg. */»(*). Now the latter 
inorement is nothing by (1), since the curve described by P may 
be supposed to contain no root of \fr (z) = 0 ; and since the incre- 
ment of <p is 2ir in one revolution of P, the increment of m<f> is 
2mw. It follows that when P describes a small closed curve con- 
taining a root of the equation f(z) = 0, repeated m times, the argu- 
ment o//(z) is increased by 2mn. 

194. Canehy's Theorem. — When z describes the same 
line in a plane in two opposite directions, f(z) describes the cor- 
responding line in its plane in two opposite directions, and the 
arg. f(z) undergoes equal and opposite variations. It follows 
that if any plane area be divided into parts, as in Art. 191, the 
variation of the arg. /(*) corresponding to the desoription in the 
same sense by z of all the partial areas, is equal to the varia- 
tion of arg. f («) corresponding to the description by z of the 
external perimeter only. Now let any closed perimeter in the 
plane XY be described ; and suppose, in the first place, that it 
contains no point whioh satisfies the equation f{z) =* 0. It can 
be broken up into a number of small areas, with respect to each 
of whioh the conclusions of (1) Art. 193 hold ; and by what has 
been just proved it follows that the 
variation of arg. f[z) corresponding 
to the description by z of the closed s 
perimeter is nothing . Suppose, in the 
second place, that the closed perime- 
ter contains a point whioh is a root 
of the equation /(i) - 0 repeated m 
times. Let a small dosed ourve 
PQRS be described round this 
point. The variation of arg.f(z), corresponding to the descrip- 
tion by z of the whole perimeter, is equal to the sum of its 
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variations corresponding to the description of the areas 
ABCPSR 9 CDARQP, PQRS. The two former variations 
vanish by what is above proved ; and the latter is, by (2), 
Art. 193, equal to 2mw. The total variation, therefore, of f(z) 
is 2mxr. Similarly, if the area includes a second, third, &©., 
points which represent roots repeated m' t w", &o., times, the 
total variation = 2(m + m' + m" + &o.) w. Hence we derive the 
following theorem due to Cauchy : — 

The number of rood of any polynomial, comprised tcithin a given 
plane area, is obtained by dividing by 2a- the total variation of the 
argument of this polynomial corresponding to the complete descrip- 
tion by the complex variable of /A/ 1 perimeter of the area. 

195. Number of Roots of the General Equation. — 
We are enabled by means of the principles established in the 
preceding Articles to prove the theorem contained in Arts. 15 
and 16 ; namely, every rational and integral equation of the n tk 
degree has n roots real or imaginary. 

Let 

/(*) - Oos" + U\ s" 1 + a,*"-* + . . . + a^ x z + a n 

be a rational and integral function of s. Without making any 
supposition as to the existence of roots of /(») = 0 further than 
that f(z) cannot vanish for any infinite values of the variable, 
we can suppose z to describe in its plane a oirole so large that 
no root exists outside of it. If, then, 

/(*) = z n [a<> + a x z' + a 7 z fl + . . . + a n z' H ) 

where «'= i 

s', whose modulus is the reciprocal of the modulus of *, will 
describe a small circle containing a portion of the plane cor- 
responding to the part outside of the circle described by z ; and 
no root of 0 (af) =0 will be inoluded within this small circle. 
Hence, corresponding to the description of the whole circle by s, 
the variation of arg. <f> («') «= 0, and, therefore, 

variation of arg.f{z) = variation of arg. s" ; 
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and if z^ r(cos0 + i sin0), or z" = r"(co8ti0 + t sinnfl), 

0 is increased by 2w, and, therefore, arg. s" is increased by 

2«7T. 

It follows from Cauchy's theorem, Art. 194, that the number 
of roots comprised within the circle described by z, i. e. the total 
number of roots of the equation /(s) = 0, is n ; and the theorem 
is proved. 

The proposition whose proof was deferred in Art. 15 is thus 
shown to be an immediate consequence of Cauchy's theorem, 
which may therefore be regarded as the fundamental proposi- 
tion of the Theory of Equations. It is proper to observe, how- 
ever, that the theorem of Art. 15, viz., that every equation has 
a root, can be proved directly, and independently of Cauchy's 
theorem, by aid of the principles contained in Art. 193 and the 
preceding Articles, as we proceed now to show. 

If possible, let there be no value of z which makes f{z) 
vanish; and let the value z 0i represented by A, fig. 10, corre- 
spond to the nearest possible position, A\ of to the origin O '. 
Now, giving c a small increment /j, and considering the first 
term f{z 0 )h of the corresponding increment of /(So), it is seen 
that the directions in which these two small increments take 
place are inclined at a constant angle. It is possible therefore, 
by properly selecting the direction of the increment A, to cause 
the increment of /(s 0 ) to take place in the direction A'Cf, and 
thus to make A* approach nearer to the origin, which is con- 
trary to hypothesis. It follows that the minimum value of the 
modulus of/(s) cannot be different from zero, and therefore that 
some value of z exists which makes /(s) vanish. 

In note D will be found some further observations on the 
subject of this Article. 
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NOTE A. 

ALGEBRAIC SOLUTION OF EQUATIONS. 

The solution of the quadratic equation was known to the Arabians, 
and is found in the works of Mohammed Ben Musa and other writers 
published in the ninth century. In a treatise on Algebra by Omar 
Alkhayyami, which belongs probably to the middle of the eleventh 
century, is found a classification of cubic equations, with methods of 
geometrical construction ; but no attempt at a general solution. The 
study of Algebra was introduced into Italy from the Arabian writers 
by Leonardo of Pisa early in the thirteenth century ; and for a long 
period the Italians were the chief cultivators of the scionce. A work, 
styled L' Arte Maggior$ t by Lucas Paciolus ^known as Lucas de Burgo) 
was published in 1494. This writer adopts the Arabic classification 
of cubic equations, and pronounces their solution to be as impossible in 
tho existing state of the science as the quadrature of the circle. At 
the same time ho signalizes this solution as the problem to which the 
attention of mathematicians should be next directed in the develop- 
ment of the science. The solution of the equation + mx = n was 
effected by Scipio Ferreo ; but nothing more is known of his discovery 
than that he imparted it to his pupil Florido in the year 1505. The 
attention of Tartaglia was directed to the problem in the year 1530, in 
consequence of a question proposed to him by Colla, whose solution 
depended on that of a cubic of the form x* + px* = q. Florido, learning 
that Tartaglia had obtained a solution of this equation, proclaimed his 
own knowledge of the solution of the form x* + mx = n. Tartaglia, 
doubting the truth of his statement, challenged him to a disputation 

2y 
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in the year 1 .33.* ; and in the moan time himself discovered the solu- 
tion of Ferreo's form x 3 + nix = n. This solution depends on assuming 
for x an expression \/t - l/u consisting of the difference of two radi- 
cals ; and, in fact, constitutes the solution usually known as Cardan's. 
Tartaglia continued his labours, and discovered rules for the solution 
of the various forms of cubics included under the classification of the 
Arabic writers. Cardan, anxious to obtain a knowledge of these rules, 
applied to Tartaglia in the year 1539; but without success. After 
many solicitations Tartaglia imparted to him a knowledge of these 
rules ; receiving from him, however, the most solemn and sacred pro- 
mises of secrecy. Regardless of his promises, Cardan published in 
1545 Tartaglia's rules in his great work styled Art Magna. It had 
been the intention of Tartaglia to publish his rules in a work of his 
own. He commenced the publication of this work in 1556 ; but died 
in 1559, before he had reached the consideration of cubic equations. 
As his work, therefore, contained no mention of his own rules, these 
rules came in process of time to be regarded as the discovery of Cardan, 
and to be called by his name. 

The solution of equations of the fourth degree was the next 
problem to engage the attention of algebraists ; and here, as well as in 
the case of the cubic, the impulse was given by B CoHa, who proposed 
to the learned the solution of the equation x* + 6x* + 36 = 60x. Cardan 
appears to have made attempts to obtain a formula for equations of 
this kind ; but the discovery was reserved for his pupil Ferrari. The 
method employed by Ferrari was the introduction of a new variable, 
in such a way as to make both sides of the equation perfect squares ; 
this variable itself being determined by an equation of the third de- 
gree. It is, in fact, virtually the method of Art. 63. This solution 
is sometimes ascribed to Bombelli, who published, it in his treatise on 
Algebra, in 1579. The solution known as Simpson's, which was pub- 
lished much later (about 1740), is in no respect essentially different 
from that of Ferrari. In the year 1 637 appeared Descartes' treatise, 
in which are found many improvements in algebraical science, the 
chief of which are his recognition of the negative and imaginary roots 
t.f equations, and his " Rule of Signs." His expression of the biqua- 
dratic as the product of two quadratic factors, although deduciblc 
immediately from Ferrari's form, was an important contribution to 
the study of this quantic. Eulcr's algebra was published in 1770. 
K is solution of the biquadratic (see Art. 61) is important, inasmuch 
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as it brings the treatment of this form into harmony with that of the 
cubic by means of the assumed irrational form of the root. The 
methods of Descartes and Euler were the result of attempts made to 
obtain a general algebraic solution of equations. Throughout the 
eighteeuth century many mathematicians occupied themselves with 
this problem ; but their labours were unsuccessful in the case of 
equations of a degree higher than the fourth. 

In the solutions of the cubic and biquadratic obtained by the older 
analysts we observe two distinct methods in operation : the first, illus- 
trated by the assumptions of Tartaglia and Euler, proceeding from an 
assumed explicit irrational form of the root ; the other, seeking by the 
aid of a transformation of the given function, to change its factoriul 
character, so as to reduce it to a form readily resolvable. In Art. 55 
these two methods arc illustrated ; together with a third, the concep- 
tion of which is to be traced to Vandermonde and Lagrange, who pub- 
lished their researches about the same time, in the years 1770 and 
1771. The former of these writers was the first to indicate clearly 
the necessary character of an algebraical solution of any equation, 
viz., that it must, by the combination of radical signs involved in it, 
represent any root indifferently when the symmetric functions of the 
roots are substituted for the functions of the coefficients involved in 
the formula (see Art. 94). His attempts to construct formulas of this 
character were successful in the cases of the cubic and biquadratic ; 
but failed in the case of the quintic. Lagrange undertook a review of 
the labours of his predecessors in the direction of the general solution 
of equations, and traced all their results to one uniform principle. This 
principle consists in reducing the solution of the given equation to 
that of an equation of lower degree, whose roots arc linear functions 
of the roots of the given equation and of the roots of unity. He shows 
also that the reduction of a quintic cannot be effected in this way, the 
equation on which its solution depends being of the sixth degree. 

All attempts at the solution of equations of the fifth degree 
having failed, it was natural that mathematicians should inquire 
whether any such solution was possible at all. Demonstrations have 
been given by Abel and Wantzel (see Serret's Cours d? Algebre Supe- 
rieure, Art. 516) of the impossibility of resolving algebraically equa- 
tions unrestricted in form, of a degree higher than the fourth. A 
transcendental solution, however, of the quintic has been given by 
M. Hennite, in a form involving elliptic integrals. Among other 
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contributions to tho discussion of the quintic since the researches of 
Lagrange, one of leading importance is its expression in a trinomial 
form by means of the Tschirnhausen transformation (see Art. 179). 
Tschirnhausen himself had succeeded in the year 1683, by means of 
the assumption y = P + Qx + x 7 , in the reduction of the cubic and 
quartie, and had imagined that a similar process might be applied to 
the general equation. The reduetion of the quintic to the trinomial 
form was published by Mr. Jerrard in his Mathematical Research**, 
1832-1835 ; and has been pronounced by M. Hermite to be the most 
important advance in tho discussion of this quantic since Abel's 
<1 i non st ration of the impossibility of its solution by radicals. In a 
Paper published by the Rev. Robert Harlcy in the Quarterly Journal 
of Mathematics, vol. vi. p. 38, it is shown that this reduction had been 
previously effected, in 1786, by a Swedish mathematician named 
Bring. Of equal importance with Bring' s reduction is Dr. Sylvester's 
transformation (Art. 180), by means of which the quintic is expressed 
as the sum of three fifth powers, a form which gives great facility to 
the treatment of this quantic. Other contributions which have been 
made in recent years towards the discussion of quantics of the fifth 
and higher degrees have reference chiefly to the invariants and cove- 
nants of these forms. For an account of these researches the student 
is referred to Clebsch's Theorie der binaren algebraischen For men, and 
to Salmon's Lessons Introductory to the Modern Higher Algebra. 

There has also grown up in recent years a very wide field of in- 
vestigation relative to the algebraic solution of equations, known as the 
41 Theory of Substitutions." This theory arose out of the researches of 
Lagrange before referred to, and has received large additions from the 
labours of Cuuchy, Abel, Galois, and other writers. Many important 
results have been arrived at by these investigators ; but the subject is 
of too great extent and difficulty to find any place in the present 
work. The reader desirous of information on this subject is referred 
to Serret's Cours d'Algebre Superieure, and to the Traite des Substitu- 
tions et des Equations Afgebriques, by M. Camille Jordan. 
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NOTE B. 

SOLUTION OF NUMERICAL EQUATIONS. 



Tho first attempt at a general solution by approximation of nume- 
rical equations was published in the year 1600, by Vieta. Cardan 
had previously applied the rule of "false position" (called by him 
regula aurea ") to the cubic; but tho results obtained by this 
method were of little value. It occurred to Vieta that a particular 
numerical root of a given equation might be obtained by a process 
analogous to the ordinary processes of extraction of square and cube 
roots ; and he inquired in what way these known processes should be 
modified in order to afford a root of an equation whose coefficients are 
given numbers. Taking the equation / (x) = Q, where Q is a given 
number, and / (x) a polynomial containing different powers of x> with 
numerical coefficients, Vieta showed that, by substituting in / (x) a 
known approximate value of the root, another figure of the root 
(expressed as a decimal) might be obtained by division. When this 
value was obtained, a repetition of the process furnished the next 
figure of the root ; and so on. It will be observed that the principle 
of this method is identical with the main principle involved in the 
methods of approximation of Newton and Horner (Arts. 100, 101). 
All that has been added since Vieta's time to this mode of solution of 
numerical equations is the arrangement of the calculation so as to 
afford facility and security in the process of evolution of the root. 
How great has been the improvement in this respect may be judged 
»»f by an observation in Montucla's Ilistoire d*$ Jfathcmatiques, vol. i. 
p. 603, where, speaking of Vieta's mode of approximation, the author 
regards the calculation (performed by Wallis) of the root of a 
biquadratic to eleven decimal places as a work of the most extra- 
vagant labour. The same calculation can now be conducted with 
great ease by anyone who has mastered Horner's process explained in 
the text. 

Newton's method of approximation was published in 1669 ; but 
before this period the method of Vieta had been employed and sim- 
plified by Harriot, Oughtred, Pell, and others. After the period of 
Xewton, Simpson and the Ji. rnoullis occupied themselves with the 
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same problem. Daniel iJernoulli expressed a ro»t of an equation in 
the form of a recurring series, and a similar expression was given by 
Euler; but both these methods of solution have been shown by 
Lagrange to be in no respect essentially different from Newton Vs 
solution (Traite de la Resolution dss Equations Numiriques). Up to 
the period of Lagrange, therefore, there was in existence only one 
distinct method of approximation to the root of a numerical equation ; 
and this method, as finally perfected by Horner, in 1819, remains at 
the present time the best practical method yet discovered for this pur- 
pose. 

Lagrange, in the work above referred to, pointed out the defect* 
in the methods of Vieta and Newton. With reference to the former 
he observed that it required too many trials ; and that it could not be 
depended on, except when all the terms on the left-hand side of the 
equation /{*) = Q were positive. As defects in Newton's method he 
signalized — first, its failure to give a commensurable root in finite 
terms ; secondly, the insecurity of the process which leaves doubtful 
the exactness of each fresh correction ; and lastly, the failure of the 
method in the ease of an equation with roots nearly equal. The 
problem Lagrange proposed to himself was the following: — " Etant 
donnec une equation nuinerique sans aucune notion preamble dc hi 
grandeur ni de l'espece de ses racincs, trouver la valeur numerique 
exacte, s'il est possible, ou aussi approchee qu'on voudra de chacune 
de ses racincs." 

Before giving an account of his attempted solution of this problem, 
it is necessary to review what had been already done in this direction, 
in addition to the methods of approximation above described. Harriot 
discovered in 1 03 1 the composition of an equation as a product of 
factors, and the relations between the roots and coefficients. Vict 1 
had already observed this relation in the case of a cubic ; but h< i 
failed to draw the loiulusion in its generality, as Harriot did. This 
discovery was important, for it led to the observation that any integral 
root must be a factor of the absolute term of an equation, and New- 
ton's Method of Divisors for the determination of such roots was 
a natural result. Attention was next directed towards finding limits 
of the roots, in order to diminish the labour necessary in applying the 
method of divisors ns well as the methods of approximation previously 
in existence. Descartes, as already remarked, was the first to recog- 
nise the negative and imaginary roots of equations; and the inquiry 
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commenced by him as to the determination of the number of real and 
of imaginary roots of any given equation was continued by Newton, 
Stirling, De Oua, and others. 

Lagrange observed that, in order to arrive at a solution of the 
problem above stated, it was first necessary to determine the number 
of the real roots of the given equation, and to separate them one from 
another. For this purpose he proposed to employ the equation whose 
roots are the squares of the differences of the roots of the given equa- 
tion. Waring had previously, in 1762, indicated this method of 
separating the roots ; but Lagrange observes (Equations Numiriques, 
Note iii.), that he was not aware of Waring's researches when ho 
composed his own memoir on this subject. It is evident that when 
the equation of differences is formed, it is possible, by finding an 
inferior limit to its positive roots, to obtain a number less than the 
least difference of the real roots of the given equation. By substi- 
tuting in succession numbers differing by this quantity, the real root* 
of the given equation will be separated. When the roots are sepa- 
rated in this way Lagrange proposed to determine each of them by 
the method of continued fractions, explained in the text (Art. 105). 
This mode of obtaining the roots escapes the objections above stated 
to Newton's method, inasmuch as the amount of error in each suc- 
cessive approximation is known ; and when the root is commensurable 
the process ceases of itself, and the root is given in a finite form. 
Lagrange gave methods also of obtaining the imaginary roots of 
equations, and observed that if the equation had equal roots they 
could be obtained in the first instance by methods already in existence 
(see Art. 74). 

Theoretically, therefore, Lagrange's solution of the problem which 
he proposed to himself is perfect. As a practical method, however, it 
is almost useless. The formation of the equation of differences for 
equations of even the fourth degree is very laborious, and for equa- 
tions of higher degrees becomes well nigh impracticable. Even if 
the more convenient modes of separating the roots discovered sine** 
Lagrange's time be taken in conjunction with the rest of his process, 
still this process is open to the objection that it gives the root in 
the form of a continued fraction, and that the labour of obtaining 
it in this form is greater than the corresponding labour of obtaining it 
by Horner's process in the form of a decimal. It will be observed 
also that the latter process, in the perfected form to which Horner 
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has brought it, is free from all the objections to Newton's method 
abovo stated. 

Since the period of Lagrange, the most important contributions to 
the analysis of numerical equations, in addition to Horner's improve- 
ment of the method of approximation of Vieta and Newton, are those 
of Fourier, Budan, and Sturm. The researches of Budan were pub- 
lished in 1807 ; and those of Fourier in 1831, after his death. There 
is no doubt, however, that Fourier had discovered before the publica- 
tion of 13udan's work the theorem which is ascribed to them conjointly 
in the text. The researches of Sturm were published in 1835. The 
methods of separation of the roots proposed by these writers are fully 
explained in Chapter IX. By a combination of these methods with 
that of Horner, we havo now a solution of Lagrange's problem far 
simpler than that proposed by Lagrange himself. And it appears 
impossible to reach much greater simplicity in this direction. In 
extracting a root of an equation, just as in extracting an ordinary 
square or cube root, labour cannot be avoided; and Horner's process 
appears to reduce this labour to a minimum. The separation of the 
roots also, especially when two or more are nearly equal, must remain 
a work of more or less labour. This labour may admit of some reduc- 
tion by the consideration of the functions of the coefficients which 
play so important a part in the theory of the different quantics. If, 
for example, the functions II, I, and J, arc calculated for a given 
quartic, it will be possible at once to tell the character of the roots 
see Art. 68). Mathematicians may also invent in process of time 
some mode of calculation applicable to numerical equations analogous 
to the logarithmic calculation of simple roots. But at the present 
time the most perfect solution of Lagrange's problem is to be sought 
in a combination of the methods of Sturm and Horner. 
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XOTE C. 

DETERMINANTS. 

The expressions which form the subject-matter of Chapter XI. 
were first called " determinants" by Cauchy, this name being adopted 
by him from the writings of Gauss, who had applied it to certain 
special classes of these functions, viz. the discriminants of binary and 
ternary quadratic forms. Although Leibnitz had observed in 1693 
the peculiarity of the expressions which arise from the solution of 
linear equations, no further advance in tho subject took place until 
Cramer, in 1750, was led to the study of such functions in connexion 
with the analysis of curves. To Cramer is duo the rule of signs 
of Art. 108. During the latter part of the eighteenth century the 
subject was further enlarged by the labours of Bezout, Luplucc, 
Vandcrmonde, and Lagrange. In the present century the earliest 
cultivators of this branch of mathematics were Gauss and Cauchy ; 
the former of whom, in addition to his investigations relative to the 
discriminants of quadratic forms, proved, for the particular cases of 
the second and third order, that the product of two determinants 
is itself a determinant. To Cauchy we arc indebted for tho first 
f ormal treatise on the subject. In his memoir on Alternate Functions, 
published in the Journal de V hlcole Poly technique, vol. x., he dis- 
cusses determinants as a particular class of such functions, and 
proves several important general theorems relating to them. A 
great impulse was given to the study of these expressions by the 
writings of Jacobi in Crelle's Journal, and by his memoirs published 
in 1841. Among more recent mathematicians who have advanced 
this subject may be mentioned Hermite, Hesse, Joachimsthal, 
Caylcy, Sylvester, and Salmon. There is now no department of 
mathematics, pure or applied, in which the employment of this 
calculus is not of great assistance, not only furnishing brevity and 
elegance in the demonstration of known properties, but even leading 
to new discoveries in mathematical science. Among recent works 
which have rendered this subject accessible to students may bo men- 
tioned Spottiswoode's Elementary Theorems relating to Determinant*, 
London, 1851; Brioschi's La teorica dei Determinant^ Pavia, 1854 
Baltzer's Theorie und Amcendung der Deter minanten, Leipzig, 18G4 
Dostor's EUments de la thiorie des Determinants, Paris, 1877 ; Scott's 
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Theory of Determinants, Cambridge, 1880; and the chapters in Salmon's 
Lessons introductory to the Modern Higher Algebra, Dublin, 1876. 
For further information on the history of this subject, as well as on 
that of Eliminants, Invariants, Covariants, and Linear Transforma- 
tions, the reader is referred to the notes at the end of the work 
last mentioned. 



NOTE D. 

THE PROPOSITION THAT EVERY EQUATION HAS A HOOT. 

It is important to have a clear conception of what is established, 
and what it is possible to establish, in connexion with the proposition 
discussed in Art. 195. If in the equation + a x x*~ x + . . . a 9 = 0 
the coefficients a 0 , a x , . . . a n are used as mere algebraical symbol? 
without any restriction ; that is to say, if they are not restricted to 
denote numbers, either real, or complex numbers of the form treated 
in Chapter XVII., then, with reference to such an equation it is not 
proved, and there exists no proof, that every equation has a root. 
The proposition which is capable of proof is that, in the case of any 
rational integral equation of the n A degree, whose coefficients are all 
complex (including real) numbers, there exist n complex numbers 
which satisfy this equation; so that, using the terms number and 
numerical in the wide sense of Chapter XVII., the proposition under 
consideration might be more accurately stated in the form — Every 
numerical equation of the n tK degree has n numerical roots. 

With reference to this proposition, there appears little doubt that 
the most direct and scientific proof is one founded on the treatment of 
imaginary expressions or complex numbers of the kind considered in 
Chapter XVII. The first idea of the representation of complex num- 
bers by points in a plane is due to Argand, who in 1806 published 
anonymously in Paris a work entitled Essai sur une manlere de repre~ 
senter Its quant ith imaginaires dam les constructions giometriques. This 
writer some years later gave an account of his researches in Gergonne's 
Annales. Notwithstanding the publicity thus given by Argand to his 
new methods, they attracted but little notice, and appear to have been 
discovered independently several years later by Warren in England 
and Mourey in France. These ideas were developed by Gauss in his 
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works published in 1831 ; and by Cauchy, who applied them to the 
proof of the important theorem of Art. 194. With reference to the 
proposition now under discussion, the proof which we have given at 
the close of Art. 195 is to be found in Argand's original memoir, and 
is reproduced by Cauchy with some modifications in his Exercices 
<P Analyse. A proof in many respects similar was given by Mourey. 

Before the discovery of the geometrical treatment of complex 
numbers several mathematicians occupied themselves with the pro- 
blem of the nature of the roots of equations. An account of their 
researches is given by Lagrange in Note IX. of his Equations Nume- 
riques. The inquiries of these investigators, among whom wo may 
mention D'Alembert, Descartes, Euler, Foncenex, and Laplace, re- 
ferred only to equations with rational coefficients ; and the object in 
view was, assuming the existence of factors of the form x - a, x - j3, 
&c, to show that the roots a, /?, &c, were all cither real or imagi- 
nary quantities of the type a + by/ - 1 ; in other words, that the 
solution of an equation with real numerical coefficients cannot give rise 
to an imaginary root of any form except the known form a + b 1 , 
in which a and b are real quantities. For the proof of this proposition 
the method employed in general was to show that, in case of an 
equation whose degree contained 2 in any power k, the possibility of 
its having a real quadratic factor might be made to depend on the 
solution of an equation whose degree contained 2 in the power k - 1 
only ; and by this process to reduce the problem finally to depend on 
the known principle that every equation of odd degree with real coef- 
ficients has a real root. Lagrange's own investigations on this sub- 
ject, given in Note X. of the work above referred to, related, like 
those of his predecessors, to equations with rational coefficients, and 
are founded ultimately on tho same principle of the existence of a real 
root in an equation of odd degree with real coefficients. 

As resting on the same basis, viz., the existence of a real root in 
an equation of odd degree, may bo noticed two recently published 
methods of considering this problem — one by the late Professor Clif- 
ford (see his Mathematical Papers, p. 20, and Cambridge Philosophical 
Society s Proceedings, II., 1876), and the other by Professor Malet 
(Transactions of the Royal Irish Academy, vol. xxvi., p. 453, 1878). 
Starting with an equation of the 2m* degree, both writers employ 
Sylvester's dialytic method of elimination to obtain an equation of the 
degree tn(2m - 1) on whose solution tho existence of a root of the 
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proposed equation is shown to depend ; and since the number mi (2m - 1) 
contains the factor 2 once less often than the number 2i», the problem 
is reduced ultimately to depend, as in the methods above mentioned, 
on the existence of a root in an equation of odd degree. The two 
equations between which the elimination is supposed to bo effected are 
of the degrees m and m - 1 ; and the only difference between the two 
modes of proof consists in the manner of arriving at these equations. 
In Professor Malet's method they are found by means of a simple 
transformation of the proposed equation, while Professor Clifford ob- 
tains them by equating to zero the coefficients of the remainder when 
the given polynomial is divided by a real quadratic factor. The forms 
of these coefficients are given in Ex. 31, p. 286 ; and it will be readily 
observed that the elimination of /? from the equations obtained by 
making r„ and r, vanish will furnish an equation in a of the degree 
m{2m - 1). 
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Scipio Ferreo, 433. 
Separation of roots, 172. 
Scrret's Algebra referred to, 394^ 399. 
Sextic covariant of quartic, 372. 
Simpson, 434. 

Skew and skew-symmetric determi- 
nants, 269. 
Special roots of binomial equations, 9JL 
Sturm : his theorem, 181- 
for equal roots, 18JL 
application of theorem, 189. 
leading coefficients of functions ex- 
pressed as determinants, 3_L2_ 
Sylvester's forms of his remain- 
ders, 406. 



Sums of powers of roots : 

Xewton's theorem on, 2S9. 

in terms of coefficients, 293. 

coefficients expressed by, 29 1. 

operation involving, 309. 
Sylvester : method of elimination, 323, 

reduction of quintic to sum of 
three fifth powers, 396. 

theorem relating to quadric ex- 
pressed as sum of squares. 4Q-2. 

forms of Sturm's remainders, 4Qfi. 
Symmetric functions : definitions, 4fi, 

theorems relating to, oIL 

transformation by means of, 76. 

expressed rationally in terms of 
coefficients, 29_L 

order and weight of, 5JL 299. 

calculation of, 300. 

by Briosrhi's equation, 3Qr>. 

derived from given one, 306. 

applied to elimination, 319. 

of the roots of two equations, 334 . 

Tabulation of functions, 12, 
TartagUa, 43JL 

Transformation : of equations, 6JL 
of cubic, 71. 
of biquadratic, 73. 
homographic, 7JL 
by symmetric functions, 7JL 
in general, 81L 

reduction of homographic to double 

linear, 242, 
linear, applied to covariants, 351. 
theorem relating to, 3S3. 
Tschirnhausen's, 387. 
geometrical, 411. 
of binary to ternary forms, 41 1 
Tschirnhausen's transformation, 387. 
applied to cubic, 389. 
to quartic, 390. 

reduction of cubic to binomial 

form, 3_9_L 
of quartic to trinomial form, 392 
of quintic to trinomial form, 394. 

Vandermonde, 435, 441. 
Variable, complex, 425, 
Vieta, 43i 

Wanted, 435. 

W« ight of symmetric functions, 53, 29'.». 
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The Provost and Senior Fellows of Trinity College have undertaken 
the publication of a Series of Works, chiefly Educational, to be entitled 
the Dublin University Press Series. 

The following volumes of the Series are now ready, vix. : — 
Six Leotures on Physical Geography. By the Rev. S. Haughton, 

M.D.. Dubl., D.C.L., Oxon., F. R.S., Fellow of Trinity College, and Pro- 
fessor of Geology in the University of Dublin. 15*. 

An Introduction to the Systematic Zoology and Morphology of 
Vertebrate Animals. Hy Alexander Macalister, M.D., Dubl., Professor oj 
Comparative Anatomy in the University of Dublin. 10s. td. 

The Codex Rescriptus Dublinensis of St. Matthew's Gospel (Z). 
First Published by Dr. Barrett in 1801. A New Edition, Revised and Augmented. 
Also, Fragments of the Hook of Isaiah, in the LXX. Version, from an Ancient 
Palimpsest, now first Published. Together with a newly discovered Fragment 
of the C odex Palatinus. HyT. K.A bbott, H. D., Fellow of Trinity College, ana 
Professor of Biblical Creek in the University of Dublin. With two Plates o 
Facsimiles. 21;. 

The Parabola, Ellipse, and Hyperbola, treated Geometrically. By 

Robert William Griffin, A.M., LL.D., Ex-Scholar, Trinity College, Dublin, 
bs. 

An Introduction to Logic. By William Henry Stanley Monck, 

M. A., Professor of Moral Philosophy in the University of Dublin. 5*. 



in Political and Moral Philosophy. By T. £. Cliffs Leslie, 

Hon. LL.D., Dubl., of Lincoln s Inn, Barrister-at-Law, late Examiner in Poli- 
tical Economy in the University of London, Professor of Jurisprudence and 
Political Economy in the Queens University. [Second Edition.] 

The Correspondence of Cicero : a revised Text, with Notes and Prole- 
gomena. By Robert Y. Tyrrell, M. A ., Fellow of Trinity College, and Regius 
Professor of Greek in the University of Dublin. 

Vol. I.— The Letters to the end of Cicero's Exile. Second Edition. i«. 
Vol. II.— With a revision of the Text, and Commentary, and Essays, is*. 

Fanst, from the German of Goethe. By Thomas E. Webb, LL.D., 
Q.C, Regius Professor of Laws, and Public Orator in the University of 
Dublin, izs.bd. 

The Veil of Isis ; a series of Essays on Idealism. By Thomas £. 

Whbb, LL.D., Q.C, Regius Professor of Laws, and Public Orator; sometime 
Fellow of Trinity College and Professor of Moral Philosophy in the University 
of Dublin. 10s. 6d. 

The Correspondence of Robert Southey with Caroline Bowles : 

to which are added — Correspondence with Shelley, and Southey's Dreams, 
Edited, with an Introduction, by Edward Dowdrn, LL.D., Professvr of English 
Literature in the University of Dublin. 14*. 

The Mathematical and other Tracts of the late James M'Cullagh 

F.T.C.D., Professor of Natural Philosophy in the University of Dublin. Now 
first collected, and edited by Rrv. J. H. Jrllrtt, B.D., and Rev. Samuri 
Haughton, M.D., Fellows of Trinity College, Dublin. 15*. 
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A Sequel to the First Six Books of the Elements of Euclid, con- 
taining an Easy Introduction to Modern Geometry. Witb numerous Examples. 
By John Casky. LL.D., F.R.S., Vice-President, Royal Irish Academy ; Member 
of the London Mathematical Society ; and Professor of the Higher Mat hematic i 
and Mathematical Physics in the Catholic University of Ireland. Fifth 
Edition enlarged. 

Theory of Equations : with an Introduction to the Theory of Binary 
Algebraic Forms. By William Snow Hi'Rnmdh, M.A., Erasmus Smith's 
Professor of Mathematics in the University of Dublin ; and Arthur William 
Panton, M. A., Fellow and Tutor, Trinity College, Dublin. Second Edition. 

The Parmenides of Plato : with Introduction, Analysis, and Notes. 
By Thomas Maguire, LL.D., D. Lit., Fellow and Tutor, Trinity College, 
Dublin. js. td. 

The Medical Language of St. Luke: a Proof from Internal Evi- 
dence that "The Gospel according to St. Luke" and "The Acts of the 
Apostles" Wore written by the same Person, and that the writer was a Medical 
Man. By the Ktv. William Kirk Hobart, LL.D., Ex-Scholar, Trinity 
College, Dublin. its. 

Life of Sir Wm. Rowan Hamilton, Knt., LL.D., D.C.L., M.B.I. A., 

Andrrrrs Professor of A sfronomy in fkr University of Dublin, rind Roval Astro- 
nomer of Ireland, c~c. f~c. : including Selections from his Poems, Correspon- 
dence, and Miscellaneous Writings. By Koiik.rt Pkrckval Graves, M.A., 
Sub-Dean of the Chapel Royal, Dublin, and formerly Curate in charge of 
Windermere. Vol. I. 11882) ; Vol. II. \\U<\\ each 15*. Vol. III. in the Press. 

Dublin Translations : Translations into Greek and Latin Verse, by 

Members of Trinitv College, Dublin. Edited bv Kohkrt Yklvkrton Tyrrpll, 
M.A. Dublin, 1). I it. ( v ). I'niv., Fellow of Trinity College, and Regius Professor 
of Greek in the University of Dublin. \2S. tid. 

The Acharnians of Aristophanes. Translated into English Verse by 
Robert Yklvkrton Tvrkkli., M.A. Dublin, D. Lit. Q. L'niv., Fellow of Trinity 
College, Dublin, and Regius Pi.Jessor of Creek, is. td. 

Evangelia Antehieronymiana ex Codice vetusto Dublinensi. 

Ed. T. K. Abbott, B.D. 2 Vols. 20s. 

The Eumenides of iEschylus : a Critical Edition, with Metrical 
English Translation. Bv John F. Davihs, M.A., Univ. Dubl. ; D. Lit., Q.U 1. ; 
F.R.U.I.; Professor of Latin in the Queen's College, Galway. Demy 8vo. 71. 

The Homerie Question. By GEORGE WlLKINS, B.A., Ex-Scholar, 

Trinity College, Dublin. Demy 8vo. 6s. 

A Treatise on the Analytical Geometry of the Point, Line, Circle, 

and the Conic Section*, containing an account of its most recent extensions. By 
John Casky. LL.D., F.R.S., F.K.U.I., Member of the Council of the Royal 
Irish Academy, and of the Mathematical Societies of London and I- ranee; and 
Professor of the Higher Mathematics and Mathematical Physics in the Catholic 
University of Ireland. Crown 8vo, cloth, bs. 

The 2Bneid of Virgil, freely translated into English blank verse. By 
William J. Thornhill. B.A.. l.ate Scholar, Trinity College, Dublin, Canon of 
St. Patrick's Cathedral, and Rector of Raihcoole, Dublin. 7*. 



In the Press. 

The History of the University of Dublin. By John \V. Stubbs, 
D.D., Senior Fellow, Trinity College, Dublin. 
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